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ABSTRACT. The purpose of this paper is to describe these py-measurable map-
pings on a separable complete metric space with the Borel measure p, which
transform every p-measurable set onto a py-measurable one. The obtained re-
sults are a generalization of the classical outcomes of Suslin and Kuratowski
and the results from our previous paper.

1. INTRODUCTION

Let X be a separable complete metric space and let f be a one-to-one mapping
on X. In his paper [4] Suslin proved that if f is a continuous function, then for
every Borel subset B of X the image f(B) is also a Borel set. Kuratowski in
[1] extended this theorem to the case of Borel mappings. Namely, he proved the
following theorem.

Theorem of Kuratowski. Let X be a separable complete metric space and X1 a
Borel subset of X. If f is a one-to-one Borel measurable mapping from X, into X,
then f(B) is a Borel set for every Borel subset B of X;.

For details concerning the above theorem see also [2] (Chapter 1.4).

In our previous paper [5] we investigated the possibility of the generalization
of the above theorem of Suslin-Kuratowski to the case of measurability (of sets B
and f(B)) with respect to some measure on X instead of their Borel measurability.
It appears that such a generalization need not always be true, even in the case
of the measurability with respect to the Lebesgue measure on a real line (see [5],
Example 1) or in the case of translations in a linear space (see [5], Example 2). In
[5] we have given the conditions under which the above mentioned generalization of
the theorem of Suslin-Kuratowski is possible. Namely, it was shown that a one-to-
one Borel mapping f on X transforms every measurable set (with respect to some
measure g on X) onto a measurable one if and only if the measure p is absolutely
continuous with respect to the measure p1y (an image of p under the mapping f)
([5], Theorem 1).
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In the present paper we shall continue this investigation. Our purpose will be the
further extension of the theorem of Suslin-Kuratowski. We generalize this theorem
to the case of p-measurable mappings. Similarly as in the case of Borel mappings
we give also the description of these p-measurable mappings on X for which such
a generalization is possible. Moreover, we prove some similar properties of u-
measurable mappings, which may be treated as a specific form of the theorem of
Suslin-Kuratowski, however concerning not images but inverse images of measurable
sets.

Let (X, B, 1) be a measure space and (Y, F) a measurable space. Let f be a
measurable mapping from X into Y. By py we shall denote the image of p under
the mapping f, i.e. a measure on F defined by the formula pf(A) = u(f~*(A)) for
AeF.

A measure p is said to be a non-atomic measure if u({z}) = 0 for any z € X
(provided that {z} € B).

Let (X, B) be a measurable space and let p and v be two measures on B. We say
that the measure p is absolutely continuous with respect to the measure v, and we
write u < v iff from B € B and v(B) = 0 it follows that u(B) = 0. If at the same
time p < v and v < u, then we say that the measures p and v are equivalent, and
we write p ~ v.

Let (X, B, p) be an arbitrary measure space. Denote by B, the completion in
measure p of the o-algebra B, that is a o-algebra of all subsets in X of the form
BUN, where B € Band N C A for some A € B such that ;1/(A) = 0. The o-algebra
B,, is also called a o-algebra of sets measurable with respect to the measure p, or
a o-algebra of y-measurable sets.

The measure p, which is defined on B, we may in a natural way extend to a
measure on B, putting (B U N) = u(B).

For example, if X = R is a real line, B = B(X) is the Borel o-algebra on
R and g = m is the Lebesgue measure defined on B, then B,, is a o-algebra of
sets measurable with respect to the Lebesgue measure (measurable in the sense of
Lebesgue), and a measure m extended to B,, is the classical Lebesgue measure on
R.

It is well known that if A is a Borel subset of R with positive Lebesgue measure,
then there exists a subset B of A which is non-measurable with respect to m. In
this paper we will need some extension of this fact.

Lemma 1 ([5]). Let X be a separable complete metric space and B = B(X) the
Borel o-algebra on X. Suppose that u is a o-finite and non-atomic measure on B.
If A € B and p(A) > 0, then there exists a set B C A such that B ¢ B, (i.e. B is
non-measurable with respect to ).

Let (X, B, 1) be an arbitrary measure space, and (Y, F) a measurable space.
A mapping f: X — Y is called a py-measurable mapping if it is measurable with
respect to (B, F), i.e. if f~1(A) € B, for each A € F.

Of course, every measurable mapping f : X — Y is y-measurable for any mea-
sure p on B.

2. MAIN RESULTS

In this section we shall deal with the generalization of the theorem of Suslin-
Kuratowski to the case of y-measurable mappings. We give conditions under which
such a generalization is possible.
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Throughout this section X will always denote a separable complete metric space,
B the Borel o-algebra on X and u a Borel measure on X. As usual by B,, we shall
denote the g-algebra of py-measurable sets.

Now let f be a p-measurable mapping from X into X, i.e. for any B €
B, f~YB) € B,.

In order to prove the main results of this paper we will need the following state-
ment.

Lemma 2. For every p-measurable mapping f : X — X there exists a Borel subset
Xo of X such that (X — Xo) = 0 and the restriction f|x, of the mapping f to the
set Xq is Borel measurable.

Proof. Tt is clear that since X is a separable metric space, then there exists a
countable class T' = {K,,,n = 1,2,...} of Borel subsets of X such that the Borel o-
algebra B is generated by this class, i.e. B = o(T") (¢(I") denotes the least o-algebra
which contains I'). Indeed, if E is a countable dense set in X, then as a class I’
we may take a set of all balls of radius r with centre at the point z, where r is an
arbitrary rational number and x is an arbitrary element of E.

Let B, = f~Y(K,), for n = 1,2,.... Obviously B, € B,,. Therefore B, =
A, UC,, where A,, € B, C,, C D, D,, € Band u(D,,) =0.

Put D = J;2, Dy. Then D € B and p(D) = 0. Now let Xg = X — D. Then X,
is a Borel subset of X and pu(X — Xy) =0.

Denote by g the restriction of the mapping f to the set X, i.e. g = f|x,. We
must show that g is a Borel mapping. To prove this fact it is enough to show that
g 1(B) € B for every set B € I (since o(I') = B), i.e. more precisely that for any
n=12,..., g~ K,) € B.

Indeed, we have that g7 }(K,) = {z € Xy : g(x) € K,} = {z € Xo: f(x) €
K.} = fY{K,)NXo=B,NXp=(4,UC,)NXg=(4,NXo)U(C,, N Xp) =
A, N X, since for any n =1,2,..., C, N Xy = & (which follows from the fact that
C, C D, C D= X — Xg). Therefore for any n = 1,2,..., ¢~ (K,) = A, N X,
and since A,, € B and X, € B, then 4, N X, € B, i.e. g1 (K,,) € B. This completes
the proof.

Now we are ready to extend the results from [5], where the generalization of the
theorem of Suslin-Kuratowski for Borel mappings was considered, to the case of
p-measurable mappings.

Proposition 1. Let f be a u-measurable and one-to-one mapping from X into X.
If o < py, then f(B) € B, for every set B € B,,.

Proof. In view of Lemma 2 there exists a Borel subset Xy of X such that
w(X — Xp) = 0 and the restriction of f to Xy is Borel measurable. Suppose
that i < py and let B be an arbitrary p-measurable set, i.e. B € B,,.

Put By = BN Xy and By = BN (X — Xp). Then B = By U By, whence
(1) f(B) = f(B1) U f(B2).

First of all we show that f(B1) € B,. Since By € B, and By C Xy, then
By = AUN, where A € Band A C Xo, N C Ay, A1 € B and u(4;) = 0. We
have therefore that f(By) = f(A4) U f(N). Since A is a Borel subset of X, and
flx, is Borel measurable, then by virtue of the Theorem of Kuratowski we infer
that f(A) € B and consequently f(A) € B,. Note also that f(N) € B,. Indeed,
let Ag = A1 N Xy. Then Ag € B and Ay C X, and applying again the Theorem
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of Kuratowski we get that f(Ap) € B. Moreover, N C A; and N C B C X,
whence N C Ag. Since f is an injection, we have that f=!(f(Ag)) = Ao. Hence
py(f(Ao)) = n(f~(f(Ao))) = p(Ao). But p(Ag) =0, since Ay C Ay and p(A;) =
0. Therefore pf(f(Ao)) = 0, whence by virtue of the assumption (i.e. p < py)
we obtain that u(f(A4p)) = 0. From N C Ay it follows that f(N) C f(Ag), which
implies that f(N) € B,. Hence, since also f(A) € B, and f(B1) = f(A) U f(N),
we get that f(B1) € B,.

Now we show that f(B2) € B,,. Note in the first place that since X, € B and
flx, is Borel measurable, then in view of the Theorem of Kuratowski f(Xjy) € B.
From X = Xy U (X — Xj) it follows that f(X) = f(Xo) U f(X — Xo), and since f
is a one-to-one mapping and Xy N (X — Xy) = &, then f(Xo) N f(X — Xp) = @.
Since X — f(Xy) € B, applying again the fact that f is an injection, we have that
(X = F(X0)) = u(F (X = £(Xo))) = p(f~1(X) =~ (f(Xo))) = pu(X — Xo) =0,
ie. up(X — f(Xo)) = 0. But By C X — Xo, whence f(By) C f(X — Xo) =
f(X) — f(Xo) € X — f(Xo), which consequently implies that f(B2) € B,,.

We showed therefore that f(Bi) € B, and f(B2) € B,. Hence taking into
account (1) we infer that also f(B) € B, and that is what we wished to prove.

Remark. Proposition 1 is also true without the assumption that f is a one-to-one
mapping, but only for the u-measurable sets of full measure (and only for o-finite
measures). This follows from the following statement.

Proposition 2. Assume that the measure p is o-finite, and let f be a p-measurable
mapping from X into X. If p < iy, then for every set B € B, such that u(X—B) =
0 we have that f(B) € B, and pu(X — f(B)) = 0.

In particular, if p is a probability [finite] measure, then from B € B, and u(B) =
1 [u(B) = (X)) it follows that f(B) € B, and pu(f(B)) = 1 [u(f(B)) = u(X)].

Proof. The proof will be divided into two steps. Suppose in the first place that the
measure 4 is finite. For simplicity we may obviously assume that p is a probability
measure, i.e. u(X) = 1.

By virtue of Lemma 2 there exists a Borel subset X of X such that u(X —X) =
0, i.e. u(Xp) =1, and the restriction f|x, is Borel measurable.

Now let B € B, and p(B) = 1. From the definition of the o-algebra B,, we have
that there is a Borel subset By of B such that p(B1) = 1. Put By = B; N Xy. Then
By € B and u(Bgy) = 1. Since By C Xo, Xo € B, u(Xo) = 1 and f|x, is a Borel
mapping, we infer by virtue of the Lusin theorem (see [3, Corollary 24.22]) that for
anyn = 1,2, ... there exists a compact subset K, of By such that u(By—K,) < 1/n
and the restriction f|k, of f to K, is a continuous mapping on K.

Put X1 =U,2, K, and Y1 = U, f(K,). Tt is clear that X; € B and p(X;) =
1. Moreover, since f is a continuous mapping on K, then f(K,) is a compact set.
Therefore Y7 is a o-compact and consequently a Borel subset of X, i.e. Y7 € B.
Furthermore we have that

f_l(yl) = U f_l(f(Kn>> ) U K, = Xi.

Thus f~1(Y1) D X1, whence pup(Y1) = pu(f~'(Y1)) > wp(X1) = 1. Therefore
wyr(Y1) =1, and taking into account that p < py we obtain that p(Y7) = 1. More-
over, since for any n = 1,2,..., K, C By, then f(K,) C f(By), and consequently
U2, f(Ky) C f(Bo), i.e. Y1 C f(Bo). Hence f(By) € B, and u(f(By)) = 1. But
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By C By C B, whence f(By) C f(B). Therefore f(B) € B, and p(f(B)) = 1,
which completes the first part of the proof, for the case when the measure p is
finite.

Suppose now that g is an arbitrary o-finite measure. This means that X =
U,—, Xn, where for any n = 1,2,..., X,, € B and pu(X,) < co. Let B € B, and
w(X —B) =0. If we set B, = BNX, (for n =1,2,...), then B,, € B, and
the fact that X,, — B, € X — B gives that u(X,, — B,) = 0. Since B, C X,
and p(X,) < oo, then identical considerations as in the first part of this proof
show that f(B,) € B, and p(f(Bn)) = w(X,), ie. u(X, — f(By)) = 0. But
B =,_, Bn, whence f(B) = .~ f(By). Therefore also f(B) € B,. Moreover
X = f(B) = Uy Xn~ Uy F(Ba) © Uy (X — f(Ba)). Hence u(X — f(B)) <
Sl (X — f(By)) =0, ie. (X — f(B)) = 0. The proposition is thus proved.

There is a question if the theorem inverse to Proposition 1 is also true. Now we
show that such an inverse theorem is in reality true, if we make some additional
assumptions about the measure p and the mapping f. However, as opposed to
Proposition 1 we do not assume that f is an injection.

Proposition 3. Suppose that the measure u is o-finite and non-atomic, and f is
a p-mesurable mapping from X onto X (i.e. f(X) = X). If f(B) € B, for every
set B € By, then p < pug.

Proof. Suppose that our assertion is not true. This means that there exists a set
Bi € B such that us(B1) = 0 and u(B;) > 0. Then f~'(B;) € B, and from
the definition of 1y we have that u(f~!(B1)) = 0. Since By € B, u(B1) > 0
and p is a o-finite and non-atomic measure, we get from Lemma 1 that there is
a set A; C Bj which is not p-measurable (i.e. Ay ¢ B,). Let B = f~1(4;).
Evidently B # &, which follows from the fact that Ay C f(X) = X. Since
Al C Bi, then f_l(Al) C f_l(Bl), ie. B C f_l(Bl). But f_l(Bl) S B# and
wu(f~1(B1)) = 0, which implies that B € B,. On the other hand we have however
that f(B) = f(f'(A1)) = Ay (since f(X) = X). But A; ¢ B, that is f(B) & B,,.
Therefore we have found a set B € B, such that f(B) ¢ B,. But this contradicts
the assumption and consequently completes the proof.

Remark. Proposition 3 is not true if we do not assume that f is an onto mapping
(even if we suppose that f is an injection). This follows from the following example.

Let X = [0,1] be a unit interval, B the Borel o-algebra on X and u = m the
Lebesgue measure on B. We define a mapping f : [0,1] — [0, 1] putting f(z) = %x,
for z € [0,1]. Obviously f is a one-to-one Borel mapping but not a surjection (since
f([0,1]) = [0, 4]). It is easy to check that f(B) € By, for every set B € By, (see [3],
Th. 21.1), but it is not true that p < py. Indeed, if we put for example B = (%, 1],
then up(B) = p(f~1(B)) = u(@) = 0, but on the other hand u(B) = 1. Therefore
the assumption in Proposition 3 that f is a surjection is in reality essential.

As a corollary from Propositions 1 and 3 we thus obtain the following theorem.

Theorem 1. Let X be a separable complete metric space and p a o-finite non-
atomic measure defined on the Borel o-algebra B of the space X. Assume that f
is a one-to-one p-measurable mapping from X onto X. Then the following two
conditions are equivalent:

(a) f(B) € B, for every set B € B,,.

(b) p < puy.
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At the end of this paper we shall prove some other properties of pu-measurable
mappings on a metric space X, similar to Propositions 1 and 3, but concerning
inverse images of p-measurable sets. It is possible to treat the facts that follow
(Propositions 4 and 5) as a peculiar form of the Theorem of Kuratowski for inverse
images.

Recall that by definition a mapping f : X — X is p-measurable if

(2) f~Y(B) e B, forany set B € B.

There arises the question if in this definition we can exchange the condition
B € B by the condition B € B,,. In the other words there is the problem if for a
p-measurable mapping f : X — X the property

(3) f~Y(B) e B, foranysetBeB,

is true.

Unfortunately, this fact need not be true, even if f is a Borel mapping. Indeed,
in Example 2 of [5] we have shown, that if v is a Gaussian probability measure
on R and ¢ = v X v X ... is the product measure on the linear metric space
X = R® = RxRx-- -, then the y-completion B,, of the Borel g-algebra B = B(R>)
is not invariant under all translations. This means, that there exists a set B € B,
and an element xo € R* such that B + z¢ ¢ B,. Now let f : R*® — R* be a
translation on R given by the formula f(z) = ¢ — xg for x € R*. Clearly, f is
a Borel mapping on R*. Moreover, f~}(B) = {z € R® : f(z) € B} = {x € R®:
r—x9 € B} ={x € R®:2€ B+xy} = B+ x. Therefore f~'(B) & B,,.

Nevertheless, it is easy to prove that the condition (3) will be true for a u-
measurable mapping f if we assume that the measure uy is absolutely continuous
with respect to p (i.e. that py < p).

We receive therefore the following assertion which is similar to Proposition 1.
But as opposed to this proposition we don’t need to assume that f is an injection.

Proposition 4. Let f be a p-measurable mapping from X into X. If uy < p,
then f~1(B) € B, for every set B € B,,.

Proof. Thus let B € B, ie. B = AUN where A € B, N C A;, A1 € B and
(A1) =0. Then

(4) F7HB) = fTHA) UFTHN).

Since A € B and A; € B, then f~!'(A) € B, and f~'(A;) € B,. Moreover
w(f~ (A1) = pg(Ar). But Ay € Band p(A;) = 0. Hence, since s < 1, we obtain
that 117(A1) = 0, and consequently u(f~'(A4;1)) = 0. But f~}(N) C f~' (A1), which
implies that f~!(N) € B,,. Since also f~!(A) € By, then from (4) we conclude that
f7Y(B) € B,, and that is what we had to prove.

The theorem inverse to the above proposition is also true, if we assume that
the measure u is o-finite and non-atomic and f is an injection. Thus we have the
following fact, analogous to Proposition 3.

Proposition 5. Suppose that the measure p is o-finite and non-atomic and f is
a one-to-one pi-measurable mapping from X into X. If f~1(B) € B, for every set
B € B, then uy < p.

Proof. Assume that our assertion is not true. Then there exists a Borel subset B;
such that p(Bq) =0 and ps(B1) > 0.
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In view of Lemma 2 the restriction f|x, is Borel measurable for some Borel set
Xo such that u(X — Xo) = 0. Put By = By N f(Xo). Then By C f(Xo) C f(X).
Moreover, from the Theorem of Kuratowski it follows that f(Xy) € B. Therefore
also By € B, and since By C Bj, then u(By) = 0.

Observe now that 117 (X —f(Xo))=p(f (X —f(Xo))) =pu(f ~H(X)—f 1 (f(X0)))
= pu(X = Xo) =0, i.e. pp(X — f(Xo)) = 0.

Furthermore, from By U (B; — By) = B1 we have that p¢(Bo) + py(B1 — Bo) =
ps(B1). Hence taking into account that py(By — Bg) = 0 (since By — By C X —
f(Xo)), we conclude that pr(By) = ps(B1), whence in particular py(By) > 0.

We have shown therefore that there exists a Borel subset By of X such that
By C f(X), u(Bo) = 0 and y17(Bo) > 0, i.e. u(f~1(Bo)) > 0.

Let A = f~!(By). Then A € B, and u(A) > 0. In view of the definition of
the o-algebra B, this means that there exists a set Ag € B such that Ay C A and
u(Ag) = p(A) > 0. Hence by virtue of Lemma 1 we obtain that there is a set
Ay C Ap (and consequently A; C A) such that A, & B,,.

Now let B = f(A;). Since A; C A, then f(A;) C f(A). But f(A) = f(f~1(By))
= By (since By C f(X)). Hence B C By and since By € B and u(Bg) = 0, then
B € B,,. Therefore by virtue of the assumption we have that also f~1(B) € B,,.
But on the other hand f~1(B) = f~1(f(A1)) = A; (since f is an injection) and
Ay ¢ B,,. Thus we get a contradiction, which finishes our proof.

Remark. Proposition 5 is false if f is not an injection. Indeed, let for example
X = [0,1], B be the Borel o-algebra on X and u = m the Lebesgue measure on
B. If we put f(z) = 1 for € [0,1], then the assumptions of Proposition 4 are
fulfilled. In fact, f is obviously a p-measurable mapping (even Borel), and for any
set B € B, we have that either f~1(B) = @ (if 1 € B) or f~'(B) = [0,1] (if
1 € B). Therefore f~1(B) € B, always. But the condition p1; < p is not satisfied,
since for example p({1}) = 0 and pr({1}) = 1 > 0 (uy is a probability measure
concentrated at the point 1).

As a corollary from Propositions 4 and 5 we obtain the following theorem (similar
to Theorem 1, except for the assumption that f is a surjection).

Theorem 2. Let X be a separable complete metric space and p a o-finite non-
atomic measure defined on the Borel o-algebra B of the space X. Assume that f
is a one-to-one p-measurable mapping from X into X. Then the following two
conditions are equivalent:

(a) f~Y(B) € B, for every set B € B,,.

(b) py < pu.

We finish the paper with the following corollary from our results. Namely, com-
bining Propositions 1 and 3-5 we get the theorem which gives necessary and suffi-
cient conditions in order that for every set B € B,,, f(B) € B,, and f~}(B) € B,
for a p-measurable mapping f on X.

Theorem 3. Let X be a separable complete metric space and p a measure defined
on the Borel o-algebra B of the space X. Assume that f is a one-to-one and p-
measurable mapping from X into X. In order that f(B) € B, and f~Y(B) € B,
for every set B € B,, it is sufficient and, if u is a non-atomic and o-finite measure
and f is a surjection, it is also necessary that the measures piy and pv are equivalent

(i.e. oy~ p).
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