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ABSTRACT. Let K be a Banach space, B a unital C*-algebra, and « : B —
L(K) an injective, unital homomorphism. Suppose that there exists a function
~v: K x K — Rt such that, for all k,k1,k2 € K, and all b € B,

(a) Ak, k) = k]2,

(b) (1, k2) < [kl |l%2]l,

() v(mokr, k2) = y(k1, mp= k).
Then for all b € B, the spectrum of b in B equals the spectrum of 7, as a
bounded linear operator on K. If + satisfies an additional requirement and
B is a W*-algebra, then the Taylor spectrum of a commuting n-tuple b =
(b1,...,bn) of elements of B equals the Taylor spectrum of the n-tuple 7 in
the algebra of bounded operators on K. Special cases of these results are (i)
if I is a closed subspace of a unital C*-algebra which contains B as a unital
C*-subalgebra such that BK C K, and bK = {0} only if b = 0, then for each
b € B, the spectrum of b in B is the same as the spectrum of left multiplication
by b on K; (ii) if A is a unital C*-algebra and 7 is an essential closed left ideal
in A, then an element a of A is invertible if and only if left multiplication by a
on J is bijective; and (iii) if A is a C*-algebra, £ is a Hilbert A-module, and T
is an adjointable module map on &, then the spectrum of T" in the C*-algebra
of adjointable operators on £ is the same as the spectrum of T" as a bounded
operator on £. If the algebra of adjointable operators on £ is a W*-algebra,
then the Taylor spectrum of a commuting n-tuple of adjointable operators on
£ is the same relative to the algebra of adjointable operators and relative to
the algebra of all bounded operators on £.

1. INTRODUCTION AND BASIC DEFINITIONS

Let B be a C*-algebra, K a Banach space, and 7 a representation of B as an
algebra of bounded operators on K. We obtain a sufficient condition, suggested by
the notion of adjointable map in the theory of Hilbert modules, for the identification
of the spectrum of an element b € B with the spectrum of the operator m, in L(K),
the Banach algebra of all bounded operators on K. When B is a W*-algebra, we
show that in the presence of a strengthened form of this condition, the Taylor
spectrum of a commuting n-tuple (by,...,b,) of elements of B equals the Taylor
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spectrum of the n-tuple (mp,, ..., m, ) in £(K). This is true, in particular, if K is a
Hilbert A-module over a unital C*-algebra A, B is the algebra B(K) of adjointable
operators on K, and 7 is the inclusion of B(K) in £(K), whenever B(K) is a W*-
algebra. Our Taylor spectrum results are based on arguments of Curto [Cul].

In the case of the left regular representation of B we show that if IC is a closed
subspace of a unital C*-algebra A which contains B as a unital C*-subalgebra, such
that (i) B C K and (ii) b = {0} only if b = 0, then for each b € B the spectrum
of b in B equals the spectrum of the operator of left multiplication by b in £L(K).
This result can be viewed as a generalization of the standard spectral permanence
result for C*-algebras, which, in effect, is the case K = A. It also follows as a
special case that if A is a unital C*-algebra and J is an essential closed left ideal
in A, then an element a of A is invertible if and only if left multiplication by a
on J is bijective, which was a question left open in [DLW]. We also include an
independent proof of this last result (for the case of an essential closed, two-sided
ideal) using the multiplier algebra of J.

Our primary motivation arose from the study, begun in [DLW], of conditional
expectation operators on a C*-algebra. If ® is a conditional expectation on the
C*-algebra A with range B and kernel K, then BIC C K, so defining 7, to be left
multiplication by b on K gives a representation m of B as an algebra of bounded
operators on K. In [DLW] the case that 7 is injective was our principal focus,
and it was shown that if, in addition, B is abelian and 7w and B are unital, then
o5(b) = oz (k)(m). We used an old result of Rickart [R] on spectral permanence:

Theorem 0 ([R]). Let A be a Banach algebra, and B a C*-algebra which is alge-

braically embedded in A. Then, for allb € B, og(b) = o.4(b) Uoa(b*) (where the
overbar denotes complex conjugation).

The present work also uses Rickart’s result as its starting point, and shows that
the hypothesis that B is abelian is not needed.

Much of [DLW] is devoted to the study of the algebra D of operators D, on A
defined by D,z = ®(a)x — a®(z). These operators map A to K, and may be useful
in studying the structure of K. In [DLW] it is shown, as a consequence of the result
quoted above, that when B is abelian and 7 and B are unital, the spectrum of
the operator D, is {0} U op®(a). (This generalized a result of [LW] in a measure-
theoretic setting concerning certain operators Dy defined on L?(X,8,u) by the
same formal identity, where (X, S, u) is a complete o-finite measure space, 7 is a
sub-o-algebra of S, and ® is the classical conditional expectation from L?(X,S)
to L?(X,T), namely that the spectrum of Dy is {0} U ess.range ®(f).) Again, the
present work shows that the abelian hypothesis is unnecessary.

We begin with the following definitions.

Definition 1. Let K be a normed vector space. A Cauchy-Schwarz function for IC
is a function v : K x K — RT such that, for all k, k1, ks € K,

(a) (k. k) = [Ik]|*,

(b) v(k1, k2) < [kl [[Fzl]-

For some of our results we will need a more specialized type of Cauchy-Schwarz
function.

Definition 2. Let K be a normed linear space. A Cauchy-Schwarz function of
semilinear type on K is a Cauchy-Schwarz function 7 such that there exist a vec-
tor space Y; a function (-,-) : K x K — Y satisfying (\k1,k2) = (k1, Ak2) and
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(k1 + ko, k3) = (k1,k3) + (ko, k3) for all k1, ko, ks € K and A € C; and a function 6 :
Y — R, with 7(/€17 ko) = 6(<k17k2>). If in addition <k17k2+/€3> = <k1, /€2>+</€1, k3>,
and Y1, (k;, k;) = 0 implies that each k; = 0, then ~ is called a Cauchy-Schwarz
function of positive definite type.

Remark. Note that if v(-,-) = 6((-,-)) is a Cauchy-Schwarz function of semilinear
type, then (-,0) = 0, since for each k € I,

Thus, if 7 is of positive definite type, then also (0,-) = 0.

Ezample 1. Let A be a C*-algeba and K a closed subspace of A. If v1(k1, ko) =
[k3k2|| for all ki, ke € K, then 1 is a Cauchy-Schwarz function for K of positive
definite type.

Example 2. Let A be a C*-algebra and £ a Hilbert A-module, i.e., an A-module
which is also a complex vector space equipped with an A-valued inner product (-|-)
that is sesquilinear, positive definite, and respects the module action, and which is
complete with respect to the norm defined by ||z||* = ||(z]x)|. (See [W-O] for a
discussion of Hilbert modules.) If 42 is defined by vo(x,y) = ||(z|y)] for x,y € &,
then 79 is a Cauchy-Schwarz function for £ of positive definite type.

Ezample 3. Let 'H be a Hilbert space, X a compact Hausdorff space, and K =
C(X,H) with the norm defined by || f|| = sup{||f(z)| : # € X}. Let 3 be defined
by v3(f,g) = sup{|(f(x),g(x))| : € X}. Then 3 is a Cauchy-Schwarz function
on K.

Definition 3. Let v be a Cauchy-Schwarz function on a normed linear space K.
If C is a subalgebra of £(K) with an involution *, then C is called y-symmetric if,
for all T € C and kl, kQ S IC, ’Y(Tkl, k2) = V(kl,T*kQ)

If A is a Banach algebra, v a Cauchy-Schwarz function for A, and B a subalgebra
of A with an involution such that y(bay, az) = v(a1,b*as) for all b € B, a1, a2 € A,
then B is called a y-symmetric subalgebra of A.

Ezample 4. In Example 1 above, let K = A. Let B be a C*-subalgebra of A and
let C be the image of the left regular representation of B on A4 with the involution
induced by B. Then C is 7y;-symmetric.

Ezxample 5. Let € be a Hilbert module and C a self-adjoint subalgebra of the algebra
of adjointable maps, i.e., the maps T : &€ — &£ for which there exists a map T :
& — & such that (T'z|y) = (z|T*y) for all z,y € €. Then C is ye-symmetric, where
o is defined as in Example 2.

Example 6. Let ‘H be a Hilbert space, X a compact Hausdorff space, and let K =
C(X,H). Let m : L(H) — L(K) be defined by wa(f) = Ao f. If (ma)* is defined
to be max, then w(L(H)) is y3-symmetric where 73 is as in Example 3.

2. MAIN RESULT

Theorem 1. Let K be a Banach space, v a Cauchy-Schwarz function for IC, B a
unital C*-algebra and 7 : B — L(K) an injective, unital homomorphism such that
m(B), with the involution defined by (mp)* = mp«, is y-symmetric. Then, for all
be B, op(b) = or(xc)(m).

For convenience, the proof of this theorem is divided into two propositions.
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Proposition 1. Let K be a Banach space, v a Cauchy-Schwarz function for IC,
and C a subalgebra of LK) containing I which is a C*-algebra with respect to some
involution and some norm. If C is v-symmetric, then, for all T € C, o¢c(T) =

o) (T).
Proof. By Theorem 0, it suffices to show that for all T' € C,

oriey(T) = o) (T).

Choose A such that T'— AI is invertible. Let S = (T'— AI)~!. For all k € K, we
have k = (T — AI)Sk. Therefore

so that T* — XI is injective. Also,
1Kl < ISIHI(T™ = A |[E]l,

so that T* — X has closed range. It remains to show that the range of T* — \I is
dense.

For all positive integers n, (T* —XI)(T —\I)+n~'1 is invertible in the C*-algebra
C. Hence, given k € K, for each n there exists k,, € K such that

(%) (T* = NI)(T — Ak, =k —n"'k,.

If {kn} is not bounded, there is a subsequence, denoted again by {k,}, such that
k]| — oo. Dividing () by ||kn|| and using the fact that T* — AI is bounded below,
one sees that

(T — XD)(||kn|| = kn) — 0 asn — oo.

But T — Al is invertible, so this is impossible. Thus {k;,} is bounded. Therefore,
the right side of (x) converges to k as n — oo so that k is in the closure of the
range of T* — \I.

This shows that ozx)(T*) € o) (T). Replacing T' by T gives the reverse
inequality. O

Proposition 2. Let IC be a Banach space, v a Cauchy-Schwarz function for K, B
a unital C*-algebra, and © an injective, unital homomorphism from B to L(K). If
* is the involution defined on w(B) by ©f = my, and if with this involution 7 (B)
is y-symmetric, then 7 is an isometry. (In particular, ©(B) is a unital C*-algebra
which is isometrically x-isomorphic to B.)

Proof. For each b€ B and k € K,

(ex)  Imekl|? = y(mok, mok) = y(k, my-mpk) < |lmpes | 1K]I* < [l || ]| 1]

Therefore, ||m]|2 < ||mp«|| ||70]|, so that [|m] < ||7p<||. By symmetry, this last
inequality is actually an equality. Also, by taking the supremum over vectors k of
norm 1 in (%) we see that ||mp]|? < ||mps]l < ||7o|| |70l = ||7o]|?. Since 7 is a
homomorphism, this shows that 7(B), with the involution defined in the statement
of the proposition, is an algebra whose norm satisfies the C*-algebra property.
Since 7 is injective, it follows that defining |b| to be ||| gives a second norm on
B which satisfies the C*-algebra property. Thus, the identity map is an injective
*-homomorphism from B to the C*-algebra which is the completion of (B, ||), hence
the identity map is an isometry, hence for each b € B, ||b|| = ||m |-
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3. SOME COROLLARIES

Our first corollary is a result on invertibility of adjointable operators on Hilbert
modules.

Corollary 1. Let £ be a Hilbert module and B(E) the C*-algebra of adjointable
maps on E. If T € C, then ope)(T) = o) (T).

Proof. In view of Example 2, this corollary follows immediately from Proposition 1.
|

Corollary 2. Let IC,B and m be as in Theorem 1, with the exception of the re-
quirement that © be injective. Let S = {b: mk =0 for all k € K}. Then S is a
closed, two sided ideal in B and if [b] denotes the coset of b in B/S, then

o5/s([b]) = or ) ().

Proof. If p is the canonical homomorphism of B onto B/S, then m = po7 where 7 :
B/S — L(K). The homomorphism 7 satisfies all the hypotheses of Theorem 1. O

Corollary 3. Let A be a unital C*-algebra, K a closed subspace of A, and B a
C*-subalgebra of A such that 14 € B. Suppose (i) BK C K and (ii) if b € B and
bK = {0} thenb = 0. Then for allb € B, the spectrum of b in B equals the spectrum
of left multiplication by b in L(K).

Proof. If ~v(ky,k2) = ||kikz|| and mpk = bk for all ki, ks, k € K and b € B, then ~
is a Cauchy-Schwarz function on I, 7 is an injective, unital homomorphism, and
7(B) is y-symmetric. |

Recall that an essential ideal in a C*-algebra is an ideal whose only left an-
nihilator is 0. Combining Corollary 2 and Corollary 3, we obtain the following
result.

Corollary 4. If J is an essential closed left ideal in a unital C*-algebra A, then
a € A is invertible in A if and only if left multiplication by a is a bijection of J.
More generally, if J is a closed left ideal in A and S = {a € A:aJ = (0)}, then
a 1s invertible mod S if and only if left multiplication by a is a bijection of J.

If A is a C*-algebra and B is a C* subalgebra of A, then B is a y-symmetric
subalgebra if v is the Cauchy-Schwarz function defined by ~v(a1,a2) = |lafaz]|.
Thus the following result should be compared with the usual spectral permanence
theorem for C*-algebras on the one hand and Rickart’s theorem (Theorem 0) on
the other hand.

Corollary 5. If A is a unital Banach algebra, v a Cauchy-Schwarz function for
A, and B a C*-algebra which is algebraically embedded as a v-symmetric subalgebra
of A with 14 € B, then for allb € B, og(b) = c.4(b).

4. INVARIANCE OF TAYLOR SPECTRUM

Let B be a unital C*-algebra and b = (b1, ...,b,) an n-tuple of elements of 5.
In ([Cul], [Cu2]) Curto defines a transformation b — b which associates to b a
271 % 27=1 matrix b over B. He proves that if b is a commuting n-tuple (i.e.,
bibj = bjb;, 1 < 4,57 < n) and A € C", then X belongs to Sp(b, B), the Taylor
spectrum of b relative to B, if and only if (b — \)  is invertible in Myn—1(B). He
also proves that if A is a unital C*-algebra containing B as a unital subalgebra,
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then Sp(b, B) = Sp(b, A). Using Theorem 1 together with Curto’s arguments we
obtain the following generalizations of these results of Curto.

Theorem 2. Let K be a Banach space, v a Cauchy-Schwarz function of positive
definite type for K, and C a subalgebra of L(K) containing I which is a W*-algebra
with respect to some involution and some norm. If C is ~y-symmetric, then a com-
muting n-tuple T = (T1,...,T,) of elements of C is Taylor invertible in L(K) if
and only if T is invertible in L£(K).

Theorem 3. Let K be a Banach space, v a Cauchy-Schwarz function of positive
definite type for K,B a unital W*-algebra, and © : B — L(K) an injective, uni-
tal homomorphism such that w(B), with the involution defined by (mp)* = mpx,
is y-symmetric. Then, if b = (b1,...,b,) is a commuting n-tuple, Sp(b,B) =
Sp((Tpy s« -+ 57, ), L(K)).

By virtue of Examples 2 and 5, Theorem 3 applies in particular when I is a
Hilbert A-module over a unital C*-algebra A, B is the algebra B(K) of adjointable
operators on K which is assumed to be a W*-algebra, and  is the inclusion of B(K)
in L(K). For example, B(K) is a W*-algebra whenever A is a W*-algebra and K is
a self-dual A-module [Pas].

The proof of Theorem 2 follows the outline used by Curto, and requires the
following lemmas.

Lemma 1. Let K be a Banach space, v a Cauchy-Schwarz function of positive
definite type for IC, and C a subalgebra of L(K) containing I which is a C*-algebra
with respect to some involution and some norm. Let D = (D;;) be an n x k matric
of elements of C and let D* be the matriz adjoint of D relative to the involution on
C. (Thus (D*);; = (Dji)*.) Then, considering D as an operator from K* to K",
ker D Nran D* = {0}. In particular, if k =n and D = D*, then D is onto if and
only if D 1is invertible.

Proof. Let v(z,w) = 6({z,w)) be a Cauchy-Schwarz function of positive definite
type for K. Let z = (z1,...,2,) € K¥. Suppose that Dz = 0 and that z = D*w for
some w € K™. Then for each m,

Z(znﬂzm) = Z <zm, ZD;‘mwi>

m m

- Z <Z Dimzm,wi> = Z<0’wi> —0

by the remark following Definition 2. Thus z = 0. O

Lemma 2. Let C be a W*-algebra. Let D be an n X k matriz of elements of C.
Then there exists an n x k matriz V of elements of C such that D = (DD*)Y/?V,
where D* is the matriz adjoint to D.

Proof. Use the polar decomposition of the element (£ Q) in the W*-algebra
Mn-i—k(c)' O

Using Lemma 1 and Lemma 2 we observe that Curto’s argument in [Cul] yields
the following generalization of his Proposition 3.4.
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Proposition 3. Let K be a Banach space, v a positive definite Cauchy-Schwarz
function for KC, and C a subalgebra of L(K) containing I which is a W*-algebra with
respect to some involution and some norm. Let {ny} be a sequence of nonnegative
integers, and Dy an ng—_1 X ng matriz of elements of C, such that Dy Dyx—1 = 0 for
all k. Then, considering Dy as an element of LK™ K™ 1), ker Dy =ran Djyq
for all k if and only if Ly = Dy Dy + Dyy1 D5, is invertible in LK) for all k.

Now we can proceed to prove Theorem 2.

Proof of Theorem 2. Suppose T is an n-tuple of elements of C, and that T is Taylor
invertible in £(K). Let ni = (%) and let {Dg} be the operators of the Koszul
complex used in the definition of Taylor spectrum. Then, viewed as matrices over
L(K), each Dy, is a matrix whose entries lie in C. Thus by Proposition 3, Ly =
Dy Dy + Di+1Dy . is invertible in L(K™) for all k. If K™ is given the norm
defined by ||K||? = 3, | K;||* and we define 7y by v (K,L) = >, v(K;, L;), then
v is a Cauchy-Schwarz function on K™ and M,, (C) is a ~y,-symmetric unital
subalgebra of L£(K™). Hence by Proposition 1, Ly, is invertible in M,, (C) for all
k. Since the matrices 7*7 and TT* are block-diagonal matrices whose diagonal
entries are, respectively, the Ly’s with k£ even and the L’s with k odd, T*T andTT*
are invertible in £(K2" ), hence T is invertible in £(K2" ). Conversely, if T is
invertible in £(K2" "), then so are T*T and TT*, hence so is each L. Thus by
Proposition 3, T is Taylor invertible. O

Remark. A careful reading of Curto’s proof of his Proposition 3.4 shows that the im-
plication (Ly = D} Dy + Dyy1 D5, is invertible in LK™ ) for all k) = (ker Dy =
ran Kyy1 for all k) in Proposition 3 does not use the hypothesis that C is a W*-
algebra, hence neither does the implication (T is invertible in £(K)) = (T is
invertible in L(K)) in Theorem 2.

Proof of Theorem 3. For each positive integer d, m induces an injective, unital ho-
momorphism 7y : My(B) — Mg(L(K)) defined by mg = 7 @ id. If My(L(K)) is
given the norm defined by || K||* = 35, ., ;< [|Ki;[|* and we define vq by va(K, L) =
> 1<ij<a V(Kij, Lij), thenyq is a Cauchy-Schwarz function on My(£(K)) and 74(B)
is yg-symmetric. If A € C™, then by Theorem 1 and Theorem 4,

A e Spb,B) & (b— ) is invertible in Myn—1(B)
& ((mp,,...,m,) — ) is invertible in Myn—1(L(K))
< A e Sp(m, L(K)). O

Remark. We have not succeeded in eliminating the W*-algebra hypothesis in The-
orems 2 and 3, even though, as shown in [Cu2], Curto’s results do not require this
assumption. We conjecture that Theorems 2 and 3 remain true for arbitrary unital
C*-algebras.

5. THE NON-UNITAL CASE

When K is a Banach space with a Cauchy-Schwarz function of semilinear type,
Theorem 1 can be generalized to the case that either B is not unital or 7 is not
unital.

If B is a C*-algebra, we denote by BT the set B x C equipped with pointwise
sum and adjoint and the product defined by (a, A\)(b, u) = (ab + Ab + pa, A\u). It
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is well-known that BT can be normed so as to become a C*-algebra. (We refer to
[W-O] for details.) We usually write the elements (b, 1), (b,0), and (0, 1) as b+ p, b,
and pu, respectively. In particular, BT is a unital algebra with unit 1.

Lemma 3. If B is a C*-algebra, K is a Banach space, and 7 is an algebra homo-
morphism from B to the Banach algebra L(K), then there exists a unital homomor-
phism 7t : Bt — L(K) which extends 7.

Proof. Define 7 by the formula 7r('z+)\)k = mpk+Ak. Then 77 (1) = I and a routine
computation shows that 7+ is an algebra homomorphism. O

When B is not unital and b € B we define o(b) to be og+(b). For all b € B we
then have 0 € og(b). When B is unital, with unit e, we have the following known
result, whose proof we provide for the convenience of the reader.

Lemma 4. If B is a unital C*-algebra and BT is defined as above, then for all
be B, og+(b) =op(b) U{0}.

Proof. Let e denote the unit of B. If A € op+(b) there exist ¢ € B and p € C such
that (b — A)(c+ u) = 1 = (¢ + p)(b — A). Multiplying this identity by e? yields
the identity (b — Ae)(c + pe) = e = (¢ + pe)(b — Ae), which shows that A & og(b).
Moreover, if 0 & og(b), then there exists ¢ € B such that bc = e = ¢b. If also
0 & op+(b), then there exist d € B and p € C such that b(d + ) =1 = (d+ p)b, so
that

c=cb(d+p)=e(ld+p)=d+ p.
Thus d = ¢ — pe, so that
1=>b(c—pe+p)=bec—pub+pub="bc=e.

This contradiction shows that 0 € o+ (b), hence o(b) U {0} C op+(b).

Now suppose that A & o(b) U{0}. Then there exists ¢ € B such that (b— Xe)c =
e =c(b— Xe). A simple computation shows that if d = A"'bc and g = —A~1, then
(b—=XN)(d—p) =1=(d— u)(b—X), which shows that A & oz+(b). Therefore,
op(b) U{0} = op+(b). O

Theorem 4. Let K be a Banach space, v a Cauchy-Schwarz function of semilinear
type for IC, B a C*-algebra and w : B — L(K) an injective homomorphism such
that w(B), with the involution defined on w(b)* = mp«, is y-symmetric. If either B
has no unit, or B has a unit e with w(e) # I, then o5(b) U{0} = o) (7).

Proof. Define 7% : Bt — £L(K) as above. Then 7T is an algebra homomorphism.
To see that 7w is injective, observe that if m,k + Ak = 0 for all k € K, then either
A = 0, in which case b = 0 since by hypothesis 7 is injective, or A # 0, in which case
T(—x-1be) = T for all ¢ € B, so that —A~1b is a left unit for B. Similarly, —A~'b*
is a right unit for B. Hence —A71b is a unit for B and m(—A"1b) is the identity
operator on K, which contradicts our hypotheses.

The identity ’}/(WE‘Z—)+)\)I€1,I€2) = 7(/61,7TEZ+A)*]€2) follows immediately from the

semilinearity of v and the fact that (b+\)* = (b* + \). Applying Theorem 1 to 7+
and BT we conclude that for all b € B, o5(b) U {0} = o+ (b) = (i) (7). O
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6. A MULTIPLIER ALGEBRA PROOF OF COROLLARY 4

Finally, we give a second proof of Corollary 4, for the case that J is a closed,
essential two-sided ideal, which is independent of the notion of Cauchy-Schwarz
function. This result may be known to the experts, but we were unable to find any
reference to it in the literature. The properties of the multiplier algebra which we
use can be found in [W-O].

Let M(J) be the multiplier algebra of J. Then M(J) is a unital C*-algebra
containing 7 as an essential ideal, and there is a unique, injective, *-homomorphism
w: A— M(J) such that p restricted to J is the identity. If we consider J as an
algebra of bounded operators on a Hilbert space H, and arrange matters so that
the linear span, [JH], of JH is dense in H, then M(J) can be identified with
{te L(H):tJ C J,Jt C J}. In particular we may suppose that 7 C A C L(H).

Suppose now that a € A and that L,, the operator of left multiplication by a
on J, is a bijection of J. Then L;! is a bounded operator on 7, and it is easy
to verify that L;1(jk) = (L;'j)k for all j,k € J. We first show that there exists
t € L(H) such that taj = j forall j € J. If &,...,& € Hand £ = > 5,(£,), let
t(€) =3 (L;%5,)(&). (In particular, for each j,tj = L;'j so that taj = j.) To see
that ¢ defines a bounded operator, let {ex} be an approximate unit for ;7. Then

L7 =1limL; (exj) = lim(L, 'ey)j.

Let wy = L;'(e)). We have L;1j = limwyj and ||wy| < ||L;!|. Therefore,

HE) = Y limwaju(&,) = limw (Y2 4u(&)) = limwa(8),

and [|t(€)[| < [|L; || |€]]- Since [TH] is dense in H, ¢ extends to a bounded operator
on H.

Since L, is surjective and taj = j for all j € 7, it follows that t7 C J. We next
show that jt € J for each j € J. Let k € J. Then jtk = jlimwyk = lim(jwy)k.
Let m = lim(jwy). If £ = >k, (&), then

) =Y mhu (&) = (D k(&) = m(©).

Thus jt = m, so that jt € J. It follows that ¢ € M(J), and that for all j € 7,
taj = j and atj = aL;'j = j. Thus a is invertible in the unital C*-algebra M(J),
hence a is invertible in A.
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