
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 124, Number 12, December 1996, Pages 3835–3841
S 0002-9939(96)03547-2

BANDS IN LATTICES OF OPERATORS

C. B. HUIJSMANS AND A. W. WICKSTEAD

(Communicated by Palle E. T. Jorgensen)

Abstract. We consider the lattice of regular operators on a Dedekind com-
plete Banach lattice. We show that in general the projection onto a band
generated by a lattice homomorphism need not be continuous and that the
principal bands need not be closed for the operator norm. In fact it is possi-
ble to find a convergent sequence of operators all the members of which are
disjoint from the limit.

1. Introduction

If E and F are Banach lattices, then it is possible to introduce an order structure
in the space of norm bounded linear operators from E into F by defining S ≥ T
to mean that Sx ≥ Tx whenever x ≥ 0. There are many deficiencies of this order
structure in general. It is rare that the order is generating, so attention is normally
restricted to the regular operators, Lr(E,F ), the linear span of the cone of positive
operators, i.e. those S with S ≥ 0. Even then the order structure is not often a
lattice ordering. One of the few widely applicable cases where Lr(E,F ) is known
to be a lattice is when F is Dedekind complete, when Lr(E,F ) is also known to be
a Dedekind complete vector lattice under this operator ordering.

It is known that Lr(E,F ) is, in this case, a Banach lattice under the so-called
regular norm, defined by ‖T‖r =

∥∥|T |∥∥, where ‖·‖ denotes the usual operator norm,
see e.g. [3], Theorem 15.2. However it is rare that the regular norm is the same as
or even equivalent to the operator norm. It is, for example, if F is an AM-space or
if E is an AL-space and F has a Levi norm but not in general. By way of example,
consider E = F , the Dedekind complete Banach lattice introduced in [7] by Krengel

which we use below in Example 2.7. The operators S̃n used there have the property
that ‖S̃n‖ = 2−n/2 whilst ‖S̃n‖r = 1 so it is impossible that the two norms are even
equivalent. A similar argument can be applied to Example 2.4 below. Hence there
is no reason to expect a nicely behaved interaction between the order structure in
Lr(E,F ) and the operator norm. For example the lattice operations are not in
general continuous. It came, therefore, as somewhat of a surprise when Voigt in [9]
showed that if E = F , then the band projection of Lr(E) onto its centre, which
is simply the band generated by the identity operator, is not only continuous but
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is actually a contraction. A related result was proved (using techniques pioneered
by Voigt) by Huijsmans and de Pagter in [6] where they showed that the band
projection onto the band in Lr(E,F ) generated by a lattice homomorphism is also
contractive, provided F has a Fatou norm. They left open the question of whether
or not this assumption on the norm could be omitted as it could be in Voigt’s result.
In §2 we show that it cannot be, although it can be weakened if one only requires
continuity of the band projection.

If band projections are continuous, then, of course, their images and kernels are
closed for the operator norm. The converse is not true, since Lr(E) is not in general
complete for the operator norm so the Closed Graph Theorem is not applicable.
The examples we have mentioned so far leave open the possibility (see Question
3.3) that for an arbitrary lattice homomorphism T , the band {T}dd generated by T
and its complementary band, {T}d, are closed. We show in §3 that this is certainly
not the case for bands generated by a positive operator which is not assumed to be
a lattice homomorphism. In fact we can show even more. It is possible to find a
non-zero positive operator T and a sequence Tn in {T}d such that Tn → T . This
answers a problem posed by Abramovich [2]. Voigt’s theorem shows, of course, that
we cannot take T to be the identity here.

We refer the reader to [3] or [8] for any unexplained terms in the theory of Banach
lattices or positive operators.

2. Continuity of the band projection

We need to use some notation that is not yet standardised in the literature, so
we will spell out our exact definitions. The norm in a Dedekind complete Banach
lattice is Fatou if 0 ≤ xγ ↑ x ⇒ ‖xγ‖ ↑ ‖x‖. Equivalently, if xγ converges to x in
order (i.e. there is a net yγ directed downwards to zero with |xγ − x| ≤ yγ), then
‖x‖ ≤ lim inf ‖xγ‖. Fatou norms are also called lower semi-continuous norms in,
for example, [6]. The norm is weakly Fatou if there is a constant m ≥ 1 such that
0 ≤ xγ ↑ x⇒ ‖x‖ ≤ m supγ ‖xγ‖; see [10], §107. Obviously every order continuous
norm is Fatou and every Fatou norm is weakly Fatou.

Examples 2.1. If S is an infinite Stonean space, then the norm in C(S) is not
order continuous although the norm is clearly Fatou.

Let S be a Stonean space and s0 a non-isolated point of S. Fix α > 0 and
let ‖ · ‖α denote the norm on C(S) defined by ‖f‖α = ‖f‖∞ + α|f(s0)|, where
‖ · ‖∞ denotes the usual supremum norm on C(S). The constantly one function 1
has norm 1 + α but the upward directed set of those functions lying between the
zero function 0 and 1 and which vanish at s0 has supremum equal to 1. All these
functions have norm at most 1, showing that the ‖ · ‖α norm on C(S) is not Fatou.
It is simple to see that it is weakly Fatou, where we can take m = 1 + α.

Let Em denote C(S) equipped with ‖ · ‖m and consider `∞(Em) = {(fm) : fm ∈
Em and (‖fm‖m) ∈ `∞} normed by ‖(fm)‖ = sup{‖fm‖m : m ∈ N} and ordered
by the pointwise partial order. This is a Dedekind complete Banach lattice. The
norm in this is clearly not weakly Fatou. Examples like this have been used many
times before. For example, Abramovich uses it in Example 5 of [1] and refers there
to an earlier use by Veksler, which was possibly the first use of it.

If E is Dedekind complete with a Fatou norm and T : E → E is a lattice homo-
morphism, then the band projection onto the band generated by T is contractive,
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by Theorem 5.5 of [6]. The condition on the norm cannot be weakened to weakly
Fatou as the following example shows.

Example 2.2. In Examples 2.1, choose S and s0 so that there is a homeomorphism
φ of S onto itself with φs0 6= s0. Fix a constant α > 0 and equip C(S) with the
corresponding norm. Define two operators T, U : C(S)→ C(S) by

Tf(s) = f(φs0)1,

Uf(s) = f(φs).

Note that both T and U are lattice homomorphisms and thus are certainly positive.
We claim that T and U are disjoint in the lattice of regular operators on C(S).

Indeed, if 0 ≤ V ≤ T, U , then for each f ∈ C(S)+ and s 6= s0 we may find a clopen
set A with φs0 ∈ A, φs ∈ S \ A. If g = fχA and h = f(1 − χA) = fχS\A, then
f = g + h, g, h ≥ 0 and g ⊥ h. Thus we have

0 ≤ V g(s)

≤ Ug(s)

= g(φs)

= f(φs)χA(φs)

= 0

and

0 ≤ V h(s)

≤ Th(s)

= h(φs0)1

= f(φs0)χS\A(φs0)

= 0.

Thus

V f(s) = V g(s) + V h(s) = 0 + 0 = 0

whenever f ≥ 0 and s 6= s0. As s0 is not isolated in S we see that V f is the zero
function for all positive f and hence for all f ∈ C(S).

Note that
(
(U − T )f

)
(s0) = 0, so that ‖(U − T )f‖α = ‖(U − T )f‖∞. For each

s ∈ S we have

|Uf(s)− Tf(s)| = |f(φs)− f(φs0)|
≤ |f(φs)|+ |f(φs0)|
≤ 2‖f‖∞
≤ 2‖f‖α

so that we have ‖(U − T )f‖α ≤ 2‖f‖α for all f ∈ C(S) and hence ‖U − T‖ ≤ 2
given that C(S) is equipped with the norm ‖ · ‖α.

Use Urysohn’s lemma to find h ∈ C(S) with 0 ≤ h ≤ 1, h(φs0) = 1 and h(s0) =
0, so that

‖h‖α = ‖h‖∞ + α|h(s0)| = ‖h‖∞ = 1

but Th(s) = h(φs0) = 1 for all s ∈ S, so that ‖Th‖α = 1 + α. It follows that
‖T‖ ≥ 1 + α. In a similar manner we see that ‖U‖ ≥ 1 + α.
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Whether we consider the band projection of the space of regular operators on
C(S) onto the band generated by T or by U , by looking at the image of U − T we
see that this projection has norm at least (1 + α)/2. Taking α > 1 shows that the
projection need not be contractive.

A close inspection of the proof of Theorem 5.5 in [6] shows that we have the
following result.

Theorem 2.3. Let E be a Dedekind complete Banach lattice with a weakly Fatou
norm and let T be a lattice homomorphism on E. The band projection of Lr(E)
onto {T}dd is continuous with respect to the operator norm.

Again the weak Fatou property of the norm may not be omitted from the state-
ment of this theorem.

Example 2.4. With the notation of Examples 2.1, let E = `∞(Em). Let Um, Tm
denote the operator on Em constructed as in Example 2.2 taking α = m. Define T
on E by

T (fm) =

(
Tmfm
‖Tm‖

)
so that ‖T‖ = 1. It is routine to verify that T is a lattice homomorphism.

Let Ũn denote the operator on E taking (fm) to the sequence in E all of whose

terms are zero apart from the nth which is Unfn with T̃n defined similarly. Clearly
Ũn ⊥ T for all n ∈ N and we also have T̃n ∈ {T}dd as 0 ≤ T̃n ≤ ‖Tn‖T . If P
denotes the band projection of Lr(E) onto the band generated by T , then we see

that ‖Ũn − T̃n‖ ≤ 2 whilst

‖P (Ũn − T̃n)‖ = ‖T̃n‖ = ‖Tn‖ ≥ n+ 1

so that P is not norm bounded and therefore not continuous.

What, then, is so special about the band generated by the identity? As our next
result shows, the invertibility of the identity operator is the crucial thing here, as
long as we are looking only for continuity of the band projection. Notice that the
ideas in the following proof show that, as is the case with the centre, the band
generated by a lattice isomorphism is simply the ideal that it generates.

Theorem 2.5. Let E be any Dedekind complete Banach lattice, let S be a lattice
isomorphism on E and let T : E → E be such that −S ≤ T ≤ S. The band
projection of Lr(E) onto {T}dd is continuous with respect to the operator norm.

Proof. The operator, LS, of left multiplication by T is an order isomorphism on
Lr(E) with inverse LS−1 . The image of the centre of E under LS is the band
generated by S. If U ∈ Lr(E), then the band projection of U onto the band
generated by T may be calculated by forming LS−1(U), projecting that onto the
centre of E, then onto the band generated by LS−1(T ) in the centre of E and then
mapping this image back using LS . I.e. if PT denotes the projection onto the band
generated by T , PI that onto the band generated by the identity and Q that of the
centre of E onto the band generated by LS−1(T ), then

PT = LS ◦Q ◦ PI ◦ LT−1

so that we have

‖PT ‖ ≤ ‖LS‖‖Q‖‖PI‖‖LS−1‖ = ‖S‖‖S−1‖
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(noting that order isomorphisms on Banach lattices are automatically continuous)
and we see, in particular, that PT is continuous.

Notice that, in the terminology of Arendt and Hart [4], the lattice homomor-
phism T constructed in Example 2.4 is quasi-invertible so that we cannot weaken
invertibility in Theorem 2.5 to quasi-invertibility.

An alternative direction in which we might seek to extend the results of Voigt
and Huijsmans-de Pagter is by widening the class of operators at the expense of
strengthened hypotheses on the Banach lattice E. In the paper [6] the authors
consider the ideal and the band generated by the lattice homomorphisms. The pos-
itive operators in the ideal generated by the lattice homomorphisms are simply the
finite sums of lattice homomorphisms and have been characterised in an alternative
manner in [5]. Even for the case of an operator in the ideal generated by the lattice
homomorphisms on finite dimensional Banach lattices (where the norm is as nice
as might be desired) the corresponding band projection need not be a contraction.

In order to see this we refer to Krengel’s examples in [7], where he shows that on
2n-dimensional Euclidean space `2

n

2 there is an operator Sn such that ‖Sn‖ = 2−n/2

and
∥∥|Sn|∥∥ = 1. Using the standard basis and ordering on finite dimensional spaces,

any matrix with only one non-zero positive entry represents a lattice homomor-
phism, so that all operators on finite dimensional Euclidean space are in the band
generated by the lattice homomorphisms. In particular S±n are in this band. The
band projection of Sn onto the band generated by either of S±n is the operator
generating the band, and one of these must have norm at least 1/2 so that the
corresponding band projection has norm at least 2n/2−1 and so is not a contraction
if n > 2.

We do however have continuity of the projection in such cases assuming only
that the norm on E is weakly Fatou.

Proposition 2.6. Let E be a Dedekind complete Banach lattice with a weakly Fa-
tou norm and let T be a finite sum of lattice homomorphisms on E. The band
projection of Lr(E) onto {T}dd is continuous with respect to the operator norm.

Proof. Let T =
∑n
k=1 Tk, where each Tk is a lattice homomorphism, so that {T}d =

{T1, T2, . . . , Tn}d =
⋂n
k=1{Tk}d. To establish the results it suffices to prove that the

band projection onto {T}d is operator norm continuous. But this is the composition
of the n band projections onto {Tk}d, each of which is continuous by Theorem 2.3,
so is certainly continuous.

However it does not seem possible to find sufficiently strong conditions on E
(other than being finite dimensional) which will suffice to force continuity of the
band projection onto {T}dd even if we consider only operators T from the closed
ideal generated by the lattice homomorphisms.

Example 2.7. Take for E the `2-sum of `2(2n) for n ∈ N, so that this is norm and
order isomorphic to `2 with its usual norm and order. By, if necessary, replacing
Sn by −Sn we may suppose that Tn = S+

n has norm at least 1/2, and define T
on E by T (xn) = (Tnxn/n) where xn ∈ `2(2n). Each Tn is a finite sum of lattice
homomorphisms, so we see that T is certainly in the norm closure of the ideal of
finite sums of lattice homomorphisms on E. If we define T̃n as we did in Example
2.4 and S̃n analogously, then we see that the band projection onto T of S̃n is T̃n.
But ‖T̃n‖ = ‖Tn‖ ≥ 1/2 whilst ‖S̃n‖ = ‖Sn‖ = 2−n/2 so that this band projection
cannot be norm bounded.
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3. When are bands closed?

As we pointed out earlier, it is conceivable that both a band in Lr(E) and its
complementary band are norm closed without the corresponding band projection
being continuous for the operator norm. The examples that we have discussed
above do not give examples where a band must fail to be closed. In the last
example, for instance, it is simple to see that both the band generated by T and
its complementary band are norm closed.

Although one should not normally expect bands in Lr(E) to be norm closed,
it follows from results above that it does happen in some cases. It is tempting
therefore to hope that at least the more outrageous kind of behaviour that may
seem a priori possible might not happen. For example, Abramovich asked in [2]
whether the facts that Tn ⊥ T and Tn → T were enough to force T = 0. This is
true if T is a lattice homomorphism and either T is invertible or E has a weakly
Fatou norm, but in general it is possible to have T 6= 0. Our intuition derived from
study of Banach lattices is not at all a good guide to the behaviour of lattices of
operators on Banach lattices!

Example 3.1. For each n ∈ N let µn denote the probability measure on the col-
lection Σn of all subsets of a 2n-element set Sn which assigns weight 2−n to each
singleton. Write S for the countable product

∏
Sn and let µ denote the corre-

sponding product measure on the product σ-algebra Σ. Our example will act on
the Banach lattice L2(µ), which is almost as well-behaved a Banach lattice as one
might hope for. This space may be identified with a (countably) infinite Hilbert
space tensor product of finite dimensional spaces which are isometrically order iso-
morphic to `2(2n).

We use the operators Sn and Tn introduced in Example 2.7, and set Un =
Sn/‖Tn‖ and Vn = Tn/‖Tn‖, so that Vn = U+

n , ‖Vn‖ = 1 and ‖Un‖ ≤ 21−n/2.
Using the tensor product representation of L2(µ), we may form the product operator
P =

⊗∞
n=1 Vn on L2(µ) which has norm

∏∞
n=1 ‖Vn‖ = 1. For each n ∈ N we may

also form the operator

Qn =
( n−1⊗
k=1

Vn
)
⊗ U−n ⊗

( ∞⊗
k=n+1

Vn
)

which also acts on L2(µ) and has norm ‖U−n ‖. It is relatively routine, if slightly
tedious, to write out in full that Qn is disjoint from P for each n ∈ N. In tensor
product notation, we may write

P −Qn =
( n−1⊗
k=1

Vn
)
⊗ Un ⊗

( ∞⊗
k=n+1

Vn
)

showing that it has norm equal to ‖Un‖. It follows that even though Qn ⊥ P for
each n ∈ N, we have Qn → P , yet ‖P‖ = 1, showing that P 6= 0. It follows that
the complementary band, {P}d, is not closed in the case, as P lies in its closure!

It is not too difficult to see that the band {P}dd is closed. However the sum∑∞
n=1Qn/2

n is norm convergent to a limit Q. The fact that the positive cone
in Lr(E) is closed under the operator norm suffices to show that

∑∞
n=1Qn/2

n ≥
Qm/2

m ≥ 0 for each m ∈ N, so that Qm ∈ {Q}dd even though Qm → P ∈ {Q}d.
Thus even principal bands in Lr(L2(µ)) need not be norm closed.

Our examples leave open the following two problems.
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Question 3.2. If E is a Dedekind complete Banach lattice, then arguments similar
to those used in Theorem 2.5 and Proposition 2.6 show that the projection onto the
band (=ideal) generated by a finite sum of lattice isomorphisms is continuous. A
little more work shows that this is also true for operators in the ideal generated by
them. Is this true for operators in the band generated by the lattice isomorphisms?

Question 3.3. If E is a Dedekind complete Banach lattice and T a lattice homo-
morphism on E, must {T}d and {T}dd both be operator norm closed in Lr(E)?

Added in proof

Z. L. Chen has recently shown that both of these questions have negative answers.
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