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ABSTRACT. We show that every countably compact space which is monoton-
ically normal, almost 2-fully normal, radial T, or T3 with countable spread
is absolutely countably compact. For the first two mentioned properties, we
prove more general results not requiring countable compactness. We also prove
that every monotonically normal, orthocompact space is finitely fully normal.

1. INTRODUCTION

M. V. Matveev [13] defined a space X to be absolutely countably compact (acc)
provided for every open cover U of X and every dense D C X, there exists a finite
set F' C D such that St(F,U) = X. He noted that every compact space is acc, and
in the class of Th-spaces every acc space is countably compact. Several classes are
known wherein every countably compact space is absolutely countably compact.
For example, every countably compact space of countable tightness is acc [13], and
every countably compact, orthocompact space is acc [14].

In this paper we give four more classes of spaces in which countably compact
spaces are absolutely countably compact: the classes of monotonically normal
spaces (Theorem 1), almost 2-fully normal spaces (Theorem 3), radial Th-spaces
(Theorem 4), and T3-spaces having countable spread (Theorem 5) (this last result
follows immediately from two known results). Two of these results answer questions
from [14]. Still open is whether every normal, countably compact space is acc (see
[13, Question 1.12] and [14, Question 1.11]).

In E-mail correspondence with the authors, Matveev defined the following prop-
erty:

Definition 1 (M. Matveev). A space X has property (a) provided for every open
cover U of X and every dense D C X, there exists a set F' C D such that F is
discrete in X (i.e., F'is closed in X and a discrete subspace of X) and St(F,U) = X.

Clearly the motivation for property (a) is that every countably compact space
with property (a) is acc. Matveev raised the question: Does every monotonically
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normal space have property (a)? We give an affirmative answer to Matveev’s ques-
tion in Theorem 1, and we also show that almost 2-full normality implies (a). Radial
spaces, however, do not have property (a) in general.

We now give several more definitions used in this paper. For terms not defined,
see [9].

A space X is called radial (cf. [2, p. 42]) provided for every A C X and every
x € A, there exists a regular infinite cardinal x and a transfinite sequence f : Kk — A
such that f converges to x.

The Rg-closure ([1]) of a subset D of X is defined to be

[D]x, = {* € X : 3H € [D]* such that z € H}.

A Ti-space X is said to be monotonically normal if there is an operator H which
assigns to each ordered pair (A,U), where A is closed, U is open and A C U, an
open set H(A,U) such that

(MN1): AC H(A,U)C HAU)CU,
(MN2): if AC Band U CV, then H(A,U) C H(B,V),
(MN3): if H{z},U)N H({y},V) # 0, then either x € V ory € U.

Although not the original definition of monotone normality (see [11]) this defini-
tion is equivalent to the usual one [7]. We shall abuse notation and write H(xz,U)
for H({z},U).

A space X is said to be almost 2-fully normal [12] if for every open cover U of
X there is a refinement V of & (known as an almost 2-star refinement) such that
ifz € X and y, z € St(x,V) then there is U € U such that y,z € U. Van Douwen
[8, p. 84] referred to almost 2-full normality as “... the weakest known covering
property which implies collectionwise normality”.

A space X is said to have countable spread provided every discrete subspace of
X is at most countable.

2. TWO PROPERTIES IMPLYING (a)
The following answers Question 1.12 in [14].

Theorem 1. Monotonically normal spaces satisfy (a). In particular, every mono-
tonically normal, countably compact space is acc.

Our proof of Theorem 1 uses the following well-known result.

Theorem 2 (Z. Balogh and M. E. Rudin [4]). If X is monotonically normal and
U is an open cover of X, then there is a o-disjoint open partial refinement V of
U such that X \ UV is the union of a closed discrete collection Y of copies of
stationary subsets of reqular uncountable ordinals.

Proof of Theorem 1. Suppose that X is monotonically normal, I/ is an open cover
of X and D is a dense subset of X. Let H be a monotone normality operator for
X. Applying Theorem 2 we obtain a o-disjoint open partial refinement V of U such
that X \ UV is the union of a closed discrete collection ) of copies of stationary
subsets of regular uncountable ordinals. Say V = (J,.,, Vi where each V; is a disjoint
family of open sets each contained in a member of &/. We claim that it is sufficient
to prove that there is a discrete B C D such that Y C St(B,U) since then we
proceed as follows.
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Since monotonically normal spaces are countably paracompact, if we define V; =
UV, for i € w and V,, = St(B,U), there is a locally finite open cover of X, {WV; :
i < w}, such that W; C V;.

Let

P={GV):iew, VeV, VnWw,#0}
For each (i,V) € P choose d(i,V) € VNW,; N D. For a fixed i, E; = {d(i,V) :
(i,V) € P} is discrete in X (by the disjointness of ;) and therefore ' = (J,., Ei
is also discrete in X as a locally finite family of discrete sets in X. It is clear that
St(BU E,U) = X and the theorem is proved.

To prove the existence of the set B as claimed above we introduce the following
notation.

Definition 2. If Y C X, then we say that Y is OK if Y is closed in X and for
every neighborhood N of Y there is B C D N N such that B is discrete in X and
Y C St(B,U).

It is clear to see that it is sufficient to prove that (J) is OK. We prove this via
the following lemmas.

Lemma 1. Every union of a closed discrete family of OK sets in X is OK.

Proof. Suppose Y = J,, ., Yo where {Y,, : a < x} is closed and discrete in X, each
Y, is OK and N is an open neighborhood of Y in X. Since monotonically normal
spaces are collectionwise normal, for each & < k we can find an open N, C N such
that Y, C N, and {N, : a < s} is closed discrete in X. Since each Y, is OK, we
can find B, C N, N D such that B, is discrete in X and Y, C St(B,,U). Then
B =, Ba testifies to Y being OK. O

Lemma 2. IfY C X is closed and homeomorphic to a subset of an ordinal k, then
Y is OK.

Proof. Assume otherwise. Then there is a minimal s for which there is a non-OK
closed Y C X which is homeomorphic to a subset of x. By Lemma 1 and the
minimality of x, ¥ has uncountable cofinality and Y, identified with the required
homeomorphic subset of k with the order of k, is stationary in .

Before we complete the proof of Lemma 2 we need:

Lemma 3. If Z CY is OK and (closed and) unbounded in'Y, then'Y is OK.

Proof. Suppose we have such a Z. Then, if N is a neighborhood of Y, there is C' C
(NN D) which is discrete in X and such that Z C St(C,U). For y € (Y \ St(C,U)),
let

W, ={w e (Y \ St(C,U)) : there is no term of Z between y and w}.

Observe that W, = W, for all x € Wy and {W, : y € (Y \ St(C.U))} is a
closed discrete family of sets each of which is OK since Z is unbounded and &
is minimal. Hence, by Lemma 1, there is B C (N N D) which is discrete in X with
(Y\St(C,U)) C St(B,U). Then BUC testifies to the OKness of Y, and this proves
Lemma 3. (]

Returning to the proof of Lemma 2, let

Y'={yeY:yeSt{zeY :z>yhU}.
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For each y € Y* there is a minimal y* € Y with y* > y and y,y* € Uy for some
U, € U. Choose a closed unbounded Z C Y such that z € (Z NY™) implies
z* precedes the smallest element of Z greater than z. We use the fact that Y is
unbounded in k to construct Z. By Lemma 3, to prove Lemma 2 it suffices to prove
the following:

Lemma 4. 7 is OK.

ForyeY define Vy =H{z €Y :2 <y}, X\{zeY:z>y}). Forze Z\Y"
arbitrarily choose U, € U with z € U, (we have already chosen U, for z € Y*).

By induction, for each a < K, we choose z,, € Z and d, € DN N as follows. For
a<klet Dy, ={dsg: 0 <a}.

Let z, be the first point of Z \ St(Dy,U) unless Z C St(D,,U), in which case
take zo = zo9. Then,

(i): if zo € Y, choose do € DNN N (U, \ Vz,) N H(2%, Ver ),

(ii): if zo € Y™, choose d, € DNNNV, N H(24,H(20,U,)),

(iii): if @ > 0 and z, = 20, take d, = do.

Claim. D, is a subset of DN N such that Z C St(D,,U) and Dy, is discrete in X.

Once we have proved this claim we will have completed the proof of Lemma 4
and hence that of Lemma 2 also.

Certainly D,, C DNN. If Z € St(D,.,U) we have Z € St(D,,U) for any o < k.
However, then z, is always defined as the first point of Z not in St(D,,U) and
Za € St(Da41,U). Thus {z, : a < Kk} is a strictly increasing sequence in x with
Za > a in k and therefore every term of Z is in St(D,,U) for some «. Hence,
Z C St(D,,U), a contradiction.

To prove that D, is discrete, suppose on the contrary that ¢ < k is minimal for
D, to have a limit point z. By the minimality of ¢, ¢ is a limit ordinal and z, # zg
for all o with 0 < @ < 0.

Let A*={a<o:2, €Y} and A={a <0 :2z, & Y*}. Then z is either a
limit point of {dy : @ € A*} or of {dy : a € A}.

Case 1. x is a limit point of {d, : & € A*}. By our choice of Z, if @ <  in A*,
then z, < 2}, < 23 < zzg and thus V,, C V.. CV,, C VZE" Since dg € V., we have
that dg € V... Consequently, by the minimality of o, x ¢ V. for any o € A*.

Soifz €Y, then {2z, : & € A*} converges to x as « increases. This follows since
x ¢ V.. implies that 2 > 2} for all a and if lim(z,) = A < 2, then H(z, X \ {y €
Yy <A})NH(z,,V.:) =0 for each a (by (MN3)) contradicting = being a limit
point of {d, : o € A"} since d,, € H(2},V.:) for a € A*.

Now x € U for some U € U and hence there are a < 8 in A* with d, € U and
zg € U but this contradicts zg ¢ St(Dg,U). Thus z ¢ Y.

Hence there is a € A* with d, € H(z,X \'Y). However, d, is also contained in

H(z},V.:) and since 2}, € Y and = ¢ V.., this contradicts (MN3).

Case 2. x is a limit point of {dy : @ € A}. Thus, A is cofinal in o and, since
{za : a € A} is an increasing sequence in Z as « increases to o, it has a limit
A< k.

Suppose z € Y. Since do € V,_, for a € A, < A. This follows since otherwise,
Hxz, X\{yeY :y <A})NH(zq,Vz,) = 0 for each o which contradicts = being
a limit point of {d, : « € A}. If x = A, then the z, for a € A converge to z, and,
as in case (1), choosing a U € U with x € U, there are o <  in A with d, € U
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and zg € U, which again contradicts our choice of zg & St(Dg,U). So, z < A\. By
the minimality of o, if we let Y = {y € Y : z < y}, then z is a limit point of
{do : € A and z, € Y'}.

This defines Y’ in the case x € Y. If z € Y, then define Y/ =Y. In both cases x
is not in the interval Y’ of Y but z is a limit point of {d, : @ € A, z, € Y'}. Thus
we can choose o < §in A with 24,23 € Y and dy,dg € H(z, X \ Y’).

Since dy € U,,, this ensures that U,, C St(Dg,U) and thus zg € U, . Since zo &
Y™, 2o & St(2,U); 50 2o & U.,. Therefore, by (MN3), H(za,U.,)NH(25,U.,) =0
and z cannot belong to both. Say z & H(z4,U.,). But d, € H(z,X \'Y’) and
2o €Y', while dy € H(zw, H(24,U,,)) which again contradicts (MN3). The proof
of Lemma 4 is thus complete as is the proof of the theorem.

|

Theorem 3. Almost 2-fully normal spaces satisfy (a). In particular, every count-
ably compact almost 2-fully normal space is acc.

Proof. Let X be almost 2-fully normal and assume U is an open cover of X and
D is a dense subset of X. Let V be an almost 2-star refinement of /. Choose dj
arbitrarily in D and inductively choose d, € D such that d, & St({dg: 5 < a},V).
This process stops at some stage x and we have a set F' = {d, : « < k}. We claim
that F' is discrete in X and St(F,U) = X, and hence X satisfies (a).

To show F' is discrete take any point x € X and choose V € V such that x € V.
Assume for a contradiction that d,,dg € V for 8 < a. However this contradicts
the choice of do & St({ds : 6 < a},V).

It is clear from the construction of F' that D C St(F,V) since otherwise we
could have continued the choice of the d, further. Take x € X. Then z € V
for some V € V. Since D is dense there is some d € D NV. Choose d, € F
such that d € St(d,,V). We therefore have z,d, € St(d,V) and by almost 2-full
normality, there is U € U such that x,d, € U. Consequently we have proved that
X = St(F,U). |

3. OTHER PROPERTIES
The following result answers Question 1.13 in [14].

Theorem 4. FEvery countably compact, radial Ts-space is absolutely countably com-
pact.

Proof. Let X be a countably compact, radial To-space. If X is not acc, then there
exists an open cover U and a dense set D such that for every countable FF C D, we
have St(F,U) # X. First we note for any Y C X there exists a finite F C Y such
that Y C St(F,U) (in the case Y = X, we have the characterization of countable
compactness that motivated the definition of acc (see [9, 3.12.23(d)] and [13])). In
particular, there exists a finite set F' C [D]y, such that [D]x, C St(F,U). It follows
(as in the proof of [13, Theorem 1.8]) that there exists a countable G C D such
that [D]x, € St(G,U). Now we construct, by induction, points z,, € X and sets
U, € U satisfying the following conditions:

(1): x, € Uy,

(if): @ ¢ SUG,U)UU, ., U;.
Let = be a complete accumulation point of the infinite set (x,). Clearly z # z,
for all n; so by T» there exists an open set V;, such that x,, € V,, and x ¢ V,.
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Since z is a limit point of {x,, : n < w} and D is dense, we have that z is in the
closure of Y = J,,,, (VN D). Since X is radial, there exists a transfinite sequence
f kK — Y such that f converges to x. We claim that k¥ = w: If not, then put
An = {a < k: f(a) € V,}. Since & is regular uncountable, there exists n < w
such that |A,| = k. Since f converges to x, every neighborhood of = contains the
image under f of a final segment of x; hence of A,. But this is impossible since
f(A,) CV, and x ¢ V,,. Thus k = w, and therefore z € [D]x, C St(G,U). Thus
St(G,U) is an open neighborhood of z which does not contain any x,,, contradicting
the fact that x is an accumulation point of the x,,. O

A standard example of a countably compact space that is not acc is the product
of ordinals w; x (w; -+ 1) [13]. This space is known, and easily shown, to be
pseudoradial (even semi-radial [6], and R-monolithic [5]). Thus the hypothesis of
“radial” in the preceding theorem cannot be weakened to “pseudoradial”.

We conclude our discussion of radial spaces by noting that there exists a pseudo-
compact radial space which does not have property (a). The space is ¥U(.A) where
A is an infinite maximal almost disjoint family of infinite subsets of w [9, 3.6.1(a)]
(this example was also noted by Matveev). To prove that ¥(A) does not satisfy
property (a), pick distinct A,, € A for n € w, and take D = w and

U={(Ap\n)U{z4, } newlU{AU{za}: A€ Aand A # A,Vn € w} Uw.

If E C w is closed discrete, then FE is finite, and thus there exists n € w such
that (A, \ n) N E = 0. Hence the point x4, & St(E,U). The space ¥(A) is first
countable (hence radial).

We end this section with

Theorem 5. FEvery countably compact T5-space with countable spread is acc.

This follows immediately from two known results. A. Arhangel’skii [3, Corol-
lary 3] proved that every countably compact T3-space with countable spread has
countable tightness, and Matveev [13, Theorem 1.8] proved that every countably
compact space with countable tightness is acc.

4. RELATIONS BETWEEN SEVERAL OF THESE PROPERTIES

It is well known that generalized ordered spaces (GO-spaces) are monotonically
normal [11] (thus satisfy (a)), orthocompact [10, 5.23 and p. 190], almost 2-fully
normal [12], and radial. These properties provide five reasons why countably com-
pact GO-spaces are acc. Figure 1 indicates all the implications that hold between
pairs of these six properties (examples to show that in general no other implications
that hold can be found readily in the literature).

Theorem 6 below gives a relation among three of these properties.

Definition 3 ([12]). A space X is said to be finitely fully normal if for every open
cover U of X there is an open refinement V of U such that if x € X and V; is a
finite subcollection of V with x € [V, then there is a U € U such that |JVy C U.

Theorem 6. A monotonically normal, orthocompact space is finitely fully normal
(and therefore, in particular, almost 2-fully normal).

Proof. Let H be an MN operator for X. Assume U is an open cover of X. By
orthocompactness, there exists an open refinement W of U such that for each z € X,
the set W, = ({{W € W:x € W} is open. Note that, if x € W,,, then W, C W,,.
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MN A2FN orthocompact radial
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Let V = {H(z,W;) : x € X}. We claim that V testifies to the fact that X is finitely
fully normal.

Assume x € H(z;, W.,) for i <n. By (MN3), for all i, j < n, either z; € W, or
z;j € W, and therefore either W, C W, or W, C W.,. Consequently, {W., :i <
n} is linearly ordered by inclusion and hence there is j < n such that W, C W,
for all © < n. Since W refines U there is U € U with W,, € U and therefore
U{H(z,W,,):i<n} CU. O

FIGURE 1

We do not know if the conclusion of the preceding theorem can be strengthened
to Ng-fully normal. The ordinal space w; is a GO-space that is not N;-fully normal
(see [12]).

The authors wish to thank Michael Matveev for sharing his ideas with them, in
particular the definition of property (a).
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