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ABSTRACT. Let V' be an n-dimensional vector space over an algebraically
closed field K. Define v(k,n, K) to be the least positive integer ¢ for which
there exists a family E1, Fa, ..., Et of k-dimensional subspaces of V' such that
every (n—k)-dimensional subspace F of V has at least one complement among
the Ej;’s. Using algebraic geometry we prove that v(k,n, K) = k(n — k) + 1.

1. INTRODUCTION

Take V = V(n, K) to be an n-dimensional vector space over the algebraically
closed field K. As usual a subspace F' of V' is a complement of the subspace
Eo VitV =FE®F ie, f E4+F =V and ENF = {0}. We let ¢(E)
denote the set of all complements of E in V' and we write G(k,n) for the set of
all k-subspaces (= k-dimensional subspaces) of V. If E € G(k,n) then ¢(E) C
G(n—k,n). Define v(k,n, F') to be the least positive integer ¢ such that there exist
k-subspaces F1, Fa, ..., E, of V satisfying

(1) c(E1)Uc(Eg)U---Uc(Ey) =G(n —k,n).

If (1) holds we say that all (n — k)-subspaces of V' are covered by the E;’s.

In [1] we studied this problem for an arbitrary field K. Among other things we
showed that in general v(k,n, K) depends on the field K. In particular, we showed
that v(2,4, K) is 5 if K is quadratically closed and is 4 otherwise. We conjectured
that v(k,n,K) = k(n — k) + 1 if K is algebraically closed. Here we prove this
conjecture using results from algebraic geometry.

2. THE LOWER BOUND k(n — k) + 1 < y(k,n, K)

Let A*(V) denote the k-vectors in the exterior algebra A(V) of V. We let
D(k,n) denote the set of all non-zero decomposable k-vectors o = vy Ava A+ Aoy

where vy, v, ..., v are linearly independent vectors in V. Let («) denote the 1-
dimensional subspace of A¥(V') generated by a and write
(2) D(k,n) = {{a)|e € D(k,n)}.

If v1,va,...,v; is a basis for E € G(k,n), then the mapping F — (v; A -+ A vg)
is a bijection from G(k,n) to D(k,n). It is well-known that this gives G(k,n) the
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structure of an irreducible projective variety (the Grassmannian ) of dimension

k(n — k) in PN = P(A*(V)) where N = (}) — 1. We identify G(k,n) with D(k,n).

Now for any positive integer ¢ let G(k,n)* be the product variety of G(k,n) with
itself ¢ times. Let £ = (E1,...,F;) € G(k,n)t. For each i let E; = (¢;) for some
decomposable ¢; € A¥(V). Define the mappings:

pi t ATTE(V) = AM(V) by gil€) =€ A€
fori=1,...,t and let
K(E) = ker(o1) Nker(p2) N+ - Nker(p).
Note that K(E) is a subspace of A"~*(V).

Lemma 1. For E € G(k,n)t the following two conditions are equivalent:
(a) c(Er)Uc(Ea)U---Uc(Ey) = G(n —k,n),
(b) D(n —k,n)NK(E)=0.

Proof. This is an immediate consequence of the fact that if ' = (a) € G(n — k,n)

for some o € D(n — k,n), then E; N F = {0} if and only if ¢; A a # 0. |

Lemma 2. If y(k,n,K) =t and E = (E1,..., E;) € G(k,n) satisfies
c(Er)Uc(Eq)U---Uc(E) =G(n—k,n),

then

dmﬂ%uﬁ):<z>—t

Proof. Since ¢; is a linear mapping from the (}})-dimensional vector space A"~*(V)
to the 1-dimensional vector space A™(V), it suffices to show that the mappings

@i € hom(A"*(V), A™(V)), ie{l,...,t}

are linearly independent. To see this we first note that the elements ¢; are linearly
independent in A"*(V'). Suppose not; then we can assume that ¢, = Zf;i Qi€j.

It follows that ()'_, ker(pi) = ﬂf;} ker(¢;). This implies by Lemma 1 that
c(E1)Uc(Eg)U---Uc(Ei—1) = G(n—k,n)

and hence y(k,n,K) < t — 1, a contradiction. Now assume that the mappings
©1,...,¢¢ are linearly dependent. Say, Zf.:l a;p; = 0. This means that for all
€€ A" F(V) we have 0 = Yo' a6 AE) = (Xb_, aiei) A€ So it suffices to
observe that if 6 € A¥(V) and if § A ¢ =0 for all £ € A"~*(V) then 6 = 0. O

Lemma 3. If K is any algebraically closed field, then
k(n—k)+1<~(kn,K).

Proof. Suppose y(k,n,K) =t < k(n — k). Then there exists E = (E1,...,E;) €
G(k,n)t such that c¢(E1)U---Uc(FE;) = G(n — k,n). So by Lemmas 1 and 2 there
is a linear subspace K(E) of A" *(V) such that D(k,n) N K(E) = 0 and K(E)
has affine dimension (}) — ¢ which is at least (}') — k(n — k). Let K' denote the
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corresponding projective subspace of P(A"~%(V)). Then X'NG(n—k,n) = 0. But
using projective dimensions we have [3, Proposition 11.4]

n

dim(X'") + dim(G(n — k,n)) > (k

)—k(n—k)—1+k(n—k)

> (Z) — 1= dim(P(A"*(V)))
and it follows that K’ N G(n — k,n) # () which is a contradiction. O

3. THE UPPER BOUND v(k,n,K) < k(n —k) +1
Lemma 4. If K is algebraically closed, then
v(k,n,K) <k(n—k)+1.

Proof. Let v = k(n — k) denote the dimension of G(k,n) (and G(n — k,n)) as a
projective variety. Let

A= G(k,n)"

Then A is a projective variety of dimension v(v + 1). For every F' € G(n — k,n)
define

B(F)={FE € G(k,n)|[ENF # 0}.
Now B(F) is an irreducible projective variety with
dim(B(F))=v —1.
For F € G(n — k,n) define
C(F) = B(F)"*%.

Then
dim(C(F))=wv+1)(v—1)=v>—1.
Now set
c= |J o).
FeG(n—k,n)

Note that if C is properly contained in A, then there exists E = (E1,...,E,4+1) €
A—C. Then for all F € G(n—k,n) we have E ¢ C(F) so there must exist an index
ie€{l,...,v+1} such that E;NF = 0. Hence ¢(E1)U---Uc(Evt1) = G(n—k,n)
and so v(k,n,K) < v+ 1, as desired. So it remains only to show that C' is
properly contained in A. In fact we claim that C' is a variety of dimension at most
dim(A) —1=12+v—1.

To complete the proof we fix Fy € G(n—k, n) and consider the projective variety

D := C(Fy) x PGL,(K).
We note that
dim(D) = dim(C(Fp)) + dim(PGL(n,K)) = v® — 14+ n? — 1.

An element M of PGL(n, K) induces a linear automorphism of P(A*(V)) which
induces in turn an automorphism of G(k,n). Abusing notation we write U — MU
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to indicate the latter automorphism. Now we define ¢ : D — C' as follows: For
(E,M) € D set

o(E,M)=(MEy,MFEs,...,ME,11).
Clearly ¢ is a regular surjection. Hence by [3, Theorem 11.12]
dim(D) = dim(C) + p
where
w=min{dim(¢"*(E')}, E'€C.
This shows that
dim(C)=v* —1+n*—1—p.

So to prove that dim(C) < v?+v—1 it suffices to prove that n? —v —1 < u. To see
this consider the subset G(F') of PGL,,(K) whose elements map the fixed (n — k)-

subspace Fp to the (n — k)-space F. It is easy to see that dim(G(F)) =n? —v —1.
Now if E' = (E1,...,E}, ) € C(F) C C then for each M € G(F') we have

(M™'E'\M)=(M"'E},...., M7'E, |, M) € o~ (E').

The mapping M +— (M~'E’, M) is a regular injection from G(F) into the fiber
¢ Y(E"). It follows that each fiber has dimension at least that of G(F) and this
completes the proof. O

Remarks. 1. The above proof shows that almost all (Ey,...,E,.1) € G(k,n)"!
satisty

c(B1)Uc(E)U---Uc(Eyt1) =G(n—k,n)

since the complement C' of the set of such (v+1)-tuples forms a variety of dimension
smaller than dim(G (k,n)"*1)

2. As shown in [1] (2,4, K) = 4 when K is not quadratically closed. So the
lower bound ~(k,n,K) > k(n — k) + 1 proved here for algebraically closed fields
will not hold in general. On the other hand, we suspect that the upper bound
v(k,n, K) < k(n—k)+1 does hold for arbitrary fields. In fact we have verified this
for finite fields of sufficiently large order using counting arguments [2]. However, as
the referee pointed out it is slightly worrying that the conjecture fails in the ”thin”
case, that is, if we replace n-space by n-set, k-subspace by k-subset and vector
space complement by set complement. However, the upper bound of (}) given in
[1] holds in both cases.
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