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ABSTRACT. In this paper, we proved the boundedness of multiplier operators
on the weighted LP product spaces.

Let m(€) be a function on R"™ and let f be a smooth function on R™. Suppose

T f(€) = m(€) F(€).

Then T, f is called a multiplier operator. It is well known that a multiplier operator
is bounded on the weighted LP, 1 < p < oo, spaces for some suitable weights if the
function m(§) satisfies Hormander’s condition

/ 02 m(€) Pde < s
s<]€]<2s

for |a| < [n/2] + 1 (see [3, page 418]). The keys to proving the boundedness of
multiplier operator in the weighted LP spaces are basically

(i) the Hardy-Littlewood maximal operator is bounded by the sharp function,
more precisely,

(1) / (M [ (2))PW (2)dz < C / (F# (@)W (2)de

where W € A,, 1 < p < o0, and
1
FHa) = sup [ 1£0) = Fold

fo being the average of f over cube @ in R";

(i) an estimate,

(T # (@) < C(M]f]1(a))"

for some g > 1.

The purpose of this paper is to study the boundedness of multiplier operators

on the weighted LP product spaces.
Denote

» 1 , 1/2
oscr f = 1% <®/R|f(x1,x2) — fi(z1) — fa(x2)| dxldx2>
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where R is any rectangle in R™ x R™ and the inf is taken over all functions f;
and f> depending on the variables 1 and xo respectively.
As in the “one dimensional case”, if one defines the sharp function by

f#(x) = sup oscg f,
rER

then one might expect to show that the strong maximal operator

1
M, f(x) = sup W/ / |f(z1 = y1, 72 — y2)|dy1dy2
ilig 1 P2 Jyil<ts Jy2|<t2
2

is bounded by the sharp function. Unfortunately, such an observation is not true due
to Carleson’s counterexample [1]. To remove the difficulty on the sharp function
in order to obtain an inequality similar to (1), R. Fefferman considered a sharp
operator (see [2]) defined as follows.

Definition. Let T be an L? bounded linear operator. Suppose there exists an op-
erator T# defined on positive locally square integrable functions which is monotone,
ie.

T#f(x) < T*#g(x)

if f(xr) < g(x) for all z € R™ x R™ such that oscg(Tf) < v T f(x) for all
z € R, R a rectangle on R™ x R™  and for some ¢ > 0, where f is supported
outside of the y-fold dilation of R, v > 2.

Based on this definition of a sharp operator, R. Fefferman [2] obtained the fol-
lowing inequality:

t//ﬁawuquxsq//w+Tﬂwm%wamuawu@muww

where I denotes the identity operator and S is the area function defined on the
product spaces. Using this inequality, he obtained the following theorem, which we
will apply in this paper.

Theorem A ([2]). IfT is a bounded linear operator on L*(R™ x R™2) whose sharp
operator 1§

T#f = M,(f*)'?,
then for p > 2

/ TIPW < C W
R’Vll ><R’712 Rnl ><R’712

whenever W € Ay 5(R™ x R"2).

Proof. See [2, page 123]. O

In this paper, we will prove the following Theorem.
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Theorem. Let m(&1,&2) be a function and m € CP*(R™ \ {0}) x CP2(R" \ {0}),
where p1 = [n1/2] + 1, and pa = [n2/2] + 1. Suppose

/ / |aalla?22m(§la€2)|2d§1d€2 S 051_2|O‘1|+"152—2|a2\+n2;
[€1|ms1 J]€2]~s2

@ S?p/g | |0 m(&r, &a)|*dErdés < sy 2o,

sup / 022m(€1, &) Pdérde, < Csy 2o
fl ‘52 ~S2

for every |a1| < p1 and |as| < pa, where |&;| = s; signifies that s; < |&] < 2s;.
Then i) for 2 < p < o0,

[tusrw <c 1w

whenever W € Ay, j5(R™ x R™); and i) for 1 <p <2,
[tusrw <c 1w

whenever W2 P € A (R"l x R"2).

Remark. The weighted norm inequality for p = 2 can be obtained by using the
interpolation theorem.

Proof From Theorem A, we need to show that the sharp operator T#f =
M,(f?)*/2. Then (i) of our Theorem follows from Theorem A.
Let us take a smooth function ¢ on R* whose Fourier transform gg(t) has compact
support {1/2 < |t| < 2} such that 3> ¢(277|t|) = 1 for all t # 0. Let

mi (€1, &) = m(&1, £2)6(27& o (277 |&2))

and

~

T3 f (&, €2) = mig(€, &) F(€,€) = (kig + )€1, 62).
It is clear that T'f = 3, ; T} ; f-
To prove T# f(z) = (M, f?(x))'/2, one needs to estimate, for every rectangle R,
3) oscr(Tf)(w) < Oy (M, ()2

for every x € R where f is supported outside of the v-fold dilation of the rectangle
R,v>2,ie. supp f C R,CY By the homogeneity of multiplier operators, it suffices
to assume R is the unit square. Since the estimates are translation invariant, we
may assume the center of R is at the origin. Let us write a function f, supp f C ég,
as the sum of the functions g + h + G where

support of g C clﬂ = {lyil > 7, ly2| <~}
support of h C CR?’Y = {lyil >, |y2| >}

support of G C “R2 = {|y1| <, |y2| > 7}
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Without loss of generality it suffices to show (3) for a function f = g + h where

supp g C R C {ly1| > 7, |ya| < 2}

supp h C “R3 C {|y1] > 7, [ya| > 2}.
We are going to estimate
oscr(Tg)(z) < Cy~7 (Myg*(x))Y/? and oscr(Th)(z) < Cy~(Mh?(z))'/?,
since oscg T'f < oscg Tg + oscg Th. Let us write
oscr(Tf) <Y oscr(d_Tijg)+ Y oscr(d_Ti;g)
i>0 J 1<0 J

+ ZZOSCR T; jh + ZZOSCR T; ;h

i>0 j>0 120 <0
+ZZOSCRTi,jh+ZZOSCRTi,jh

i<0 j>0 <0 j<0

=+ 11+ 11T+ 1V +V 4+ VI

We will estimate that the first two terms are dominated by v~ (M,g?(z))'/? and

the last four terms are dominated by v~7 (M h?(z))'/? for every = € R. Denote
>-; Tijg = Tig and write

I= Z oscr(Tig)

i>0
Z 1 1/2
< (—/ |Ti9($17$2)|2d$1d$2)
SRl Jr
=Z</ / |/ / Ki(z1 = y1, 22 — y2)9(y1, y2)
i>0 \z1|<1 V2| <1 Jy2[<2 Jyi]2y
. dyldy2|2d$2d$1)
: Lol
;Qké/Q lz1|<1 /2| <1 Jy2|<2 J|y1 |2k
1/2
cKi(x1 — y1, 20 — yz)g(yhyz)dyldy2|2d$2d$1> :
Since

/ / Ki(x1 —y1, 22 — y2)9(y1, y2)dy2dy,
ly1|=2k1 J]ya|<2

is a convolution operator in the variable ys, applying Plancherel’s Theorem for the
variable zo on (4), one has

N 1/2
I's Z Z </ / |/ Kz?(% - y1752)§Q(y17§2)dy1|2d§2dx1)
|z1|<1J&  Jlyi|~2k1

120 241 >/2
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where ** denotes the Fourier transform on the second variable. For |z1] < 1,
ly1| >, v > 2, |y1] ~ 2% then |21 — y1] ~ 2%1. Hence

ISZ Z 2_k1p1</ / |/ 21 — 1 [P K2 (21 — y1, &)
|z1|<1J& Jlyi|~2F1

120 241 >/2

1/2
~§2(yl,§2>dy1|2d§2dxl) .

By Hoélder’s inequality and changing variable y,

<y > 2(/ //||:c1—y1|mf?3<x1—y1,52>|2dy1
z1|<1 J&

>0 2K1 > /2

1/2
P )
y1|~2F1

1/2
< X 2t (s [l 2 P

120 28 >y /2

1/2
: (// |§2(y1,§2)|2dy1d§2>
ly1|~2k1

1/2
SZ Z 2k1(—p1+n1/2)<up Z /|Bglmi(§17§2)|2d§1>

s
i>0 201 >~ /2 & Jai|=p:

1 1/2
| o |g(y1,y2)|2dy1dy2>
<2k1"1 /y2<2 /|y1|~2k1

where the last inequality is obtained by applying Plancherel’s Theorem to both
integrals and the support of g is contained by {|y1| > 7, |y2| < 2}. Hence, by the
hypothesis (2) and —p1 +n1/2 <0,
I <0 o (Mg?(0) /221t /D) < Oy~ (Mg?(0)) V2.
i>0

For estimating II, we write

II = ZOSCR(Z T;,59) = ZOSCR(TiQ>

1<0 7 1<0
1 1/2
< Z(ﬁ/}{mg(xhxz) —Ti9(07$2)|2d331d332)
<0
=C> ([ || _ (Ki(wr — 1,02 — y2) = Ki(0 — g1, 2 — y2))
R (’.Rl
1<0 v

1/2
-9(y1, yz)dy1dyzl2d:r2dx1>

SO </R | /ylzzkl /|yz|§2(Ki($l o)

i<0 2k1 >~ /2

1/2
— Ki(0 —y1, 22 — y2))9(y1, yz)dyldy2|2d$2d$1> .
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Here, we follow the same procedures as we did in proving I, applying Plancherel’s
Theorem for the variable x5,

IISCZ Z </w1<1/2 /y1~2k1 2z —y1,&) — KH0—y1,&))

i<0 2k1 >~ /2

1/2
§2<y1,52>dy1|2d52dx1)

1
:CZ Z (/ /|/ /xlalef(i’?lSl—yl,@)
; |z1|<1J& Jyi|=2F1 JO

i<0 2k1 >~ /2

1/2
§2<y1,£z>dsldy1|2d52dxl)

<Cy > (/ / / / 10y, K7 (x151 — y1,&)[*dys )
|z1|<1 /& Jyi|~2k1

1<0 2k1 >~/2

1/2
: (/ . |£A72(3/17f2)|2dy1)d§2d$1d81)
ly1|~2F1

< CZ Z ok1(—p1-+er+na /2) [/ / / l|z1s1 —ya|PP 7!
lz1]<1 52 ly1|=2k1

1<0 2k1 >~/2

0y K (x50 — y1,&2)Pdyr)

1 1/2
(le—m// |§2(y1752)|2dy1d€2)dw1d81] .
ly1 |~2%1

Taking a very small €; > 0 such that —p; + €1 + n1/2 < 0, changing variable (i.e.
151 — Y1 — Y1) in the integral in the first parentheses and applying Plancherel’s
Theorem for the integral in the second parentheses, one has

1/2
1< 0y Zsup(/ g2 [Py, K2 (31, £2)]2 dyl) (Mg (0))/2

i<o &2

1/2
<orere o ¥ ( [llarme oo ok

<0 &2 lai]|=p1

for some o > 0, where *!

fractional integration,

is the convolution operator on the first variable. By

1/q
IT < Oy~ (M,g*( 1/22 Z sup</| H(E1mi(€1,62))| dfl)

<0 |ay|=p1
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where 1/q =1/2+ €1/n; (clearly ¢ < 2). By Holder’s inequality,

1/2
11207 (g O) Y 5T 2m 002 s [0 eumiter. o))
<0 |ay|=p1
< CW_U(MSQQ(O))UQ 221 —p1+1+n1/q)
<0

< Oy~ (Myg*(0))"/?

(since €1 > 0 then —p1 + 1+ n1/q > 0).
For estimating III, we write

|T; (1, 22)|

< Z Z / / | K (21 — y1, 22 — y2)h(y1, y2)|dy1dy2
ka>12k1 >~ /2 ly1]|=2k1 Jya|m2k2

1/2
< Z Z <2k1"12k2"2/ / | K (21 — y1, 22 —y2)|2dy1dyz>
lyr|~2¥1 Jys|~2k2

k2>12k1 >~ /2

1 1/2
1 |h|2dy1dy2>
<2k1n12k2"2 /ylzzh /Iyzﬂ’“z

< C(MShQ(O))l/Q Z Z 9k1(=p1+n1/2) 9k2(—p2+n2/2)
k2>12k1>~/2

1/2
: (// [lz1 — y1|Pt |z — y2|P2 K j (21 — y1, 20 — y2)|2dy1dy2) .

As before, applying a change of variable and Plancherel’s Theorem,

|T;,jh (21, 22)]

1/2
<CyIMLERO0)2 YTy (/ / 1921 822m, (61, €2)) ds@)

| |=p1 |o2|=p2

< Oy~ (M h2(0))V/ 220 prtna/2)9i (mpatna/2),
Hence

117 = 3" oscr Ty jh < Cy =7 (M h*(0) 2.
i>0 j>0
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Since the estimates for IV and V are similar, we estimate only term V. First let
us write

|T7Jh($1,$2 0 LL’Q

/ / K; j(z1 —y1, 22 —y2) — Ki j(0 — y1, 22 — y2)|
ly1|=2F1 Jyz| ~2’“2

“|h(y1, y2)|dy1 dy2

<Y T zkm/zzkm/z(/ B / LR
~2F1L J |y |~2k2

ko>12k1>~/2

k2>1 21> /2

1/2
Ky (0w — y2)|2dyldy2> (M2 (0))?

Z Z 2k1n1/22k2n2/2(M h2(0 1/2 (/ //|8le” 181 — Y1, T2 — y2)|?

k2>1 2k1 >'y/2

1/2
~dyr dy2d5>

Z Z 2k:1 p1+61+n1/2)2k2( p2+na/2) Mh2 1/2/ //

ka>1 261> /2

1/2
Nlz1s1 — y1|Pr T ae — y2|P20y, K j(z151 — Y1, k2 — y2)|2dy1dy2ds) .

Taking a positive small €1, changing variables, applying Plancherel’s Theorem and
fractional integration, we get

T, ;h(z1, 22) — T; jh(0, 22)|
< Oy~ (Mh3(0))?

1/2
DD ( [ [hape 5?115322(51”%3‘(517f2))|2d€1d§2>

|ar|=p1 |az|=p2

< Oy~ (Mh*(0))'/?

> ¥ (f([rmoiama e e)”

la1|=p1 |oz]|=p2
where 1/q =1/2 + €1 /n;. By Holder’s inequality and the hypothesis (2),
|Ti,jh(@1, x2) — 15 ;h(0, 2)]

_ 1/2
< Oy (ML (0)) /2 (Va=1/2) ( [ [0z o@mte e dildﬁz)
< C’Y_J(Msh/Q (0))1/221'(—1714-14-”1/4) 97 (=p2+n2/2)

Since —p; + 1+ ny/q > 0 for positive small €; and —ps + ny/2 < 0, we have
V=33 oscgTi;h < Cy 7 (M.h*(0))"/>.

i<0 j>0
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For the last term VI, we consider

|leh($1,$2 T”h(O xg TZJh(Jil, )+leh(0 O)|

/ / K; j(x1 —y1, 22 — y2) — Ki j(—y1, 22 — y2)
ly1|~2F1 Jya| ~2k2

— K j(v2 — y1, —y2) + K j(—y1, —y2)) (Y1, y2)dy1dy2

< 2]{11711 2](7277,2 / / —Y1,T2 — y2)
— Z Z ( y1 ~2k1 y2 ~2k2 'L J

k2>12k1 >+ /2

k2>1 251 >~ /2

1/2
— Kij(—y1, 22 — y2) — Kij(z1 — y1, —y2) + Kij(—y1, —y2)|2dy1dy2)

1 1/2
N e h|2dy,d ) .
<2k1n1 9kana /y1|%2k1 /y2z2k2 | | Yyi1ay2

By the Taylor formula and Hoélder’s inequality,

|T%7jh($1,$2> TZ Jh(O xg) TZ Jh(xl, + leh 0 O)|

<33 (M) 1/2<2’f1"12k2n2/ // / k
ly1|=2F1 J|ya|~2F2

k22>12k1>~/2

1/2
|0y, Oy, Kij (2151 — Y1, X252 — y2)|2dy1dy2dsld52>

~ C(Mh*(0))"/? Z Z okt (—pr+er+n1/2) gha(—pa+ea+na/2)
k221201 >7/2

1 1
. (/ / / / ||x151_y1|101—61|x252_y2|p2—62
0 Jo Jlyi|m2k1 Jyz|m2k2
1/2
. 8y18y2Kij ($151 — Y1,T2852 — y2)|2dy1dy2d51d52)
< Oy e L)Y [ [ il el ol el

1/2
0,0y K3 (41, y2>|2dy1dy2)

coreanro) 5 ([lariee

[a1|=p1 |o2|=p2

1/2
*5313?22(5152"%,;‘(51752))|2d§1d§2) :
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Next, we use fractional integration twice on the variables & and & respectively.
Let 1/g1 =1/2+4 €1/n1 and 1/g2 = 1/2 + €3/no. Then

|Ti)jh($17$2) — TiJh(O,LL'g) — Ti7jh(x17 T h(O 0)|

<crrontoe S5 (f( [ el

|a1|=p1 |a2|=p2
2/q1 1/2
2 0RO (1o 5 (61, £2))|® d&) dgz)

where %2 denotes the convolution operator on the second variable. By Minkowski’s
inequality, the last inequality is less than

ey 3% (f([ier

la1|=p1 |a2|=p2

a1/2 a1
2 001022 (E16ami (61, 52))|2d§2> d&)
< Oy~ (Mg h2 1/2 Z Z </</|aa1aaz §1§2mi)j(§17§2>>|q2

|ar|=p1 |az|=p2
q1/92 1/q1
d@) d&)

< Oy~ (M,h2(0))Y/? Z Z 9in2(1/a2—1/2)

lar|=p1 |az|=p2

q1/2 2/q1
' ( / ( / |agla§;(£1@mi,j<a,@))Fd@) d&)

SC’}/_U(MSh2(0))1/2 Z Z 9in2(1/g2—1/2) 9in1(1/q1—=1/2)

la|=p1 |az|=p2

1/2
( [ oz gl@mi,j(&l,@))Fd&déz)
SCV_U(MshQ(O))1/22( p1+l+4n1/q1) 9(—p2+1+n2/q2)

Hence
VI<> Y oscrTijh < Cy 7 (M.h*(0))'/2.
i<0 j<0
Combining the above estimates, we conclude that

T#f(x1,22) = (Mo f*(2))"/2.

(i) is proved.

For the proof of (ii), we use duality. Let U = W~/ ®=1_ Then the dual space
of LY, (R™ x R") is LY, (R™ x R™). There exists a function g € L7, (R™ x R"2)
such that

Tfllg, = [ Toda= [ 1Tg < 1l Tl
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It is easy to see that
W?2/2-p) ¢ Ap/(g_p) —Ue Ap//g.
Applying (i),
1Tl < Clglly
where U € A, /5. The Theorem is proved. O
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