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A UNIQUE CONTINUATION THEOREM
FOR THE SCHRODINGER EQUATION
WITH SINGULAR MAGNETIC FIELD
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(Communicated by Christopher D. Sogge)

ABSTRACT. We show a unique continuation theorem for the Schrédinger equa-
tion (%V — A)2u + Vu = 0 with singular coefficients A and V.

1. MAIN RESULTS

In this paper we show a unique continuation theorem for the Schrodinger oper-
ator H = (1V — A)? + V with singular magnetic field. In fact we shall establish,
under some assumptions on A and V, the following estimate:

/ lu|? de < C/ |u|? d.
Bar(zo) Br(zo)

The latter holds for » > 0 and z, € Q with Ba.(z,) C Q and for solutions u €
HZ .(Q) of

(1) Huz(l,V—A)2u+Vu=0 in QCR",
i

where n > 3,Q is a domain, A(z) = (A4;(z))j_; is real-valued and V(z) =
VE(x) +iVI(x) is complex-valued. This estimate implies a strong unique con-
tinuation theorem (Corollary 1.1). The proof uses a Rellich’s type identity and
the variational method (originally due to Garofalo and Lin, see e.g., [GL1], [GL2],
[Kul]), which does not need Carleman type estimates. We emphasize that our
method requires neither higher integrability nor pointwise estimates for A com-
pared with previous results [BKRS], [H], [Wol], [So], [GL1], [GL2], [Kul].
Throughout this paper we use the notation

0 B . )
V=G g,y V@ = max(V(@),0), V7(z) = max(=V(),0),
n 0A; OA
B= (bjk)jjc:l, bjr(z) = 8—1’2 — %j’
L 9 .10
Dj_?(?:rj_Aj’ D; —_Z%j—flﬁ

Hig () = {u € Lige(Q); - D% € Lo (), Ja] < m}.
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Note that Dju = Dju for a complex-valued function u.
To state our main results, first we recall the definition of the Kato class K1°¢(Q).

Definition 1.1. We say f € LL_(Q) belongs to the Kato class K!°¢(Q) if

loc
lim, 0 n(r; fxq,) = 0 for every compact subdomain €, of 2. Here

[y
n(r; fxe,) = sup / L)nl_z dy.
zeR" J{|z—y|<r}nQ, lz -yl
The assumptions on A and V in this paper are the following.
Assumption (A): Let z, € Q be fixed.
L ACLE(Q), VACIZ(Q), A€ K(Q), (jo—a,|[B])? € K(Q);
2. Ve KPQ), (Jz—z0||VT])? € Kl¢(Q), QVE+(x—2,)-VVE)™ € Kl°¢(Q).
Taking an arbitrary compact subdomain €, C Q such that z, € Q,, we will use
the notation
0o(r) = no(r; QVE + (z — z,) - VVF)7)
+ 1o(r; ((x — xO)VI)2>1/2 + 1o(r; ((x — x0)|B|)2)1/27

where n,(r; f) = n(r; fxa,)-

T

Theorem 1.1. Suppose Assumption (A) and f0° 9°T(T) dr < +oo for some r, > 0.
Let uw € HZ () be a solution of (1). Then there exist constants r.,C > 0 such
that

2) / 2 de < C luf? do
327‘(10) B'I‘(wo)
for every 0 < r < r,.
When we do not assume for" GOT(T) dr < +00, we have

Theorem 1.2. Suppose Assumption (A) and let u € HZ () be a solution of (1).

Then, for each 1 € (0,r.), there exist constants C > 0 and L(r1) > 0 such that

L(r1) 2
3) / luf2 dz < C exp( )/ luf? do
327‘(10) TCHO(TI) Br(wo)

for every r1/2 > r > 0.

The constant 7, is determined by the condition that n(r; (V)7) < Tl(n) hold
for all r € (0, r,), where C(n) is a constant depending only on n (Lemma 2.3). The
constants C' and L(r1) do not depend on r, but depend on u. It is well known that
these yield unique continuation theorems (e.g., [GL1], [GL2], [Kul]).

Corollary 1.1. Suppose Assumption (A) and the condition for" OOT(T)dT < +o00,
ro > 0, for every x, € Q. Then H has SUCP (strong unique continuation property);
if u € H2,(Q) is a solution of (1) and satisfies, for some x, € Q and for every

loc
m > 0,
/ ul?dz = O(™)  (r — 0),
B (170)

then u =0 in Q.
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Corollary 1.2. Suppose Assumption (A) for every x, € Q. Then H has a unique
continuation property; if u € HZ_(Q) is a solution of (1) and satisfies, for some
To € Q and A, > 0,

[ - O(exp(—2)) (r —0),
B (170) r

then u =0 in .
In particular, H has WUCP (weak unique continuation property); if u vanishes
on a subdomain Q' of Q, then u =0 in Q.

Since Hu = —Au + 2iA - Vu + i(divA)u + |A|?u + Vu, putting b = 2iA, W =
i(divA) + |A|? + V, we can rewrite the equation (1) in the following way:

(4) Hu=—-Au+b-Vu+ Wu.

Although we can apply results of [BKRS], [Wol], [Wo2], [So], [H] [GL2], [Kul]
etc. under suitable conditons on b and W, our theorems cannot be covered by
these previous results. First, previous results require a stronger condition on divA

even for WUCP. For instance, [Wo2] require W € LIL/ * for WUCP and hence

ocC

divA € Lﬁ/cz etc. On the other hand, our method only requires divA € L for
divA and, instead of that, (|7 — z,||B|)? € K°¢(Q) (or (Jx — z,||B|)? € F}°°) for
the magnetic field B (see Example 1.1). Secondly, to obtain SUCP [BKRS], [H]
require [A| € L .q > 322 (for related results see also [Wol]) and [So|, [GL2],
[Kul] require a pointwise estimate

flz = o)) 1)
|A(z)] < om0 ), T di<oe

for A, but our method requires neither higher integrability nor pointwise estimates.

Remark 1.1. These theorems also hold even if we replace the class K°¢(€) in As-
sumption (A) by the more general one QI°¢(Q) = K!°¢(Q) + Fl°¢(Q), 1 < t < n/2,
where F}°¢(€) is the Fefferman-Phong class. However, in this case we must assume
an additional condition

lim sup V) B, < €

r—=0,¢

for sufficiently small ¢, > 0 and take HZ (Q) N LS

> () as a solution class. See
[Kul].

Remark 1.2. A sufficient condition to assure fOT° 9°T(T) dr < +o00 is that
QVE+ (2 —20) - VVE) 7 ((z — 2o) V)2, ((z — 20)[B|)? € K)26(Q)(C Ky°(Q))

hold for some 6 > 0, where we say f € Kyll"g(ﬂ) if f satisfies, for every compact
subdomain €2, of €2,

lim sup / % dy = 0.
r—02eRn {lz—yl<r}NQ, |ZE - y|

Remark 1.3. By using the approximation argument in [Kul] we can show unique
continuation theorems similar to the theorems above even for HllOC solutions.

Finally, we must remark that Kalf [Ka] proved WUCP under the assumptions
A € HL (), (VE)? € Kl¢(Q) (VI = 0), but his method cannot be applied
to SUCP. For WUCP our results complement his result; compare that one needs
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(V)2 € Kl°¢(Q) in his case and 2V E + (z — 2,) - VVE)~ € K!°°(Q) in our case
(see Examples 1.2, 1.3).

Example 1.1. Let A; = C’l”;—| Then B=0and VA € L2 , A € L} . whenn > 5.

loc»
Note that |A]? = C?/|z|> ¢ K¢, but |A]? = C?/|z|> € F/°¢ for 1 < t < n/2.
Hence we can apply our method to show SUCP for this A (see Remark 1.1).
Example 1.2. Let z, = O, B; = B1(0) and
1

V)= ——
@) = g el

m, 1 > 0.
Then we have
Ve KB < (m>1,1=2)or (meRI<?2),
(5) VZe K%B)) & (m>1/2,1=1)or (me R <1),
2V +x-VV € K°°(B)) & (m > 0,1 =2) or (m € R}, 1 < 2).

So in this example the condition V2 € K!°¢(Q) is stronger than (2V +x-VV)~ €
Ko ().

Example 1.3. Let N € N and R = (Ry, -+, Ry) € R3" be fixed and
1
V(x)zz_i = (z1, - ,zn) € R, z; e R

Then V2 ¢ K!°° but 2V + (z — z,) - VV € K°¢ for every z, € R*V.

2. PROOF OF THE THEOREMS

We may assume z, is the origin O and write B, = B,(0). For the sake of
simplicity, we also use Q, n(r; f) and 6(r) instead of Q,, n(r; fxa,) and 6,(r),
respectively.

Let u € HZ () be a solution of (1) and put

©)  I(r) = / |Du|2+VR|u|2dx:/ (V= iA)ul + VEuf da,
(m  HE) = /aB juf? S, N(@:ZZ;.

Note that H = (1V — A)? +V = > =1 DjDj+ V. Our argument is based on the
following identity.

Lemma 2.1. Suppose Assumption (A) (for A). Then u € HE (2) N LE.(Q) sat-
isfies

Im(/B (z - Du) ZDiju dx)

r j=1
—2
_ f/ \Duf2ds — (" )/ \Dul? do
2 Jom, 2 B,
(8) - r/ |n-Du|2dS+Re(Z/ by (), Dyt der)
OB, B,

k=1
for every r > 0 with B, C Q.
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Proof. This is a kind of Rellich’s identity. The detailed computation can be seen
in [EK]. So we omit it. |

We remark that under the assumption |A|?,V € K°¢(Q) a solution u € HL ()
is locally bounded (see [Ku2]). So we can apply Lemma 2.1 for solutions u € HZ,_ ()
of (1). This identity implies
Lemma 2.2. Suppose Assumption (A). Then for a.e. r € (0, R,)

-2
1wy = "2+ 2/ In - Dul? dS
0B,

—2
- = /VR|u|2dx+/ VB2 ds
B OB,

r

- gIm(/B (x - Du)Vudz)

r

2 S _
9) — ;Re( Z / bjk(z)z;(Dru)u dx)
jok=1"Br
holds, where R, = max{r; B, C Q}.

Proof. Note that

I'(r) = / |Dul? + VE[u|?dS a.e. r.
o

r

Lemma 2.1 and this identity imply (9). O
Since & - Du = x - D*T = i(x - V@) — (x - A)T, we have

Im(/r(x -Du)Vudr) = Re(/ (z - Va)VEudz) + Im(/ (z - Du)V'udz).

r r

Put
J(VRur) = / VR|u|2dS—"_2/ VEuf? de
o8By T JB,
1
(10) - [ @ Py,

o

By integration by parts we have

1
J(VE u;r) > —;/ QVE 4 2. VVE) " |u? d.
B,

Then from this observation and Lemma 2.2 we obtain the following estimate:

ey > =2

I(r)+2/ In - Du|*dS
0B,

1
(11) —;/ QVE 42 VVEY " |ul? dx

o

2
- ;/ (|2/[V*] + |=|B])| Dul[u| dz

B,

for a.e. r € (0, R,). To control the last two terms we need the following inequality.
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Lemma 2.3. Let W € K!°°(Q) and v € H]} (). Then there exists a constant
C(n) such that

12 [ Wl ds < Ot Wxa ([ DuPdo+t [ uas)

B, .

for B, C Q,,Q, C Q.
Proof. Since |u| € HL (), we know that

1
(13) / |W||U|2d$SC(R)T}(T;WXQO)(/ 1V [ul[2 do + £ / ful? dS)
B, B, r JoB,.

holds( [FGL]). Noting |V|u|| < |Du| a.e., we obtain the desired inequality. |

Lemma 2.4. There exists a constant v > 0 such that H(r) > 0 for every r €
(0,74) unless u=0 in B,,.

Proof. Note that the constant r, > 0 is determined by the condition n%(r) < %(n)
for r € (0,7.), where nfi(r) = n(r; (V)~) and C(n) is the constant in Lemma 2.3.
Since VF € K°¢(Q), the constant 7, > 0 satisfying this condition exists.

Suppose H(r,) = 0 for some r, € (0,7.). Noting a simple conputation yields
(14) I(r) = Re( / w7 dS) = Re( / (n- Duyads),
0B, o8,

we have I(r,) = 0. Since Lemma 2.3 implies

/T \Dul? dz — /T(VR)_|u|2dx
/ |Dul|? da — C(n)nf(ﬂ(@ +/ |Du|? dz),

B, .

I(r)

Y

(15)

Y

the choice of r, yields
1

(16) 0=1I(ry) > —/ | Dul? dx.
2 JB,,

Hence we obtain |Du(z)| =0 a.e. © € B,,. Since |V|u|| < |Dul a.e., |u| is constant
in B,,. H(r,) =0 implies |u| = 0 in B,,. The conclusion can be obtained by an
argument similar to the one in [Kul, Theorem 1.5]. O

Hence we may assume H(r) > 0 for every r € (0,7.).

Lemma 2.5. There exists an absolute constant Cy > 0 such that

(17) / \Dul dz < CoI(r)

for every r € T'={r € (0,r.); N(r) > 1}.

Proof. Since @ < I(r) for r € T, (15) implies

s O
/BT|Du| o < LG T ) < 310)

for all r € I'. This concludes the desired estimate. O
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Using (11) and Lemmas 2.3, 2.5 we obtain, for a.e. r € T,
o(r)

r

n—2

(18) I'(r) >

I(r) +2/ |n - Du|*dS — C—21(r),
0B,

O(r)n(r; 2V + 2 - V) 7) 4 (s (|| VI)*)Y2 + (s (j2]|B))*) 2.

On the other hand, we have the following identity:

(19) H'(r) = n; 1H(T) + 2Re(/aB u,udS), u,= ; - Vu.
Hence (14) and (19) imply
H(r) = ”; LG 12100,

(20) og T = 23k R
Therefore, for a.e. » € I' we obtain

N'(r) _ 1 I'tr) H'(r)

N(r) r I(r) H(r)

Jos, |n - Du|*dS I\ 00
> o 75)

(21) > —C’@.

In the last inequality we used Schwarz’s inequality. This differential inequality
yields the following growth estimate for N(r).

Theorem 2.1. (i) If [;° @ dr < 400 for some r, > 0, then
" 0(r)
(22) N(r) <max(1, N(r.)) exp(C - dr)
0

for every r € (0,75).
(ii)
In general, for each r1 € (0,r,) there exist constants C, L(r1) > 0 such that

L(ry)

(23) N(r) < s

for every r € (0,71/2).

This theorem implies Theorems 1.1 and 1.2 by a standard argument. For the
details see [Kul], [GL2].
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