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ABSTRACT. We give a new proof of a weak Paley-Wiener theorem for nilpotent
Lie groups due to Lipsman and Rosenberg and we introduce a general notion
of Q.U.P for any unimodular locally compact group.

0. INTRODUCTION

0.0. Let G be a locally compact group equipped with left Haar measure m. G
will denote the dual of G (i.e. a maximal set of pairwise disjoint inequivalent
continuous irreducible unitary representations of G). The Fourier transform f of a
L'(G) function f is defined by:

f(m) = n(f) = /G f@r(@)dm(z), el

If f, g are measurable functions on G, we define their convolution f * g by

fglz) = /G gl x) dm(y)

whenever the integral exists.
For a function f on G, let

fr@)=f@"), 2€gG,

and

S =F@y), fo(y) =flya™h), zyed.

For f in LY(G), let Af = {z € G; f(x) # 0} and By = {7 € G; f(r) £ 0}

In 1973, Matolcsi and Sziics [Mat,Szu] showed that if G is a locally compact
abelian group, then with notation as above, m(A;)m(By) < 1 implies f = 0 almost
everywhere (here m is the Haar measure on the dual group @, normalized so that
the Plancherel identity is valid). In a 1974 preprint (which was published much
later), Benedicks [Ben] showed that for f € LY(R"), m(As)m(By) < oo implies
f =0 almost everywhere, and in 1977 Amrein and Berthier [Amr,Ber] reached the
same conclusion using Hilbert space techniques.
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1072 DIDIER ARNAL AND JEAN LUDWIG

0.1. Now let G be a unimodular group of type I. Then there exists a measure m
on G such that

20N o T2(AN @ .
L2(G) ~ I2(G) = /A Endy (M) diin(r),
G

i.e. the Fourier transform f +— f may be extended to L?(G) to furnish an isometric
isomorphism between L?(G) and the space L2(§) of the measurable fields h : 7 +—
h(m), with h(7) in Ends(H-) and [z [|h(7)]|3 din(r) < co.

Here Endz(H) denotes the space of the Hilbert-Schmidt operators on the Hilbert
space H and ||T'||2 is the Hilbert-Schmidt norm

ITI3=>_ITéul3, T € Enda(H),
k

where {¢r} is any orthonormal basis of H.

If E C G is a measurable subset, we define p(F) according to Hogan (see [Hog])
by

u(E):/E(dimH,T)dm(ﬂ').

In [Hog], a unimodular locally compact group G of type I is said to satisfy the
qualitative uncertainty principle (Q.U.P.) if, for each f € L?(G),

m(Ay) < m(G) and u(By) < u(G) = f =0 m-ae.

It is shown in [Hog], Theorem 2.2, that any unimodular type I group with noncom-
pact identity component satisfies the Q.U.P.

0.2.  The condition p(By) < oo implies that for almost all 7 € By, dim(H,) < oo,
which is rather restrictive, and that

(0.2.1) /érank(n’(f))dﬁz(ﬂ') < 0,

where rank(7(f)) = dim(image(m(f))).
In this paper, we replace the condition p(Bf) < oo by the condition (0.2.1).
More precisely, we define for f in L?(G) N L*(G) the number o(f) by

(0.2.2) o(f) = [ rank(rr(£)) diin(m),

G

and we say that a locally compact unimodular type I group G satisfies (Q.U.P.) if
for any function f € L?(G),

(0.2.3) m(Ay) <m(G) and o(f) <oco=f=0 m-a.e.

There is a third less restrictive candidate in the literature for the second inequality
in the definition of Q.U.P., namely

T?L(Bf) < 00.

But this last definition leads to very difficult still unsolved problems (see §1.6).
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0.3. In the first section, we prove that the property o(f) < oo is equivalent to
the existence of an h € L?(G) such that h = h* and h * f = f (Proposition 1.1).
In fact, for a unimodular group G “many” functions f in L?(G) with the property
(f) < oo do exist (Theorem 1.4). We show then that any unimodular type I
group G, which contains a closed noncompact connected subset satisfies (Q.U.P.)
(see Theorem 1.3). The proof of this theorem is of course an adaptation of the
proofs in [Amr,Ber| (as in [Hog]).

We conclude section 1 with another type of weak Q.U.P. property for some
particular group (Theorem 1.8).

0.4. We say that a locally compact unimodular type I group G has the weak
Paley-Wiener property, if any distribution 7" on G with compact support, whose
Fourier transform vanishes on a subset of positive Plancherel measure, must be 0.

Recently, Ronald L. Lipsman and Jonathan Rosenberg have shown that nilpotent
Lie groups have the weak Paley-Wiener property (see [Lip,Ros]). We shall present
in our second section a different proof of this result, based on the notion of adapted
Fourier transform (§2.2).

1. Q.U.P. FOR UNIMODULAR GROUPS
a. A general Q.U.P.

1.1. Proposition. Let G be a locally compact unimodular group of type 1. Let f
be in L*(G)NLY(G). Then the number 0(f) = [z rank(x(f)) din(w) is finite if and
only if there exists h = h* in L*(Q), such that h* f = f.

Proof. Suppose that o(f) is finite. Then rank(w(f)) must be finite for almost all
7. Hence image(w(f = f*)) = image(n(f)), m-a.e. in G. Let hg = f * f* and for
kin N, let hy = (hg— 1)1/2, where we consider hy as an element of the C*-algebra
C*(G) of G. The limit h = limy_ o hj exists in the von Neumann algebra Vn(G)
of G and its Fourier transform £ is given for almost all 7 in G by

() = T () = lim (n(he1))" = H(),

where H(7) is the orthogonal projection onto the image of (f).

The field of operators H : 7 +— H(w) € End(H,) is measurable and is of course
contained in the von Neumann algebra of the decomposable operators on LQ(@)
(see [Dix(1)], 18.8). Furthermore, since

/Atr(H(w)2)dm(7r):/Arank(w(f))drh(w) < o0,
G

G

we see that H belongs to L%(G) and so h to L2(G). Since H(r) o w(f) = x(f) for
almost all 7 € G, we have that h* f = f.

Conversely, suppose that h * f = f , for some h = h* in L?(G). Then since
h(r) o f(r) = m(f) for almost all 7 in G, it follows that image(w(f)) is contained
in the eigenspace of h(7) for the eigenvalue 1. Hence rank(w(f)) < tr(h(r)?) and

o(f) = /érank(ﬂ(f))dm(ﬂ) < /@tr(ﬁ(ﬂ)z)dﬁl(ﬂ) = [|hll3 < oo. O

The following lemma can also be found in a slightly different form in [Hog].
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1.2. Lemma. Let G be a unimodular locally compact group which contains a closed
noncompact connected subset. Let V. C W be two measurable subsets of G, such
that 0 £ m(V), m(W) < oo. Then for any € > 0, there exists x € G, such that

mV)=2e<m(V-znW)<m(V) —e.

Proof. Clearly the connected component of the identity G is not compact. Denot-
ing the characteristic function of a subset A of G by 14, we have for xz in G,

m(V o0 W) = [ 1)l @) dm(y) = (1) * L (@),
€]

The functions (1y)* and 1y are in L*(G) and so ¢ = (1y)* x 1y is a continuous

function which vanishes at infinity. This tells us, that limg,5.—00 ¢(x) = 0. Since

Gy is connected, the image of the restriction of ¢ to Gy contains the connected

subset |0, m(V)[ of R. O

1.3. Theorem. Let G be a locally compact unimodular group containing a closed
noncompact connected subset. Let f be in L*(G) such that m(Af) < m(G) and
such that there exists h in L*(G) with h+ f = f. Then f =0 m-a.e.

Proof. Suppose that f # 0. We observe that for any x € G, h* f, = f..
Now let C' = suppf = Af and let ¢y = e, the identity element of G. Using

Lemma 1.2 we can easily find a sequence g, z1,..., in G, such that
1
(131) m(C)— 2]6_—1 <m(0'$kﬂ0k_1) <m(C)— 2—k, kGN,

where for k > 1, Cp_1 = Uf:_ol C-xz;DC.
Let Coo = Uz Ck- We have that

m(Ciy1) =m(Cr UC - xp11) = m(Ck) + m(C - x4+1\Ch)
1

by (1.3.1) and the identity m(C - z) = m(C) for all z in G. Hence, m(Ci41) <
m(C) + % &, for all k in N and so m(Cs) < 0.
Let ¢ = 1¢_, and consider the operator K : L?(G) — L*(G), g — ¢-h*g. Since

K(Q)(%)=¢(£)Lh(y)g(y‘lz) dm(y)zéé(z)h(xy‘l)g(y)dm(y)7

K is a kernel operator with kernel function: (z,y) — ¢(z)h(xy~!). But this kernel
function is in L?(G x @) and thus K is a Hilbert-Schmidt operator and hence is
compact.

We have that suppfs, = C - xr C Cs. Whence the functions f,, are all eigen-
vectors of K for the eigenvalue 1. On the other hand, again by (1.3.1),

k—1
m(supp fz,\ | suppfa,) # 0.
=0

The functions f,, are thus all linearly independent in L?(G) and so the compact
operator K has an eigenspace of infinite dimension, which is impossible. We see
that f must be the zero function in L?(G). |
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1.4. If G is unimodular, it is easy to construct by the method of [Dix(2)] elements
h, f in L?(G) such that h # 0 and h x f = f.

1.4. Theorem. Let G be a locally compact unimodular group. The functions f in
L?(G) such that there exists h = h* in L?(G) so that h f = f are dense in L*(G).

Proof. Indeed, let g = g* in LY(G)n LQ(G) Define for A € R, e(i\g) by

e(iNg) =iAg + = (z)\g) (z/\g . Z (iALy) " (iNg)

where L, denotes the selfadjoint operator Ly(k) = gk on L?(G). Let q()\) be the
function @7':_1 for A in R. Then the operator ZJ 17 L(iALg)T ™ is q{Ly} in the
sense of functional calculus and its norm || 3772, il (z)\L Y71 |op is less than ||¢||co-
Whence:

e(idg) € IX(G) and [le(idg)ll> < lgllallallo(l + A, VA € R.

For any function ¢ in C3(R), with compact support, such that ¢(0) = 0, we have
lo(\)||le(irg)|]2 < C(1 + |A|)~2 for some contant C' independent of A and so the
integral

oa} = 5= [ GNelida) d
converges in L?(G). Furthermore we have

(1.4.1) ¢{g} xk = p{L,}(k), ke L*(G).

Indeed, e(iAg) *k = (exp(Lirg) —1)(k) and || exp(Lirg)|lop = 1, for all X in R, hence
for any character p of the (abelian) C*-algebra generated by Ly, we have

(/ SNe(Lirg cu) [ SOV expixulLy) ix = 2m0(u(L,),

by Fourier’s inversion formula.
Choose now O3 functions ¢, ¢ : R — R such that ¢ and ¢ vanish on a neigh-
bourhood of 0 and such that ¢ = . Let

h= /R d(N)exp(irg)dr,  f= / )exp(idg) d\ € L2(Q).

Then h f 4k = 6{Ly} o p{Ly} (k) = 0p{ Ly (k) = {Ly} (k) = f + b, for all k in
L?(G). Whence hx f = f. In order to prove density, let k be any element in L?(G)

and let ¢ > 0. Choose g = g* in L!(G) continuous with compact support, such
that ||g||; = 1 and ||g®* x k — k||2 < e. Take a function ¢ in C3(R) with ¢g(t) = t3
in a neighbourhood of | — 1,1[. Then o{g} = ¢*3. Choose ¢ in C*(R) so that
[l — @olleo < € and so that ¢ vanishes in a neighbourhood of 0. Then

lpfa} k= g% xkll2 = lo{g} = k — wo{g} * kll2 = [ (P{Lg} — wo{Lg})(K)l|2
< llefLg} — eo{Lg}lopllllz < llo = olloocllkll2 < llk]l2-
Let f = p{g}, f is in L*(G). We then have
|f*k—kla<(1+|Kkl2)e, hxfxk=fxk, for h=¢{g}cL*Q). O
1.5. Corollary. Let G be a unimodular group containing a closed noncompact con-

nected subset. Let f = f* be in L?>(G) N LY (G) and let ¢ be in C3(R) which is zero
in a neighbourhood of 0. If m(Ay(yy) is finite, then @{f} = 0.
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The proof is an immediate consequence of Theorem 1.3 and the proof of Theo-
rem 1.4.

b. A weak Q.U.P. for special groups.
1.6. Let G be a connected simply connected nilpotent Lie group. The problem
whether for such groups the condition f € L*(G), m(A)m(By) < oo implies f =0
is still not settled, not even in low dimensions except for some special Heisenberg
type groups (see [Ech,Kan,Kum]). Nevertheless, we shall close this section with a
weaker result, for a relatively larger class of groups.

From now on, G is a locally compact group containing a nontrivial central vector
group Z. Every m in G restricts on Z to a character x.
1.7. Definition. We say that a subset B of G is bounded in Z , if there exists a
bounded subset By in Z such that for every 7 in B, xr is in By.

We shall prove here the vanishing of any function f in L?(G), such that m(Ay) <
oo and By bounded in Z. This requirement on f is clearly stronger than the

condition m(Ay)m(By) < oo, thus we say that Theorem 1.8 is a weak Q.U.P. for
G.

1.8. Theorem. Let G be a unimodular amenable separable group containing a

nontrivial central vector group Z. Let f be in L*(G) such that m(Ay) < oo and
such that By is bounded in Z. Then f = 0.

Proof. Since, for any g in L*(G),
/G o(z) dm(z) = /G K /Z o(2) dmz (2)) dme,z (x),

it follows from Fubini’s theorem, that for almost every x in G, the function z —
of1z(2) == f(xz) is in L?(Z) and A(.fz) is of bounded Lebesgue measure. The

fact that By is bounded in A implies that there exists a bounded subset By in A ,
such that By C {7 € G; x» € Bo}. Let

Gp, = {m € G, such that y, ¢ Bo}.

Then égo has empty intersection with By. Fix now x in 2\30 and let p = indg X-
Since G is amenable, the kernel of p in C*(G) is the intersection of all the kerc. gy ™
for which xr = x. It follows that f is in kerg-(q) p, i.e. p(f) = 0. The kernel of p
in L1(G) is also given by

keryi gy p ={g € L' (G);for almost every z € G,

29|z € Ll(Z) and (rg|Z)A(X) =0}
(see [Lud]). Hence for almost all = in G, (. f],)"(x) = 0. If we choose a countable
dense subset S in Z \ By, then we see that there exists a null set A/ in G, such that
(i) for every z ¢ N, the function . f|z is in L?(Z),
(ii) the support of , f|z is of bounded Haar measure and
(ii)) (2fiz)"(x) = 0 for all x in S, hence for all x in Z\By.
Thus for any = ¢ N, (. fz)" has its support contained in the bounded subset

Bo, it is in LQ(E ) and its Fourier transform , f|z vanishes on a subset of positive
Lebesgue measure, since m(A_ ) < co. Whence Q.U.P. for the abelian group Z
tells us that . fjz = 0, for all ¢ N. Finally f = 0. |
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2. A WEAK PALEY-WIENER PROPERTY FOR NILPOTENT LIE GROUPS

2.0. Let G be a nilpotent Lie group and let T" be a distribution on G with compact
support. For any f in the Schwartz space S(G) of the rapidly decreasing C°
functions on G, the function T « f, defined by T * f(z) = (T, 1.(f)) (z € G), where
f(x) = f(z™1), is also in S(G) and f + T * f defines a continuous endomorphism
of S(G). We can define for 7 in @ the operator m(T") which acts on the space H°
of the C'*°-vectors of H, in the following way.

By a result of Howe (see [Cor,Gre] 4.2.1), the convolution algebra S(G) acts
algebraically irreducibly on H2° and so it is easy to see that

m(T)(x(f)§) :==m(Tx f)§,  f€8(G),§ € Han,
is well defined and that 7(7") is even a continuous linear endomorphism of H>°. We
can thus define the Fourier transform T of T by setting 7'(7) = m(T) in End(H®),
7 in G.

Lipsman and Rosenberg ([Lip,Ros]) have recently proved a conjecture of Moss
(see [Mos]), which said that if 7' vanishes on a subset of positive Plancherel measure,
then T' = 0. Recently a new proof of this result has appeared in a preprint of G.
Garimella (see [Gar]). We shall present here another proof of this conjecture which
is based on the notion of the adapted Fourier transform (see [Arn,Cor|, [Arn,Gut]
and [Lud,Zah]). Let us recall that Kirillov’s theory allows us to identify G with
the space g*/G of the coadjoint orbits of G on the dual vector space g* of the Lie
algebra g of G. Denote by K the Kirillov mapping

K:g/G—G, l—m=K(Ad(G)).

The relation between Q = Ad"(G)l and 7 = K(Q) is given by Kirillov’s character
formula

(201) t(r(7) = [ (7 oexp) (€ du)
for any f in S(G), where du denotes the G-invariant Kirillov measure on 2.

2.1. Pukanszky has given the following description of the orbit space g*/G. Let
B = {q1,...,qn} be a Jordan-Holder basis of the g-module g*. There exists a
family of r polynomial functions pg, 1 < k < r, on g* and for every j in {1,...,r}
an index set e; = {i1(4),...,4q¢;)(J)} C {1,...,n} with the following property:
Let g5 = {l € g";;(l) = ... = pj—1(l) = 0, p;(I) # 0} (j = 1,...,7) (here
po = 0). The substs g} form a G-invariant partition of g*. There exists for every j
a family of functions pJ,...,pl on g; x R?U) which are polynomials in Z € R%()
with rational coefficients in [ € g; and the denominators of these rational functions
in [ are powers of p;. These pg, 1=1,2,..., have the following properties:
(i) pfﬂ(l, (#1,..+,24(j))) does only depend on I and on 21, ..., 2z, where i/ (j) <
k‘< i1 (4)-
(i) pi, = 26,k =1,...,d(j),ix € ¢;.
(iii) Ad*(G)l ={P(l,2) := Y 4o P, 2)a, 2 € RY} T € g
Now let d = d(1), e = ey = {i1,...,ia} and let U =} ., Rg; and V1 =V Ngj.
Then for any | € Uy we have [ = P'(I,0) and the mapping

0, — g} /G, I — Ad*(G)P'(1,0)
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is a bijection. In particular 20, is Zariski-open in U, Gy = K(g;/G) C G carries
the Plancherel measure and there exists a polynomial function @ on U such that
the measure |Q|dl corresponds to the Plancherel measure on G under the bijection
Y, — @1 2l — 7. In fact for any measurable function ¢ on g*, we have

(2.1.1) /g (1) dl = /m (/Rd(l) gb(Pl(l,Z))dZ) Q)] di.

2.2.  Let us now define the adapted Fourier transform (see [Lud,Zah]).
There exists a G-invariant Zariski-open subset gg of g7 and a continuous function

a:Gxg;—R, (z,1) — a(x,l) = Zaa

which is polynomial in x € G with rational coefficients a, = Q—g, whose common

denominator Q¢ does not vanish on g and which replaces the usual bracket (I, x)
on g* x g, i.e., if we define the adapted Fourier transform f® of an L!(G)-function

J by
z/ f(a:)e_ia(m’l)dm(x), legp,
G

then f is a continuous bounded function on g¥ and, for any 7 = K(Ad*(G)) in
Go = K(g/@G), for any C*°-function f with compact support, we have

(2.2.1) tr(w(f) om(f)*) = /Ad*(G)l |F4(€)1* dpa(€),

where dy is as in (2.0.1). Formula (2.2.1) allows us to deduce from f* = 0 on
Ad*(G)l that 7(f) = 0, whereas f(Ad*(G)l) = 0 generally does not imply the
vanishing of 7(f) (see [Lud]).

2.3.  We shall give now a new proof of theorem 2.16 in [Lip,Ros]. We need first a
technical result on analytic functions, for which we could not find a reference.

2.3 Lemma. LetU be an open connected subset of R™, let f : U — C be an analytic
function. If f vanishes on a subset of positive Lebesgue measure, then f = 0.

Proof. (Induction on n) The lemma is of course trivial for n = 1. Suppose now
n > 1. LetN—{xEL{ f(z) = 0}. Choose a box V = [a,b] x V in U such that
Jy In(y) dy # 0. Fubini’s theorem implies that [i-1n(y1,7)dy # 0 for all y; in a
subset I of positive Lebesgue measure in [a, b]. For such a yp, the analytic function
¥ — f(y1,7) vanishes on a set of positive Lebesgue measure and so must be 0 by
the induction hypothesis. Hence f(y1,7) = 0 for any y; in I, for every 3 in V.
Since 1 is of positive Lebesgue measure, we see that f is identically zero on V. O

2.4 Theorem. Let G be a connected simply connected mlpotent Lie group. Let T
be a distribution on G with compact support such that T vanishes in G on a subset
of positive Plancherel measure. Then T = 0.

~

Proof. Let 20’ be a measurable subset of positive Plancherel measure in G on
which 7' vanishes. Let 20 = {I € V;;m € 20}, Since the Plancherel measure is
concentrated on K(g§/G), and since it corresponds to |@Q| times Lebesgue measure
on U1, we see that 27 is of positive Lebesgue measure and so W = Ad*(G)20 is of
positive Lebesgue measure in g* by (2.1.1).
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Let g be any C*° function with compact support on G and let f =T % g. The
function f is itself a C'*° function whose support is contained in supp1 - supp g,
whence is compact. Since 7(f) = (T % g) = =(T) o 7(g), for any 7 in G, we
see that f vanishes on a set which contains 20’. If we show that f = 0, then
(T,g) =T *g(e) =0, and so T must be 0.

In order to prove that f = 0, we consider g§ C gjc = {€ € 9&;Qo(€) # 0}. It is
easy to see that g is pathwise connected and so is connected. Since the support
of f is compact, the integral

Fo(©) = [ pape e as

exists for any ¢ in g{j and the function f“ is even holomorphic on g, indeed, for
any &, 7 in goc,

d d .
Efa(f + Z77)|z:0 = L <—iaa($,§ + zn)z_o) f(x)e—“l(iaﬁ) dx

does exist and is continuous in €. Since f vanishes on 20’, we have m;(f) = 0 for
any [ in 20 and so by (2.2.1) f“ is 0 on W, which is of positive Lebesgue measure.
Hence, by Lemma 2.3, the holomorphic function f @ is identically 0 in g, since ggc
is connected.

Thus f vanishes on K (g5/G) which is dense in G. The injectivity of the Fourier

transform implies that f = 0. O
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