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ALMOST EVERYWHERE CONVERGENCE
OF LACUNARY PARTIAL SUMS
OF VILENKIN-FOURIER SERIES
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ABSTRACT. We prove that if f € LP, p > 1, and {ny} is any lacunary sequence
of positive integers, then the sequence of nith partial sums of Vilenkin-Fourier
series of f converges almost everywhere to f.

1. INTRODUCTION

oo
Let G = [] Z,, be the direct product of cyclic groups of order p;, where {p; }i>0
i=0
is a sequence of integers with p; > 2. Let p be the Haar measure on G normalized
by u(G) = 1. For © = {zx} € G, let ¢r(z) = exp(2mizy/pr), k = 0,1,2,.... The
Vilenkin system {x,} is the set of all finite products of {¢}, and is enumerated
k—1
in the following manner. Let mg =1, my = [] pi, K =1,2,.... We express each
i=0
o0
nonnegative integer n as a finite sum in the form n = > agxmy, where 0 < oy < py,
k=0
o0
and define x, = [] ¢p*. The functions {x,} are the characters of G, and they
k=0

form a complete orthonormal system on G. If p; = 2,4 =0,1,2,..., then {¢;} are
the Rademacher functions and {x,} are the Walsh functions. In this paper there
is no restriction on the orders {p;}.

We consider Fourier series with respect to {x,}. For f € L', let f(]) =
n—1 __
Jo F®)x;(t)du(t), 5 = 0,1,2,..., and S, f = > f(j)xj, n = 1,2,.... Not much
=0

is known about the almost everywhere convergence of partial sums when there is
no restriction on the orders {p;}. We have the following result.

Theorem. Let1 < p < 0o and {ny}r>1 be a lacunary sequence of positive integers,

i.e., there is ¢ > 1 such that ng11/ng > q, k = 1,2,.... Then there is a constant
Cp such that
(1.1) IISI;p [Sn fllp < Copll fllp,  f € L7

It follows that klirn Sn, f(x) = f(x) a.e. for all f € LP.
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In the proof that follows, C' and C, will denote absolute constants which may
vary from line to line.

2. PROOF OF THE THEOREM

We first prove (1.1). For k& = 0,1,..., let Ly be the positive integer such
that 2% < pp < 2L%*1 Since every lacunary sequence can be decomposed
into a finite number of lacunary subsequences with ratio ¢ = 2, we may as-
sume, by adding more terms to the sequence if necessary, that {n;} can be re-
labelled {nk,l}k:O,l,...,E:O,l,...,Lk7 such that for £ = 0,1,..., 2Emk < nge <
2+ my, if £=0,1,...,L, — 1, and 28%m;, < Nk, L, < Met+1. (There is no ng 1,
term if 25%my, = myy1.) Also, it is sufficient to show that there is a constant Cp
such that

(2.1) I , 5w S ] | < Collflln

forall fe L?, N=1,2,....
Let fr = Smysr f — Smif, K=0,1,..., and f_1 = 51 f. We observe that

sup |Snsz| < sup |Snszk| + sup |Smkf|
L 0=0,...,L N-1

.....

Since {Sm, f} is a martingale (see, e.g., [5]), it follows from Doob’s inequality
(lIsup |Sme £l lp < Collfllps f € LP) that (2.1) will be proved if we have
k>0

(2.2) I S0 [ S S I, < Coll £l
k=0, N1

forall fe L?, N=1,2,....
Now,

N-1 1/2
; SUPL |Snk,lfk| < (Z |Snk,0fk'|2) +é— sup |Snk,2fk'|

N — Lk -2
k=0, NZ1 k=0 —0..

N—-1
+ < Z |Snk,Lk1fk5|2) ( Z |Snk Ly fk|2)
k=0

For each of £ =0, Ly — 1 and Ly, we apply [5, Theorem 2] and Burkholder’s result
for martingales [1, Theorem 3.2] to get

(s <o)
k=0 P k=0

< Cpll£llp-

/2

To prove (2.2) it remains to show

(2.3) | s ISwl il || <GSl
¢=1,...,Ly—2 p
k=0,...,N—1

forall fe L?, N=1,2,....
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We shall use the following operators. Let k = 0,1,.... If Ly > 2, define, for
¢=1,...,L; — 2, the sequence {ax¢(n)}n>0 by
1 if 20my, < n < 26tImy,,
% if (2671 + j)mp < n < (201 45 + D)my,
j=0,1,...,2071 1,
aie(n) = )+ 1
ke(m) 1- ]22:1 if (2771 + )ymy <no< (27 45 + 1)y,
j=0,1,...,2¢71 -1,
0 otherwise,

and set
Agef =) ake(n) F(n)Xn-
n=0

It is proved in [6, pp. 665-666] that
N—1 Lj;—2

ey (XX 1a®) | <l ser N=12...
k=0 (=1 ?

¢
(We interpret a sum > with £ < k as zero.)
j=k
The second operator is defined as follows. Let £k = 0,1,.... If Ly > 2, define,
for £=1,...,L; — 1, the sequence {by¢(n)}n>0 by

1 if my, <n <27ty or mpyr — 21 = D)my <n < mpga,
1- 2zj—1 if (271 +j)mp <n < (2145 + 1)my, or
br,e(n) = me1 — (271 + )me <n < mppr — (271 4+ 5 — Dmg,

j=0,1,...,26-1 -1,

0 otherwise.

For f € L', set
Biof = bre(n)F(n)xn-
n=0

To estimate By ¢ f, we need the following definitions. Let {Gy} be the sequence
of subgroups of G defined by

k—1 o)
Go=G, Ge=][[{0} x][Z.. k=12....
=0 i=k

We shall identify G with the unit interval (0,1) by associating with each {z;} €
G, 0 < x; < p;, the point Z:z:im;rll € (0,1). If we disregard the countable set
i=0

of p;-rationals, this mapping is one-to-one, onto and measure preserving. On the
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interval (0,1), cosets of G, are intervals of the form (jm;',(j + 1)my'), j =

0,1,...,m — 1. A set I is called a generalized interval if I C = + G} for some
r € G, k=0,1,..., I is a union of cosets of Giy1, and I is an interval if we
consider = + G, as a circle.
Let
M) o [
v um
L

be the Hardy-Littlewood maximal function for the Vilenkin system. The following
pointwise estimate will be obtained in §3.

Lemma. There is a constant C such that

sup  |Bref(x)] < CMf(x), fel', zeq.

5217..., k—
1,.

To estimate Sy, ,fr, £=1,..., Ly —2, k=0,1,..., we shall use the part of
bi.e(n) with n € [my, 2¢my). In order to get rid of the remaining part of br,e(n),
we define

2

HYf = (SQkalmkf - Smkf>.

0

>
Il

N-1

Since HNf = Sy f— X (Smkﬂf - S2Lk71mkf>, and it is proved in [4, Theorem
k=0

1*] that

N—-1
| 3 (Smea? = St 7)< GollA1
k=0 P

forall f e LP, N =1,2,..., we have
(2.5) IHY fllp < Coll flps fELP, N=1,2,....

(See also [2].)
We are now ready to prove (2.3). We observe that for k=0,..., N — 1,
(=1,... L,—2

Sﬂk,sz = Bk,f(HNf> + Sﬂk,z (Akff)

Hence
(2.6)
N-1L,—2 1/2
sup  |Su ful < sup Bro(HVf)+ (Z |Sn e Asz|> :
0=1,....L—2 (=1,....L—2 = =
k=0,.. . N—1 k=0,.. N—-1

To estimate the first term on the right, we apply the lemma, the fact that the
Hardy-Littlewood maximal operator M is bounded in L? (see [3]) and (2.5). We
have

sup | Bro(HY )l || < CIMEHYf),

p

< Gl HY fllp < Coll £l
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for all f e LP, N =1,2,... . For the last term in (2.6) we use [5, Theorem 2] and
(2.4). We obtain
- /o —1 Lp—2
H(z z waldre$P) | < (z > i )"
k=0 (=1 k=0 (=1
< Cpll £l

forall f € LP, N =1,2,... . This proves (2.3). The proof of (1.1) will be complete
once we prove the lemma.
Finally, if f € LP, klim |Sm. f — fllp = 0 since Sy, f is the average of f over the

cosets of G. As a consequence of this and (1.1), we have klim S f(z) = f(2) ae.

3. PROOF OF THE LEMMA

We shall use the following notation. For each generalized interval I, we define
the generalized interval 31 as follows. If [ = G, let 3] = GG. Suppose I is a proper
subset of z + G, € G, kK = 0,1,2,..., and is the union of cosets of Ggy1. If
w(l) > w(Gg)/3,let 31 = x 4+ Gg. I p(I) < u(Gy)/3, consider x + Gy as a circle
and define 37 to be the interval in this circle which has the same center as I and
has measure (31) = 3u(I). For all cases, we have u(31) < 3u(I).

Fork=0,1,...,¢=1,..., Ly — 1 and f € L', we have

By f (v /f Zbkz (T = )| dp(t).

Since by¢(n) vanishes for n ¢ [mg,mgs+1) and is constant for n € [amy,
(a+1)myg), a=0,1,..., we get

) pr—1 (a+1)mp—1
Zbk,z(n)xn = Z br,e(amy,) Z X
n=0 a=1 n=amyg
pr—1
= Z bi,e(ami)dj D,
a=1

n—1

where D, = > X;» n=1,2,..., denotes the n'" Dirichlet kernel. Since Dy, =
§j=0

1(Gr) "' X, » We have

1

(31) Bk Ef( ) (Gk>

/ S0 Moz — 1) dpt),
z+Gy,

where

pr—1

Myo =" brolamp)dp

2¢—-1 -1

= Z br,o(amp) o + ¢ + Z bie((pr + @)mp)of — 97

a=1 a=—(2¢-1)
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Let
J
Dk’j: Z(j)g’ j:O71,.'.72Lk—1_17
a=—j
and
1 n—1
Kipn=— ; =1,...,281,
k,n n ZDkdv n 17 72
7=0
Then
1
(3.2) My = F(Dk,ﬂ*l + Dygr-1q1 4+ Dy oe 1) — 6

Forn=1,...,21 let
1
Tnf@) = s [ FOinle— ) duo).
/J’(Gk?> :E-FG;C
From (3.1) and (3.2) we obtain
|Br,of (2)] < 2|op,00 f ()] + |0 201 f ()| + M f ().
The lemma will be proved if we show

(3.3) |k f ()] < CMf(z),

forallk=0,1,..., n=1,....2" 1 2 cG.
By a direct computation we have

1 nx x
<Sin2 u/sin2 u) if x # 0,
Pk

Kin(z) =47 D
n if z, =0,
and hence
-1
(3.4) 0 < Kpn(z) < min { (n sin? %) ,n} .
k

Let I be a generalized interval containing x such that I C x + Gk, I is a union of
cosets of Gi+1 and

I
P 1< D < Pk
n w(Grs1) — n
(Note that pp/n > 2 since n < 28+~1) For j = 1,2,..., let 3’711 = 3(37I), and
J=min{j > 1 : 3] =2+ Gx}. Then

1
1(Gr) /31 [f ()| Kk (z — t) du(t)

-1
" JZ:; 1(Gr) /3j+11\3j1 @)K (@ = 1) du(t).

(3.5) ok f ()] <
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By (3.4),

_1 . Bu(l) 1 )
(G /SIIf(t)IKm( Ddu(t) < TS Emy /31|f(t)|du(t)§CMf( )-

To estimate the last term in (3.5), we apply the other estimate in (3.4). We observe

that whenz € I, t ¢ 3’1, j=1,...,J — 1,

7T(.’L'k — tk)
Pk

> Cp(3 1)/ p(Gre).

sin

Hence

1

1(Gr) /3j+1]\3j1 | () K (@ = 8) dpa(t)

; -1
< M(3J+1I) 1 /3j+11\3” F(8)] <n sin? m(xy — tk)) dut)

w(Gr) (3741 Pk

L) 1 { 1(Gr) ] u(3j1+1[> /Swllf(t)ldu(t)

R (e el P E Yy g
—j,u(Gk) T

<C3 (D) M f(x)

< C37 M f(x).

Substituting these estimates into (3.5) and summing over j, we obtain (3.3). The
lemma follows.
This completes the proof of the theorem.
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