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ABSTRACT. Suppose G is a singular matrix function on a simple, closed, rec-
tifiable contour I". We present a necessary and sufficient condition for normal
solvability of the Riemann problem with coefficient G in the case where G ad-
mits a spectral (or generalized Wiener-Hopf) factorization G4+ AG_ with Gt

essentially bounded. The boundedness of Gj_[1 is not required when G takes
injective values a.e. on I.

1. INTRODUCTION

Let I be a rectifiable, positively oriented boundary of a finitely connected domain
Dy C C,and let D_ = Co\(D4+UT). If 1 < p < o0, let Epy and E,_ be the usual
Smirnov spaces associated with the domains Dy and D_ (see e.g. [5]). That is,
E o+ is the space of functions analytic and bounded in Dy, and, if 1 < p < oo, Fpt
contains functions f analytic in D4 for which there exists an expanding sequence
of regions Dy, with rectifiable boundaries I'j such that

(i) D, UTl'y C Dy,
(ii) UDx = D4,
(iii) sup [, [f()|Pdt < oo.
The spaces E,_ (1 < p < c0) are defined by replacing Dy with D_. We will denote
by E’p_ the subspace of E,_ formed by functions vanishing at infinity.

A function f € E,;+ (or E,_) has a nontangential boundary limit at a.e. t € I.
These limits define a function f € L,I')=:L,. Themap f — f is injective, and we
will identify F,4 with L4, the space of boundary values of functions in E,+. We
will write L, instead of E,. R will denote the space of rational functions without
polesonT. If X € {L,+,L,_, Lp_,R}, we will denote the space of m X n matrices
over X by X™*" If m =1 orn =1, we will write X" or X™.

Let p € (1,00), let g € L}, and suppose G is an m x n matrix valued function

on I' with measurable entries. The Riemann problem consists in finding functions
¢+ € Lyt and ¢_ € Ly such that

(1.1) ¢r+Go_=g.
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If ¢ =p/(p—1) and h € L, the dual problem consists in finding ¢} € L} and
Y_ € LZ}_ such that

(1.2) Yo+ Gl =h.

The image of the Riemann problem (or the dual problem), i.e. the set of all g € L
(or h € L) for which the problem is consistent, is a linear manifold. We present a
condition for the problem to be normally solvable, i.e., for the image of the problem
to be closed.

The Riemann problem with nonsingular coefficient has been extensively studied
in the literature—see [2] or [6] and the references cited there. One can consider a
more general problem where the coefficient takes singular values. Suppose a zero
row or column has been appended to a nonsingular matrix valued function. Even in
this simple case the theory developed for nonsingular coefficients cannot be applied
directly, although the problem may be well posed and have a unique solution for a
given g. Plainly, one can have more general coefficients G.

The Riemann problem can be reformulated in terms of singular integral equa-
tions. Let S : L, — L, be the operator of singular integration along I', i.e.,

(13 snw =~ [ LD

- | —=dr1)
e JrT—1
with the integral understood in the sense of the principal value. Suppose the contour
I' is such that S is continuous on the whole space L,. Then P = (I + §)/2 and
Q = I — P are continuous complementary projections with the images L, and
Lp_, respectively, and (1.1) can be written as P, ¢ + GOm, ¢ = g where P and Q
act componentwise and ; selects the first j components of ¢, j = m,n. That is,

(1.1) is equivalent to the system of singular integral equations with Cauchy kernel

¢1(t)—|—i, ¢1—£Tt)d7'+G11(t)(¢>1(t)_i' ¢1£7't) ar)
mTJr T 7 Jp T
+'~+Gln(f)(¢n(t)—% F“j"—fgm) = 201(t),
¢2(t)+%/ngQ_Yt)dT“LGQl(t)(él(t)_% Fﬁil_z)dT)
4 G () -~ [ 2Ty —ag,0),

m Jp T—1

1 [ om (1)

m o Jp T—1

1 [ au(m) dr)
) FT—t

+...+Gmn(t)(¢n(t)—%/rin—gdﬂ = 2gm (t).

Here, the functions G;; and g; are given, and one looks for a solution ¢1,¢2,. ..,
Gmax(m,n) € Lp. In this system, the coefficient G = [G;;] may be rectangular or
square with the determinant zero a.e. on I'. We are interested in the question
when the set of m-tuples (g1, 92, ... ,gm) for which the system is consistent forms
a closed subspace of L}

We end the introduction with a remark on contours. If 1 < p < oo, L,4+ and
L, are closed subspaces of L, whose sum is dense in L. Also, L,y N L,_ = (0).

m(t) + dr + Gmi(t) (¢1 (t)
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Suppose 1 < p < co. Then L, = L, +L,_ if and only if T is regular [4], i.e., if and
only if the quotient of the length of I" inside any circle to the radius of the circle is
less than some fixed constant. If this condition is satisfied, the projections P and Q
are continuous. A regular contour is Smirnov, i.e., the derivative of the conformal
mapping which maps the unit disk onto D, if D, is simply connected, or onto any
connected component of D_, belongs to the Hardy space H;. Below, we will not
assume that I is regular or Smirnov.

2. SPECTRAL FACTORIZATION

Let G be an m x n matrix function on I' with measurable entries. By a (left)
spectral factorization in L, we will understand a factorization

where

(i) G4 € L™ has nonsingular values a.e. on I' and G;l e L™
(ii) G- € Ly™" has nonsingular values a.e. on I' and G~ terrn

p—
(iii) the middle factor
ding ((22)" L (2)™) o

)

(2.2) A(t) =

for some ¢4 € Dy and t_ € D_ and integers K1 > kg > ... > K.

Note that we do not require the operator G1PG7" to be bounded (cf. [2]; see also
[1]). Also note that if the factorization (2.1) exists, k = rank G(¢) for a.e. t € . In
particular, k£ is unique.

To simplify notation, we will assume 0 € D, and replace (i:if) by t, a factor

which vanishes at the origin and has a pole at infinity. Then (2.2) becomes

_ |diag(#rt, g, tRk) 0
o 0 0|’

an m X n matrix function with k nonzero entries.
Our definition of (left) spectral factorization differs from that in [3, 7] and

[8] where it is required that G4 € L;fk have a multiplicative left inverse in

L’;f_m, G- € L’;f” have a multiplicative right inverse in Lgfk, and that A(t) =
diag(t*,t%2 ... [t"*). In fact, our definition is stronger. If G has a spectral factor-
ization in L, in the sense above, the spectral factorization as in [3, 7] and [8] can
be obtained by deleting columns of G and rows of G_ corresponding to the zero
rows or columns of A, and replacing A by its nonsingular upper left block.

In particular, Theorem 2.2 in [8] has the following analogue for spectral factor-
ization defined above.

(2.3) A(t)

Theorem 2.1. Suppose 1 < p; < py < 00 and let G14:A1G1- and GoyAoGo_ with

) G ()

(2.4) A(t) = ldlag(“ ’tg ot ) 8] j=1,2,

be spectral factorizations in L, and Ly, of a function G relative to a contour I'.
Then /Qg»l) > /Q§»2) forg=1,2,... k.
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It follows from Theorem 2.1 that the integers k; in (2.3) are unique. They are
called the indices of the factorization. The sum Zle K; 1s the total index of the
factorization. If all indices of the factorization are equal to 0, the factorization is
said to be canonical.

Nonuniqueness of the factorization can be characterized as follows.

Theorem 2.2. Suppose G = G AG_ with

(2.5) Al) = [diag(t“l,t’:,... 55) 8] _ [A(()t) 8]

s a spectral factorization in L, of a function G relative to I'. Then Ga4AG>_ is a
spectral factorization of G in Ly relative to I' if and only if

A'HT'A 0
A_ B_

(2.6)  Gay =Gy { o B

| o G| ==

where Hy of size k X k is a unimodular matrix polynomial such that
(1) hij =0 Zf K < Kj,
(11) deg hij < Ki — Ky if K > K,

and Ay, By with entries in L1y, and A_, B_ with entries in L1_, are such that
Gag € L7X™, Gyl € LT, Gom € L™, Gyt € L™,

The properties of H follow from Theorem 2.4 in [8]. Since Got = G14(G1}Ga4)
and Go_ = (Gg_Gl__l)Gl_, A4 and By have entries in L14. Note that, unlike with
the definition of spectral factorization in [8], G may admit a spectral factorization

in Ly, and Ly, (p1 < p2) with the same total index, but the factorization in L,,
may fail to be a factorization in L,,. A simple example is provided by

27) 6= o 4] lo] 1

where d) (S Lp1+\Lp2+ and d)—l S Lq1+.

3. RIEMANN PROBLEM WITH A FACTORABLE COEFFICIENT

We will assume in this section that the coefficient G of the Riemann problem
(1.1) admits spectral factorization in L, relative to I" with the middle factor A as
n (2.3). AT will denote the pointwise Moore-Penrose inverse of A,

diag(t=F1 t=F2 . t=rK) 0
Af(t) = g( . ) ol

If G_AG, is a spectral factorization in L, of a nonsingular matrix function G,
g belongs to the image of the Riemann problem with coefficient G if and only if

Gi'lge Lt +LY., G PGi'geLr,, GI'AT'QGi'gel] .

If G takes singular values, the last relation does not have to be valid. Indeed,
suppose I is the unit circle, p = %, q = 3, and

a1y e 2

it | = GHOABG- (1)
1 ()

-
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for some branch of (zzl)% on Coo\[0, 1], so that G_ € L3** and G=* € L3*2. The
2

function
-
(#)

0

o+ =

g(t) =

belongs to the image of the problem, but

ERE
(GZIATQGIIQ)(t) _ t \t—1 % g L%Xl.
2
()
Proposition 3.1. Suppose G = GLAG_ with A € L72*™ as in (2.3) is a spectral

factorization in Ly and let g € L. Then the problem ¢ + Go— = g is solvable if
and only if

o+ =

. [ k:
(3.1) craemn+t]. epergery,
and
(3.2) GZ'(ATQG g+ 1) e L1

for some r € L7 with the first k components zero. If the problem is solvable, then
the general solution has the form

(3.3) (GL(PG{'g+p), GZHATQGT g — ATp+ 1))

where p is a vector function whose j" entry is zero if j > k or k; < 0, and a
polynomial of degree at most k; — 1 otherwise, and r € LT_ is a function with the
first k components zero and such that (3.2) holds. Moreover, if GE* € Lx™, (3.2)
and (3.3) can be replaced by

(3.2') GZ'ATQG g e L
and
(3.3) (GL(PG{'g+p), GZH(ATQGT g — ATp)).

Proof. Suppose (¢4,¢_) solves the problem. Since fi := G;1¢>+ € L and
f-=G_¢_ € L’f_, G;lg € L’ﬁ—i—LT_. Since Af_ has zero entries in the bottom
m — k components, the first relation in (3.1) is valid. Also,

pi=fr —PGilg=—-Af +QG'y

is a vector polynomial satisfying the degree requirements. Since ¢ = G+7)G_T_1 g+
G4 p, the second relation in (3.1) holds. Since

(3.4) AG_¢- = QGTlg— .
Afp € L™ _, and the bottom n — k components of G_¢_ are in Ly, (3.2) holds

(with r agr_eeing with G_¢_ in the bottom n — k positions).
Conversely, suppose (3.1) and (3.2) (or (3.2")) hold. If

(p+,0-) = (G PGTlg, GTATQGT g + GTMr)
for an appropriate r,
pi +Gp_ = G4yPGIg + G AN QG g = G PGl g + G QG g = g.
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Since (G4 p, —G~'Atp) with p a vector polynomial satisfying the degree require-
ments is a solution of the homogeneous problem, (3.3) solves the problem. Let
¢_ € L_ be such that G¢_ € L™, . Then AG_¢_ € L', and ¢_ = GZ'(Afp+7)
with p and r as in the statement of the theorem. Since G(G~'(Afp +r)) = G1p,
it follows that (3.3) is the general solution of the problem.

Suppose GE1 € L% and (¢4, $_) is a solution of the problem. Then

ATAG_¢_ = ATAG_(GT'G_¢_) = ATAG_G~1¢_
where ¢_ € L"_ has zero n — k bottom components. Hence (3.4) implies
G_(GZ'¢_) = A1QGT g — Afp
and (3.2") holds. |

Note that if G takes injective values a.e. onT', k = n and (3.2") and (3.3") can be
used instead of (3.2) and (3.3). Also note that in the example before Proposition
3.1, the restriction of the operator AAfGZ'ATQGT! to the image of the problem
was bounded in Lf,. However, this need not be true in the general case. Indeed,
suppose p, q, and I' are as in the example preceding Proposition 3.1 and

1 0 [0 1
0 0} (t—l)% (t—l)—%
A 7

on Cyo\[0, 1]. Then

G(t) =1 { = G (OAB)G_(t)

f

for some branch of (zz;l)

e \E B 0 )
g(t)—_t(t61> =G (L)zl

belongs to the image of the problem, but

3
1 t \*
(AMGTIATQGg) () = | 7 ()| ¢ 22,
O 2
To simplify notation, we will write X =7 and X7 instead of (X ~!)T and (XT)T
for any matrix (or matrix valued function) X. Rewriting the dual equation as

GZTy_+ATGTyp, = GZTh, one can show the following dual version of Proposition
3.1.

Proposition 3.2. Suppose G = G+ AG_ with A as in (2.3) is a spectral factor-
ization in Ly,. Then h € Ly_ belongs to the image of the dual problem if and only
if

Lk
(3.5) G- Th e [ o
for some r € L', with the first k components zero. If the conditions (3.5) are
satisfied, then the general solution of the dual problem has the form

(GTTATPGTTh — AT p+ 1), GT(QG="h + p))

where p is a vector function with j*" entry zero if j > k or k; > 0, and a polynomial
in 271 of order at most —r; without a constant term otherwise, and r € LY"" with
zeros in the first k positions is such that the last relation in (3.5) holds. Moreover,
if Gfl € L™ the statement holds with r = 0.

} +Lv_, GTQGZThelr., G{"(A"PGTh+r)elLl,
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If 1 < p < oo, we will identify Ly with the dual space of L} through the scalar
product

() =3 [ oo

for all f(t) = 3°7_, f;(t)e; € Ly and g(t) = 327, g;(t)e; € Ly

Theorem 3.3. Suppose G = G4 AG_ is a spectral factorization in L, with A as
in (2.3). Then

(i) g € L belongs to the closure of the image of the problem if and only if
(3.6)
/ e;FGI_l(t)g(t)ti dt =0 for j <k such that k; <0 andi=0,1,...,—K; — 1
F and
(3.7) e, Gi'(Mgt) e iy (j=k+1,k+2,...,m),
(ii) h € Ly belongs to the closure of the image of the dual problem if and only if
(3.8)
/Fe;TFG:T(t)h(t)ti dt=0 for j <k such that k; >0 andi=—1,-2,...,—kK;
and
(3.9) e G (h(t) e L (j=k+1,k+2,...,n).

Proof. We verify (i). The annihilator of the image of the problem contains “+”
components of elements in the kernel of the dual problem. Since, if x; < 0,

(2'GLT (2)ej, —2'GT(2)AT (2)e;) (i=0,1,...,—K; — 1)
is in the kernel of the dual problem, (3.6) holds for each g in the image of the
problem (i = 0,1,...,—k; —1). If j > k, where k is the rank of G a.e. on T,

(G1'(2)2%e;,0) belongs to the kernel of the dual problem for i > 0. Hence, for each
g in the image of the problem,

/FejTGll(t)g(t)ti =0 (i=0,1,2,...)

and (3.7) holds. Thus, the space of g € L} which satisfy (3.6) and (3.7) contains
the closure of the image of the problem.
To show the converse, we need to identify the dual of the space

(3.10) {geLy: e G (t)g(t) € Liy for j=k+1,k+2,... ,m}.
First note that R! XmG__irl (where R denotes the space of rational functions analytic

onT)is dense in L. Indeed, if ¢ € L is such that (rG;l, ¢) = 0 for allr € R1*™,
(r,G7'¢) =0 for all 7 € R™™ and so G7'¢ = 0 a.e. on I'. Thus, ¢ = 0. Now

(3.11) 0 RLL™MGL!
(where RLY . = R"™ N L% ) annihilates (3.10). If
(3.12) 044 e [Rlxk RLP| G,
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we can find r € R™ such that G4r belongs to (3.10) but (i, G1r) # 0. Thus, the
annihilator of the space (3.10) coincides with the L{’-closure of (3.11) and

(3.13) Ly /e (lo R 63t

is the dual of (3.10).
It is now easy to show that

kal
3.14 —
(3.14) G+ gm0
is dense in (3.10). Indeed, suppose an element ¢ of (3.13) annihilates (3.14), and
let ¢y, be a sequence of elements as in (3.12) which converges to ¢. Then each

annihilates (3.14), and so ¢, = 0 for all k. Thus, ¢ = 0.

The elements of (3.14) satisfy conditions (3.1). If g € L} satisfies (3.6), then
e;‘-FQGjrl g must have a zero at infinity of order at least x; + 1 (cf. Lemma 3.1 in
[6]). Thus, the members of (3.14) for which (3.6) holds satisfy also (3.2") and hence
belong to the image of the problem. The subspace of (3.10) formed by elements
which satisfy (3.6) has a finite co-dimension, equal to the sum of positive indices of
the factorization, and one can choose a basis for its complement in the set (3.14).
It follows that the image of the problem contains a subset dense in the space of
functions g € L which satisfy (3.6) and (3.7). O

In view of the last theorem, Propositions 3.1 and 3.2 have the following corollary.

Corollary 3.4. If G admits a spectral factorization in Ly, then the image of the
Riemann problem (or the dual problem) contains all rational vector functions in its
closure as a dense subset.

Proof. Let g be a rational m x 1 vector function. Then
(3.15) Gilge LT +LT, Gy PGi'gel),, QGi'gelm. .

If g belongs to the closure of the image of the problem, then (3.7) and (3.15) imply
(3.1). By (3.6), e;fFQG__Flg has a zero at infinity of order —x; + 1, so that (3.2") is
also valid and g belongs to the image of the problem. To verify density, note that
the elements ¢ of (3.14) which satisfy (3.6) are dense in the image of the problem.
For any such ¢, Q¢ is rational and P¢ belongs to the Lj* closure of RLY . .

The proof for the dual problem is analogous. O

4. NORMAL SOLVABILITY

The kernel of the Riemann problem with coefficient G is isomorphic to

(4.1)
{(pr,0)e Ly xLy = ¢4 +Gop_=0}={p_€ L, : Gp_ € Ly,

~{p, € LT : ¢ +G¢_ =0 for some ¢_ € L7 }+{¢_ € LI_: Go_ =0}
If G is integrable, the space {¢_ € L"_ : G¢_ = 0} is closed in Ly. One can
consider the Riemann problem on the space
Ap_elr . Gp_eL™
(4.2) X, = L$++{¢ ; ¢ a }

{¢p_ €L : Go_ =0}

The kernel of the Riemann problem viewed on the space &}, can be finite dimensional
even though G is singular valued. Similarly, there may be a generically infinite
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dimensional co-image of the problem. The codimension of {¢; € Ly - Gy, =0}
in the annihilator of the image of the problem is independent of the left kernel of
G.

By the defect numbers of a Riemann problem with coefficient G we will un-
derstand the dimension ar of the kernel of the problem in the space &, and the
co-dimension (g of the closure of the image of the problem in the space

(4.3) Yy ={gely: (¢Yi,9)=0 forally, € Ly’ such that GTy, =0}.

The space )" C Ly is the intersection of closed subspaces, and so it is complete.
If ag or Bg is finite, the difference ar — Br will be called the index of the problem.
Note that ag can also be defined as the dimension of the space of “+” components of
elements in the kernel of the problem (viewed either on the space &), or Lg”;%l')g_).

The defect numbers of the dual problem are the dimension ap of kernel of the
dual problem in the space

~ L eL™ . GT cL”
(4.4) X, = L:;_jLw+ at Tw+ i)

{4 e L+ Gy =0}
and the co-dimension 8p of the closure of the image of the dual problem in
(4.5)  Yr={heLl: (¢_,h)=0 forall ¢_ € L?_ such that Go_ = 0}.

The number ap can be equivalently defined as the dimension of the space of “ —
components of elements in the kernel of the dual problem. If ap or Bp is finite,
the difference ap — Gp is called the index of the dual problem.

”

Proposition 4.1. If G admits a spectral factorization in Ly,
(4.6)
aR:ﬁD:Z{m: k; > 0} and CYD:ﬂR:Z{—Iij : Kj <0}
In particular, all defect numbers are finite and the index of the problem (resp. the

dual problem) is equal to the total index (resp. the opposite of the total index) of
the factorization.

Proof. Let G = G AG_ with A as in (2.3) be a spectral factorization in L,. Then

ap =dim((AG_(LI_))NLY)  and  ap =dim((ATGT(LM)) N LY_),

and the statement about ag and ap follows.
The space )" coincides with (3.10). Indeed, J}"* clearly contains (3.10). Since
the closure of (3.11) annihilates Y, the reverse inclusion also holds. Similarly,

p
Y coincides with the space of h € Ly which satisfy (3.9), and so the statement
regarding Gr and [p follows from Theorem 3.3. O

Theorem 3.3 yields the following sufficient condition for normal solvability of the
Riemann problem with factorable coefficient.

Proposition 4.2. Suppose G = G AG_ is a spectral factorization in L, and the
operators
(4.7)

Ky =G{PG{': Y=L and K_=G 'AQG(': Yr—L»

are bounded. Then the image of the Riemann problem with coefficient G is closed.
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Proof. Suppose that for all g € V"
(48)  Gi'geL+LY,  GyPGi'ge Ly, and GZ'ATQG['geLl,

and let g belong to the closure of the image of the problem. By Theorem 3.3, (3.1)
holds. By Theorem 3.3 and Lemma 3.1 in [6], (3.2") holds. Thus, g belongs to the
image of the problem and it follows that the image of the problem is closed. O

In particular, the image of the problem is closed when the operators K, and K_
are bounded on the whole space L.

We note that even though the function G is singular valued, the Riemann prob-
lem from the space X}, to the Banach space )" can be Fredholm. Extending the
definition of ®-factorization introduced in the nonsingular case in [9], one may call
a spectral factorization G = G AG_ for which operators (4.7) are bounded Fred-
holm, and a function which admits a Fredholm factorization can be called Fredholm
factorable. Unlike in the nonsingular case, spectral factorization in L, of a Fredholm
factorable function need not be Fredholm (see the example after Proposition 3.1).
By Proposition 4.2, the Riemann problem with a Fredholm factorable coefficient is
normally solvable.

If G takes injective values, or if GE! are bounded, a stronger statement is true.

Theorem 4.3. Suppose G = GLAG_ is a spectral factorization in L, and at least
one of the following two conditions holds:

(i) G takes injective values a.e. on T,
(ii) the matriz functions G_ and G—' are essentially bounded.

Then the image of the Riemann problem with coefficient G is closed if and only if
the operators

(4.9)
Ky =G,PGy': Yr—L" and K_=GI'ATQG[': Y —1L!
are bounded.

Proof. Sufficiency follows from Proposition 4.2. Suppose the image of the problem
is closed, so that it coincides with the space of functions g € L;* which satisfy
(3.6) and (3.7). By Proposition 3.1 (and the assumptions regarding G*! or the
rank of G), the operators K; and K_ are defined on the image of the problem.
Since one can find a basis for a complement of the image of the problem in )"
consisting of rational vector functions (cf. formula (3.6)), and K1 are defined for
all rational vector functions analytic on I, K1 are defined on the whole y;n. Since
the operators K1 are closed, they are necessarily continuous. O

In particular, if G takes nonsingular values a.e. on I', " = L and Theorem
4.3 reduces to a known result (Theorem 4.1 in [9]). Note that condition (i) in
Theorem 4.3 implies m > n. If m > n, the system of integral equations given in
the introduction is “overdetermined.”

Suppose G AG_ is a spectral factorization in L, of a bounded matrix func-
tion G and the operator K_ in (4.9) is continuous. Then the operator GK_ =
G+AAT oGT! = G+ QG_TF1 is bounded on yga and it follows that K is continuous.
That is, if a bounded matrix function G admits a spectral factorization in L, and
at least one of the conditions (i) and (ii) in Theorem 4.3 holds, then the image of
the Riemann problem with coefficient G is closed if and only if the operator K_ in
(4.9) is continuous.
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Theorem 4.3 has the following immediate corollary.

Corollary 4.4. Suppose G # 0 admits a spectral factorization G AG_ in L, for
any p > 1 with G4, G_, and G=' essentially bounded, and the Riemann problem
with coefficient G is normally solvable. Then the contour T is regular (and hence
Smirnov).

Proof. If G, is bounded,

L
(4.10) G+ |:L(m_p1)><1] C y;"
P+
Since Ky in (4.9) is bounded, P is a bounded projection. |

Since each rational matrix function without poles or zeros on I' admits a spectral
factorization in L, with all factors (and their multiplicative inverses) essentially
bounded, Theorem 4.3 has also the following corollary.

Corollary 4.5. Let G # 0 be a rational matriz function without poles or zeros on
T'. Then the image of the Riemann problem with coefficient G is closed if and only
if T is reqular.

Proposition 4.2 and Theorem 4.3 have their analogue in the dual space.

Theorem 4.6. Suppose G4 AG_ is a spectral factorization in L, of an m X n
matriz function G. If the operators

(4.11)

K_=GToG=": yr —L"  and  K.=G{TATPGIT. Yyr LM
are bounded, then the image of the dual problem is closed. Conversely, if the image
of the dual problem is closed, and

(i) the matriz functions G4 and G;l are essentially bounded, or
(il) G takes surjective values a.e. on T,

then the operators K_ and l?+ are bounded.

Note that if G is bounded then, by Proposition 3.2, the continuity of I?+ in
(4.11) implies the continuity of K_. Thus, if condition (i) or (ii) in Theorem 4.6
holds, the dual problem is normally solvable if and only if K + is bounded.

It follows from Theorem 4.6 that if G # 0 admits a spectral factorization in
L, with the factors G_, G4, and G;l essentially bounded, and the image of the
dual problem is closed, then the contour is regular. Also, if G is a nonzero rational
matrix function without poles or zeros on I', then the image of the dual problem is
closed if and only if I is regular.

Theorems 4.3 and 4.6 have the following corollary.

Theorem 4.7. Suppose G is a bounded matrixz function which admits a spectral
factorization in Ly, at least one of conditions (i)-(ii) in Theorem 4.3 holds, and at
least one of conditions (i)-(ii) in Theorem 4.6 holds. Then the Riemann problem
with coefficient G is normally solvable if and only if the dual problem is normally
solvable.

Proof. Since

(4.12) K_G, [ng:k} =(0) and  K,GT [L;Z‘f] = (0),



826 M. RAKOWSKI AND I. SPITKOVSKY

the domains of K_ and I?+ can be extended to linear manifolds

(4

m m 0 Hn Hn 0
13) p,E = yp + G+ |:Lm_k:| and o.E = yq + GT |:Ln__f:| .

Let K_ = GZ'OANTGL! Vg — L' Since P is the adjoint of Q, (K_f,g) =
(f,Kyg) for all f € Vy'p and g € V' . It follows that K_ and K are adjoints.
Since V' and V' i are dense in Lj* and Ly, respectively, and K_ and K satisfy
equations (4.12), K_ is bounded on )" if and only if K is bounded on };'. Since

GZlPAT QG;I and GZIQAT’PGIF1 are finite rank bounded operators from L' to
LZ, and K_ = K_ + G:l’PATQG__'r1 — G:lQATPGj_l, the boundedness of the
operator K_ is equivalent to the boundedness of K _. O

The special case of Theorem 4.7 where G takes nonsingular values a.e. on I' has

been known previously.

1
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