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ABSTRACT. For a partial order (P,<p), let I'(P,<p) denote the statement
that for every <p-increasing wi-sequence a C P there is a <p-decreasing wi-
sequence b C P on top of a such that (a,b) is an (w1,w1)-gap in P. The main
result of this paper is that t > wy < ['(P(w),C*) < I'(w¥,<*). It is also
shown, as a corollary, that I'(w*%,<*) — b > wy but b > w; 4 T'(w?, <*).

1. INTRODUCTION

If A,B € [w]¥, then A C* B if and only if |A\B| < w and |B\A| = w. Then the
set P(w), the power set of w, with the relation “C*” will be denoted by (P(w), C*).
Similarly, there is an ordering relation on w®, the set of all functions from w to w,
denoted by “<*”, such that f <* g if and only if InVi(i > n — f(i) < ¢(4)) and
f(@) < g(7) on an infinite set, where f,g € w*. Then the set w* with the relation
<* will be denoted by (w*,<*). Also, if f,g € w*¥, then f =* g if and only if
InVi(i > n — f(i) = g(i)). Let (P, <p) denote either (P(w),C*) or (w¥,<*). An
(w1,w1)-pregap in P is a pair (a,b) where a = (a¢ : { <wi) and b = (be : { < wq) are
subsets of P such that V&, n < wi(ag <p b,) and V§ < n < wi(ag <p ayAb, <p b¢).
If there is a ¢ € P such that V&, < wi(ag <p ¢ <p by), then c splits the pregap
(a,b). If no such c exists, then (a,b) is an (w1, ws)-gap. The relations C* and <*
are also used in the definition of cardinals b and t, where

b =min{|B|: B Cw¥, B is well ordered by <* and -3¢ € w*Vb € B(b <* ¢)},
t=min{|7]:7 C P(w),¥b € T (Jw\b| = w), T is well ordered by C*
and ~3c € P(w)(Jw\c| =w AV € T(bC* ¢))}.

These definitions of b and t are not commonly used in the literature on set the-
ory, but they are the most useful for the analysis here. Other, more familiar and
equivalent formulations of b and t are given in [11].

In [9] it was shown that MA,, — I'(P(w),C*). On the other hand, the wit-
nessing sequence for t = w; is an example of an C*-increasing w-sequence in P(w)
which is not a lower half of any (wi,w1)-gaps in (P(w),C*), so that t = w3 —
—I'(P(w), C*). This result motivated Todorcevi¢ to conjecture (in a personal con-
versation) that t > wy is equivalent to I'(P(w), C*). Given that a minor modification
of the proof of M A(w1) — I'(P(w), C*) yields a proof of M A, — I'(w*,<*) and
given that the witnessing sequence for b = w; is an example of an <*-increasing
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wi-sequence in w* which is not a lower half of any (w1, ws)-gaps in (w*, <*), the
conjecture of Todorcevi¢ motivates an analogous conjecture about the cardinal b
and (w1, w1)-gaps in (w*, <*). I denote these two conjectures by

Cl: t > wy « I(P(w),C*),

C2: b > w; & T'(wv, <*).

There is an interest in resolving these two conjectures. Rothberger [6] proved,
for cardinals A and «, there is a (A, k)-gap in (P(w), C*) if and only if there is a
(A, k)-gap in (w*, <*). This result suggests that (P(w), C*) and (w*, <*) have the
same properties as far as gaps are concerned. Therefore, if both C1 and C2 were
true, then in a model for t = w1 + b > w1, y(P(w), C*) fails and I'(w®, <*) holds,
thus showing that (P(w), C*) and (w*,<*) do not have the same properties with
respect to gaps.

The validity of C1 will be established by proving

() t>w < IN(P(w),C*) < Iwv, <*).

As a corollary of the above equivalence and the existence of a model for t = w;+b >
wy it follows that I'(w*, <*) — b > wq and b > wy 4 T'(w¥, <*) which settles C2.
The implication t > w; — I'(P(w), C*) can be restated in the following way: If
every C*-increasing wi-sequence in P(w) has a top (other than w), then every C*-
increasing wi-sequence in P(w) is a lower half of some (w1, w1)-gap. However, the
assertion that every <*-increasing wi-sequence in w® has a top is not sufficient to
show that every <*-increasing wi-sequene in w* is a lower half of some (w1, w1 )-gap
in w*, which is another way to state b > wy 4 T'(w*, <*). This further exemplifies
differences between cardinals b and t.

The equivalence in (¢) can be viewed in another way. Hausdorff [4] showed (in
ZFC) that both (P(w),C*) and (w*¥,<*) contain (w1,ws)-gaps. The result that
there is an (w1, wy)-gap in (P(w), C*) can be stated in the following way: There is
an C*-increasing wi-sequence a C P(w) and there is a C*-decreasing wi-sequence
b C P(w) on top of a such that (a,b) forms an (w1,w1)-gap. The existence of an
(w1, w1)-gap in (w*,<*) can be restated in a similar way. Thus, the equivalence in
(¢) can be seen as a refinement of Hausdorff’s results, and this refinement is the
best possible.

The equivalence in (¢) is the main result of this paper and its proof is given in
the next section. For undefined terminology the reader should consult [5].

2.

The equivalence in (¢) will be established in the following order: t > wy —
P(w¥, <*) — I'(P(w),C*) — t > wi1. The hardest implication to establish is the
first one and most of this section will be devoted to its proof. Assume t > w;.
Then p > wy, hence by Bell’s Theorem [1] M A, (o-centered) holds. (Recall that
a partial order (P,<p) is o-centered if P = |J, ., P, and for each n and each
{p1,...,p} C P, there is an r € P such that » <p p1,...,pk, i.e. each P, is
centered.) Let a = (a¢ : £ < wi) be an <*-increasing w;-sequence in w*. A
<*-decreasing wi-sequence b = (be : £ < wq) on top of a such that (a,b) is an
(w1, w1)-gap in w* will be obtained from an application of M A,,, (o-centered) to a
suitably defined partial order P,. In order to guarantee that (a,b) is in fact a gap,
the elements of the sequences a and b have to satisfy the following condition:

(¥) V& <wiVi<w(ag(t) <be(i) AVE, N <wi(§ <n— T <wbe(i) < an(i))).
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This condition is a variation of the following condition due to Kunen (in unpub-
lished work):

VE < wiVi < w(ag(i) < be(i)) and
VEm <wi(§ #n — Fi <wlag(i) £ by(i) V an(i) £ be(i)).

In fact, Hausdorff [3] discovered a condition such that if an (wq,w;)-pregap in
(w?, <*) satisfies that condition, then the pregap is in fact an (w1,wi)-gap. It
can be shown (in ZF(C) that if an (w1,w1)-gap in (w*, <*) satisfies Hausdorf’s
condition, then it has an (wq,w)-subgap which satisfies (x) (see [7]). Tt is easily
seen that if (a,b) is an (w1, w1)-pregap which satisfies (x), then (a,b) also satisfies
Kunen’s condition so that (a,b) is in fact a gap. Therefore, the definition of P, has
to incorporate the requirements in (x).

Definition 1. Let a = {(a¢ : £ < wi) be an <*-increasing wy-sequence in w®.
Py = {(z,y,n,8) : 2,y € [w1]“ An<wAs:y— "
AVE € y((€ € v — Vi < nfag(i) < s(§)(i)))
AV € x(n > & — i <n(s(§)(i) < ay(1))))}
where (22, y2, no, s2) < (x1,y1,n1, $1) if and only if
(1) 21 € 22,51 € yo2,m1 < N,
(2) V€ € y1(s2(8) I ma = s1()),

(3) V&,n € y1Vi <w(§ <nAmy <i<ny — s2(n)(i) < s2(8)(0)),
(4) V€ € 21V € 11Vi < w(ng < i < ng — ag(t) < s2(n)(4)).

Clearly P, is a partial order and the next step is to show that P, is o-centered so
that M A, (o-centered) can be applied to it. This will be accomplished by showing
that there is a sequence (P, : a < w1) of suborders of P, such that P,, = P, and
a sequence (iqg : @ < < wy), with i4g : Py, — Pg, of complete embeddings such
that Vo, 8,7(a < 8 < v < wi — Gay = igy ©ing). Then P, can be viewed as a
finite support iteration of length w; with o-centered partial orders, since each Py,
for @ < wy, will be shown to be o-centered. This will imply that P, is also o-
centered once I show that any finite support iteration of length < ¢ with o-centered
partial orders is o-centered.

Definition 2. Let P and Q be partial orders. An i : P — Q is a complete embed-
ding if

(a) Vp,p' € P(p' < p —i(p') <i(p)),

(b) Vp,p' e P(p/ Lp < i(p)) Li(p)),

(c) Vg e QIp e PV e P(p' <p —i(p') L q).

The symbol “L” in the above definition denotes the two elements of a partial
order are incompatible and compatibility is denoted by Y.

For each o < wy let Py, = {{x,y,n,s) € P, : y C a} and for each & < 8 < wy
let iqp : Py, — Pg be the inclusion map i(p) = p. Then P, = P,,,, each P, is a
suborder of P, with the ordering relation inherited from P,, and Va < f < v <
w1iary = iy © ip)-

Lemma 3. For each a < 8 < wy, tap 15 a complete embedding.

Proof. Properties (a) and (b) of Definition 2 are satisfied in a trivial way. For (c),
let ¢ = (xq,Yq,Ng: Sq) € Pg. Then p = (x4, Yy N, Ny, Sq | (Yg N ) has the required
property. O
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Lemma 4. For each a < wy, P, is o-centered.

Proof. Let o < wy and for each y € [a]<¥, n < w, s € (W)Y let Poyns =
{{z,z,m,t) €ePq: 2=y Am=nAt=s}. Then Po = (H{Payns : ¥y € [&]<Y An <
wAs € (w")?} so that P, is a union of countably many suborders. Furthermore,
if (x1,y,1m,9),...,(Tk, Y, 1, 8) € Payns, then (zq U--- U ak,y,n,s) € Poyns and
(w1 U---Uzg,y,n,8) < (x1,¥,M,8),...,{Tk,y,n,s). Thus, each Pyyns is centered
so that P, is o-centered. (|

Therefore, Lemmas 3 and 4 imply that P, can be viewed as a finite support
iteration of length w; with o-centered partial orders. Thus, by Proposition 8, P,
is also o-centered. The next three lemmas are used in the proof of Proposition 8
below.

Lemma 5. If P is a partial order, T1,...,T, are P-names and
plt “Dxd(x,m1,...,7)7,
then there is a P-name 7 such that p - “¢(w,71,...,7)".

Lemma 5 is taken from [5] and will be referred to as the maximal principle. For
the next lemma recall that if A is a subset of a partial order P, then A is upward
closed if Vp € AVq € P(p < ¢ — ¢ € A). Tt is easily seen that if A C P is centered,
then there is a B C P such that A C B and B is centered and upward closed.

Lemma 6. Let P be a partial order, m a P-name for a partial order and 1 I+ “m is
o-centered”. Then there are P-names m,, for n < w, such that

1IF “r = U T, and each m, is centered and upward closed”.

n<w

Proof. Let P be as above. Since 1 I “m is o-centered”, then by the maximal
principle, choose P-names 7, for n < w, such that

(o) 1k “mr = U T, and each 7, is centered”.

n<w

In addition, since 1 IF “7, is centered”, then by the remark preceding the lemma,
it follows that for each n < w

1k “Jz(x C 7 AT, CaAx is centered and upward closed)”.

Hence, by the maximal principle again, for each n < w there are P-names 7, such
that

(o) 1 “r, Cm, C7mAm, is centered and upward closed”.
But then (o) and (e) imply that

1IF“r = U m, and each 7, is centered and upward closed”

n<w
which proves the lemma. O
Lemma 7. Let p € P, ® a P-name for a partial order, 1,..., T, € dom(w) and
plk “r,...ommenATxen(e <p71,...,70)"

Then there is a ¢ < p and there is a 7 € dom(w) such that

”

qlF “ren AT <pT1,..., "
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Proof. Let p € P and 7, ..., 7, € dom(w) with
plb“m,...omenAIxen(e <p11,...,7)".

Then there is a P-name ¢ and an r < p such that r IF “c e 1 Ao <, 71,...,7 .
Let G be a P-generic filter with » € G. Then since o¢ € 7g there is a 7 € dom(7)
such that o = 7¢. But now, any statement which is true in the generic extension
by G is forced to be true by some 7’ € G, i.e. ' | “o = 7”. Finally, since r,7’ € G
there is a ¢ € G, with ¢ < r,7’, such that ¢ IF “T e 1 AT <, 71,...,7,”. But this
proves the lemma since also ¢ < p. O

Proposition 8. For A < ¢ let {((Py, : @ < A), (7o : a < \)) be a finite support
iteration such that 1p_ I+ “m, is o-centered” for each oo < X. Then Py is o-centered.

Proof. 1 may assume that A = ¢ since otherwise I can extend the iteration above
with the trivial partial order to obtain a finite support iteration of length ¢. By
Lemma 6, choose P,-names 7]} such that

1p, IF “mo = U mly and each 7, is centered and upward closed”.

n<w

Let B be a countable base for 2 (the set of all functions from w to 2) and let
(fe : € < ¢) be a 1-1 enumeration of 2. For each B € Blet B’ = {a : fo € B}.
Let T ={T € [B]<¥ :VA,B € T(AN B = @)}. Let A be the set of all functions
F : ¢ — w such that thereis a {By,...,B,} € T and F' is constant on each B] and
on ¢\ U,<,, B;- Then A is countable and for each F' € A let

QF = {p eP.:Vac< C(p [ allFq “p(a> c Wg(a)”)}'
Claim 1. |Jpc 4 QF is dense in P..

Proof. For a < clet Qu = {p € Upec s QF : supp(p) C a} and P [ a = {p € P, :
supp(p) C a}. It suffices to prove, by induction, that each Q,, is dense in P, | «.
The initial step of the induction is trivial since Py is o-centered and no forcing is
involved at this stage. Fix a and assume that Qg is dense in P, | 3 for each 8 < a.
If o is a limit ordinal, since the iteration is with finite supports, the result follows
by the induction hypothesis. Now assume a« = 4+ 1 and let p € P, | . I may
assume that 8 € supp(p) since otherwise the conclusion follows by the induction
hypothesis. Then p [ 3 € Pc [ Band p [ Blrg “p(B) € U,,., 75" Let p' € Pc [ B
and n < w be such that p’ < p [ § and p' IFg “p(B) € 73”. Since Qg is dense in
P, I B let ¢ € Qg such that ¢ < p’ and define r as follows:

ey = 19&), HEFD,

Then r € P, and r < p. In fact r € Q,, as I will show next. Let {ag,...,ar}
enumerate supp(r) in increasing order. Note that ap = . Then the functions
fags -+ fa, are all distinct so that there are pairwise disjoint By,,...,Ba, € B
such that f,, € B,,, for i < k. By the definition of r, for each ¢ < k, choose n;
such that r | a; IFo, “r(a;) € 7" and define F': ¢ — w by

iy leg o Ba»a
Play~ [ 1131 k(o € Ba)
0, if fo € 2°\U, < Ba,-
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Then F € A and since

Va < ¢(1p, IF Vi < o(nl

™ is upward closed)”)

it follows that r € Qp. In fact, r € Q4 since Ya > f(r(a) = 1,) and the Claim is
proved. O

Claim 2. VF € A(Qr is centered).

Proof. Let F € A, po,...,pr € Qp and let {ag,...,o;} be an enumeration of
Uigk supp(p;) in increasing order. Then Vi,j < k(p; | ag = p; | aog) so let go =
po | o and note that Vi < k(qo lFa, “pi(ag) € wf(f““)”). Since also qq I, “wf(f““)
is centered”, it follows by Lemma 7 that there is a ¢ < qo, with ¢ € Pq,, and a

7o € dom(m,, ) such that
q6 ”_Ozo “Toﬂ'ao A Vi < IVC(TO < pi(CYQ))”.
Now define ¢ by

q6(§)7 lfé- < ap,
ql(g) =4 70, if 5 = Qp,
1(6), ifay<é<a.

Then ¢; € P,, and

Vi <k(g1 <pi a1 AqilFa, “pi(ar) € WF(O“)”).

a1

Since also g1 IFq, “wff““ is centered”, by Lemma 7 again, there is a ¢} < ¢1, with

qi € Py, and a 7y € dom(7,, ) such that
qll ”_al “T € T, A Vi < k(Tl Spi(Oél))”.

Now, repeat this process [ times. It is clear that after [ steps there is a ¢; and a
71 € dom(my, ) such that q; € Pq,, Vi < k(g <p | oy) and

q H—al “m € Ty A Vi < ];5(7'[ Spi(al))”.

Finally define g by

ql(§)7 if€<al7
q(§) = {7, if § = oy,
1(6), ifay<é<ec

Then g € P, and Vi < k(q < p;) so that Qp is centered. This proves the second
Claim.

Now let Pr ={p € P, : g € Qr (¢ < p)} for each F' € A. Then Claim 1 implies
that P, = UFeA Ppr. In addition, by Claim 2, each Pg is centered. Hence P, is
o-centered and the proof of the Proposition is complete. O

It is important to note that a finite support iteration of length ¢t with any partial
order with at least two incompatible elements leads to the partial order which is not
o-centered. The proof of this is analogous to the proof that a Tychonoff product
of ¢t copies of the two point discrete space is not separable.

At this point I can conclude that P, is o-centered, and this completes all of the
analysis necessary to prove the main result.



GAPS IN (P(w),C*) AND (w¥, <*) 3863

Theorem 9. The following are equivalent.
(1) t>wr.
(ii) T(P(w), C*).
(iii) T'(w®, <%).

Proof. [(i) — (iii)] Let t > wy. Then MA,, (o-centered) holds. Let a = (a¢ :
¢ < wip) be an <*-increasing wi-sequence in w*. Then by Proposition 8, P, is
o-centered. Let G be a filter in P, and for each n < w; let

by = U{S(m tdp € Gp = (@p, Yp, p, Sp) N s = $p)}-

Condition (4) of Definition 1 together with the requirement that for each £, 7 < wy
and each m < w the filter G has a nonempty intersection with the dense sets

Depm = {{z,y,n,s) €Py:{ €xAnpeyAn>m}

will guarantee that V¢, n < wi(ae <* by,). In addition, condition (3) of Definition 1
together with the requirement that for each £ < n < w; and each m < w the filter
G has a nonempty intersection with the following dense sets

Eenm = {(z,y,n,8) €Pa: &m ey Az s(n)(i) < s(§)(@)} = m}
will guarantee that V§ < n < wi(b, <* be). Therefore, to satisfy the requirements
that V¢, n < wi(ag <* by) and V€ < n < wi (b, <* b¢) the filter G needs to intersect
w1 dense subsets of P, and M A,,, (o-centered) guarantees that there is one such
filter. In addition, the definition of P, implies that V& < wi1Vi < w(ag(i) < be(i))
and V&, n < wi(§ < n — Fi < w(be(i) < ay(i))) so that (a,b) is in fact an (w1, w1)-
gap in w®.

[(1i1)—(ii)] Let a = (a¢ : £ < w1) be an C*-increasing wi-sequence in P(w) and
let x = (x¢ : £ < wi) be the sequence of corresponding characteristic functions.
Note that x is an <*-increasing wi-sequence in w*. Then I'(w®, <*) implies that
there is a <*-decreasing wi-sequence ¢ = (¢ : £ < w1) on top of x such that (x, ¢)
is an (w1, wn)-gap. For each £ < wy define functions ¢¢ : w — 2 as follows:

1, ife(n) > 1,
(bf(”)_{o, if e (n) = 0.

Since V€ < w1Vn < w(xe(n) < 1) and since V&, < wi(xe <* vy) it follows that
VEn < wi(xe <* ¢p). In addition, if I < w1 V( < wi(§ < ¢ — ¢¢ =* ¢¢), then for
some large enough & < w1, ¢¢ splits (x, 1), which contradicts the fact that (x, ) is
a gap. Therefore, one can choose inductively an A € [w1]“* such that (¢ : £ € A)
is a <*-decreasing wi-sequence and (x¢, ¢, : & < wi,n € A) is an (wi,w1)-gap
in (w¥, <*). Let {a¢ : £ < wi} be an increasing enumeration of A and let b¢ be
the subset of w whose characteristic function is @q.. Then (ag,be : £ < wy) is an
(w1,w — 1)-gap in (P(w), C*) so that T'(P(w), C*) holds.

[(ii)—(i)] The definition of t makes the proof of this part trivial. O

It follows trivially from the definitions that T'(w*, <*) — b > wy.

Finally, let M be a model for ZFC in which t = w; and b > w;. Such a model
exists by the result of Solomon [§8]. Then by Theorem 9, I'(w*,<*) fails in M
so that b > wy 4 T'(w*,<*), which settles C2. To be more explicit, in M, let
a = (a¢ : £ < wq) be an C*-increasing wi-sequence in P(w) which is a witness for
t = wi. Let x = (xe : £ < wi) be the sequence of corresponding characteristic
functions in w*. Then x is not a lower half of any (wq,w1)-gaps in (w*, <*). To see
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this, by way of contradiction, let ¢ = (¢¢ : £ < w1) be a <*-decreasing w;-sequence
on top of x such that (x,1) is an (w1,w;)-gap. Since the unit function, e(n) = 1
for each n, does not split (x,) there is a & < w1 such that {i : ¢, (i) < e(4)} is
infinite. Let ¢ = {4 : ¢¢,(¢) > 1}. Then |w\c| = w and V& < wi(ag C* ¢), which is a
contradiction since a is a witness for t = ws.

3.

Let (a,b) = (ae, be : £ < wi) and (¢,d) = (ce,de : £ < w1) be two (w1, wr)-gaps
in w¥. Then (a,b) and (c,d) are equivalent if V§ < wi3n < wi(ag <* ¢y Ad,) <* be)
and V& < wi13n < wi(ce <* a, Aby <* d¢). The gap (a,b) is disjoint if V€ < wVi <
w(ag(i) < be(i)). Elements of each (wi,w1)-gap can be changed a finite amount
to obtain an equivalent and a disjoint gap. The gap constructed in the proof of
[(1)—(iil)] of Theorem 9 is a disjoint gap. The fact that the gap in that proof was
made to satisfy (%) is not coincidental. In the presence of M A, all (wq,w;)-gaps are
equivalent to gaps which satisfy condition (%), as it is implicitly stated in the next
proposition.

Proposition 10. Assume MA and let (a,b) = (ag,be : £ < wi) be an (wi,wr)-
gap in w*. Then there is a B € [w1]¥ such that ¥&,n € B({ < n — Ji <
w(be (i) < an(i)))-

Proof. Let (a,b) = (ag,be : & < w1) be an (w1, w1)-gap in w* and define a partial
order QQ as follows:

Q={z € [w]™: V& € 2(§ <n — Fi <w(be(i) < ay(9)))}

where zo < z, if and only if x5 O z;. Then Q is indeed a partial order and to show
that Q has the countable chain condition, by way of contradiction, assume that
A = {x¢ : £ < wi} is an uncountable antichain in Q. By the A-system lemma I
may assume that A forms a A-system with root r. In fact, since {z¢\r: § <wi} is
also an uncountable antichain in Q I may assume that » = @. By another thinning
process I may also assume that V¢, < w1 (€ < n — max(z¢) < min(x,)). Now, for
each £ < w; let m¢ be such that

Vn, 0 € xeVi > me(an(i) < bp(i)) and
Vn, 0 € xe¥i > me(n < 60 — ay,(2) < ag(i) Abg(s) < by()).
Then by a final thinning process I may assume that mg = m for some m < w and
all £ < wi. But now, since A is an uncountable antichain it follows that
Vo, <wi(a < f— 3 € xadn € xgVi < wlay(i) < be(i))).
But his in turn implies that if e = min(x¢), then
(*>) Ve, <wi(§ <n—Vizm(aa, (i) < bag(i)))-

Now I use (>) to obtain a contradiction. Define ¢ : w — w as follows: If i < m,
then ¢(i) = 0, and if ¢ > m, then let n be the maximal integer such that there is an
uncountable set C' C wy such that V& € C(aa, (1) = n) and let (i) = n. Condition
(>) implies that c is well defined. I claim that V¢ < wi(@a, <* ¢ <* by, ). To show
that V§ < wi(aa, <* ¢), by way of contradiction, assume that D = {i: ¢(i) < aqa, }
is infinite for some # < wy. For each n > 0 let k, be such that Vi > ky(aq, () <
Qq, (i)). Choose E € [w1\0]“* and a k < w such that Vn € E(k, = k). Since D is
infinite choose ¢ € D with ¢ > max(m, k) and an uncountable F' C F such that for
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some | < w it follows that Vn € F'(aa, (i) = [). Now by the definition of c it follows
that c(i) < aq, (i) <1 < (i), which is a contradiction. Hence, V¢ < wi(aa, <* c).
The proof of V§ < wi(c <* by, ) is analogous and I omit it. Therefore ¢ splits
(Gags bag : § < wi). But this implies that ¢ also splits (a, b) since (@ag, bae : § < wi)
and (a, b) are equivalent. This is a contradiction by the assumption that (a,b) is a
gap. Therefore Q has the countable chain condition.

Now, M A implies that there is an uncountable X C Q of pairwise compatible
elements. At this point it is easy to see that if B = |J K, then

VE,m € B(§ <n— Ji <w(be(i) < ay(i)))
and the proof of the proposition is complete. O

In [2] and again in [10] it was shown that, in the presence of M A, every disjoint
(w1, w1)-gap in (w¥, <*) has an (w1, w;)-subgap which satisfies Kunen’s condition.
Thus, Proposition 10 is a further refinement of this result and, together with the
preceding remarks, it states that, in the presence of M A, all (wy,w1)-gaps are gaps
for essentially the same reason, namely, that each gap is equivalent to a gap which
satisfies (*).
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