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ON QUASISPECTRAL MAXIMAL SUBSPACES

OF A CLASS OF VOLTERRA-TYPE OPERATORS
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(Communicated by Palle E. T. Jorgensen)

Abstract. The concept of quasispectral maximal subspaces for quasinilpotent
(but not nilpotent) operators was introduced by M. Omladič in 1984. As an ap-
plication a class of quasinilpotent operators on Lp-spaces, close to the Volterra
kernel operator, was studied. In the present Banach function space setting we
determine all quasispectral maximal subspaces of analogues of such operators
and prove that these subspaces are all the invariant bands. An example is
given showing that (in general) they are not all the closed, invariant ideals of
the operator.

1. Introduction

In the paper [1] the following notions of local quasispectral radius and quasi-
spectral maximal subspaces are introduced. Denote by B(X) the algebra of all
bounded operators acting on a non-trivial complex Banach space X . Suppose that
T ∈ B(X) is not nilpotent. For any x ∈ X , the local quasispectral radius is defined
by

rT (x) = lim sup
n→∞

(‖T nx‖
‖T n‖

)1/n

.

Let Y be a closed subspace of X , invariant under T . We denote by T n|Y the
restriction of T n to Y . Define

rT (Y ) = lim sup
n→∞

(‖T n|Y ‖
‖T n‖

)1/n

.

It is proved in [1, proposition 2.3] that

rT (Y ) = sup{rT (y) : y ∈ Y } .
A closed subspace Y of X , invariant under T , is said to be a quasispectral maximal
subspace of T if for every closed subspace Z of X , invariant under T as well, we
have Z ⊆ Y whenever rT (Z) ≤ rT (Y ).

For any a ∈ [0, 1], define

XT (a) = {x ∈ X : rT (x) ≤ a} .
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It is shown in [1, theorem 3.1] that XT (a) is a quasispectral maximal subspace of
T whenever it is closed.

In [1] the definition of quasispectral maximal subspaces was applied to a class
of quasinilpotent operators on Lp-spaces, close to the Volterra kernel operator. We
reduce the number of assumptions, improve the proof of the main result (theorem
4.4) in [1], and extend the theorem to Banach function spaces. If such an operator
is injective, we determine all its quasispectral maximal subspaces. We also prove
that these subspaces are precisely the family of all invariant bands. An example
shows that in general they are not all the invariant, closed ideals. For the theory
of Banach function spaces and Banach lattices we refer the reader to [4] (for the
theory of Banach lattices only, see also [3]). We will recall some of the relevant
facts.

Let µ be a σ-finite positive measure on a σ-algebra Σ of subsets of a non-void
set E. Let M(E, µ) be the vector space of all equivalence classes of complex Σ-
measurable functions on E. A Banach lattice L is called a Banach function space if
it is an ideal of M(E, µ), i.e., f ∈ L, g ∈ M(E, µ), and |g| ≤ |f | imply that g ∈ L.
An ideal I of a Banach function space L is a band if for any subset A ⊂ I of real
functions with supA ∈ L we have supA ∈ I. Recall that bands are necessarily
closed subspaces.

We will always assume that E is the carrier of L, that is, there is no subset F of
E of positive measure with the property that f = 0 a.e. on F for all f ∈ L (see [4]).
By L′ we denote the associate space (also called the Köthe dual) of all g ∈M(E, µ)
such that

φ(f) =

∫
E

f(t) g(t) dµ(t)

defines a bounded linear functional φ on L. The space L′ is also a Banach function
space with respect to the associate norm ‖ · ‖′ defined by

‖g‖′ = sup

{∫
E

|f(t) g(t)| dµ(t) : ‖f‖ ≤ 1

}
,

and it may be considered as a closed subspace of the dual Banach lattice L∗. Clearly,
we have ∫

E

|f(t) g(t)| dµ(t) ≤ ‖f‖ ‖g‖′

for every f ∈ L and every g ∈ L′.
We proceed to define the operator that is studied in this paper. Let φ : E → [0, 1]

be a function such that the set Et = {s ∈ E : φ(s) ≤ φ(t)} is measurable for every
t ∈ E. It is easy to verify that the function φ is measurable. We assume further
that

µ({s ∈ E : φ(s) = φ(t)}) = 0(1)

for every t ∈ E.
Let u ∈ L and v ∈ L′ be strictly positive functions. Note that such functions

always exist. Indeed, by [4, theorem 86.2] there exists a sequence En ↑ E such that
0 < µ(En) <∞ and χEn ∈ L for all n. It follows that the function u defined by

u =

∞∑
n=1

1

2n ‖χEn‖
χEn
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belongs to L and is strictly positive, i.e., u(t) > 0 almost everywhere on E.
Define the operator V on the Banach function space L by

(V f)(t) = u(t)

∫
Et

f(s) v(s) dµ(s) = u(t)

∫
φ(s)<φ(t)

f(s) v(s) dµ(s) ,

for every f ∈ L and for almost all t ∈ E. Since |V f |(t) ≤ u(t) ‖f‖ ‖v χEt‖′ ≤
u(t) ‖f‖ ‖v‖′, we conclude that ‖V f‖ ≤ ‖f‖ ‖v‖′ ‖u‖ for all f ∈ L, and hence
‖V ‖ ≤ ‖v‖′ ‖u‖. Therefore, the operator V is well-defined and bounded.

We conclude this section by showing that we can restrict our attention to the
case when µ(E) = 1 and u = v = e, where e denotes the measurable function
identically equal to 1. First, since the number c =

∫
E
uv dµ belongs to (0,∞) and

since we shall consider only invariant subspaces of V , we replace u by (1/c)u, so that∫
E uv dµ = 1. Consequently, if m is the measure on Σ defined by m(A) =

∫
A uv dµ,

then m(E) = 1. It is also clear that m is equivalent with µ, i.e., m(A) = 0 if and
only if µ(A) = 0. Hence M(E,m) = M(E, µ). Let us now define a Banach function
space Lm ⊆M(E,m) so that the map L→ Lm defined by f → f/u is an isometric
isomorphism of Banach lattices. In view of this isomorphism the operator Vm on
Lm defined by

(Vmf)(t) =

∫
Et

f(s) dm(s) ,

for every f ∈ Lm and for almost all t ∈ E, corresponds to V . Let L′m be the
associate space of Lm with respect to the measure m. It is easy to check that the
map L′ → L′m defined by g → g/v is an isometric isomorphism of Banach lattices.
Evidently, e ∈ Lm ∩L′m, i.e., L∞(E,m) is a subspace of both Lm and L′m. For the
remainder of this paper we can therefore assume that µ(E) = 1 and u = v = e.

2. Auxiliary results

For each t ∈ E define ψ(t) = µ(Et) and Ft = {s ∈ E : ψ(s) ≤ ψ(t)}. We
assume from now on that {Ft : t ∈ E} ⊆ Σ. It is clear from the proof of the next
proposition that this hypothesis is satisfied if the measure µ is complete.

Proposition 2.1. For each t ∈ E the set Ft contains Et and µ(Ft − Et) = 0. In
particular, µ(Ft) = ψ(t). Furthermore, the function ψ is measurable and

µ({s ∈ E : ψ(s) = ψ(t)}) = 0(2)

for every t ∈ E.

Proof. Since φ(s) ≤ φ(t) implies ψ(s) ≤ ψ(t), we have Et ⊆ Ft. Fix t ∈ E. Set
a = sup{φ(s) : ψ(s) = ψ(t)}, and choose a sequence {sn} in E such that the
sequence {φ(sn)} increases to a and such that φ(sn) ≥ φ(t) for all n. (If φ(s) = a
for some s ∈ E, then define sn = s.) It is clear that Et ⊆ Esn . Also, ψ(t) = ψ(sn)
by the definition of a, so that µ(Et) = µ(Esn). Hence, µ(Esn − Et) = 0, and so
µ(
⋃∞
n=1Esn −Et) = 0. For the proof of the first assertion it is therefore enough to

show that Ft ⊆
⋃∞
n=1Esn . To this end, choose u 6∈ ⋃∞n=1Esn . Then φ(u) > φ(sn)

for all n. By the definition of a we then have ψ(u) > ψ(t), so that u 6∈ Ft.
The proof of the measurability of the function ψ is the same as that of φ. For the

proof of (2), we observe first that we have already proved that µ({s ∈ E : ψ(s) =
ψ(t) , φ(s) > φ(t)}) = 0. Set b = inf{φ(s) : ψ(s) = ψ(t)}. Similarly as above one
can show that µ({s ∈ E : ψ(s) = ψ(t) , b < φ(s) ≤ φ(t)}) = 0. By (1) we finally
obtain (2).
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In view of Proposition 2.1 we may (and do) assume from now on that µ(Et) =
φ(t) for all t ∈ E, replacing Et and φ by Ft and ψ respectively, if necessary.

It is not difficult to show that sup{φ(t) : t ∈ E} = 1 and inf{φ(t) : t ∈ E} = 0.
Moreover, we have the following

Proposition 2.2. If 0 ≤ a ≤ b ≤ 1, then µ({t ∈ E : a ≤ φ(t) ≤ b}) = b− a.

Proof. It is easy to see that we have to prove only the case when a = 0 and
0 < b < 1. Setting c = sup{φ(t) : φ(t) ≤ b} and d = inf{φ(t) : φ(t) ≥ b}, we choose
sequences {sn} and {tn} in E with φ(sn) ↑ c and φ(tn) ↓ d. Then

φ(sn) = µ(Esn) → µ({t ∈ E : φ(t) ≤ c}) = µ({t ∈ E : φ(t) ≤ b}) and

φ(tn) = µ(Etn) → µ({t ∈ E : φ(t) ≤ d}) = µ({t ∈ E : φ(t) ≤ b}) ,
where we have used (1). Thus, c = d = b and µ({t ∈ E : φ(t) ≤ b}) = b.

Proposition 2.3. Let a ∈ [0, 1], n ∈ N, and let A = {s ∈ E : φ(s) ≥ a}. Then

V nχA =
(φ− a)nχA

n!
.

Proof. For almost all t ∈ E we have

(V nχA)(t) =

∫
a<φ(t1)<φ(t)

dµ(t1)

∫
a<φ(t2)<φ(t1)

dµ(t2) · . . . ·
∫
a<φ(tn)<φ(tn−1)

dµ(tn)

=

∫
a<φ(tn)<φ(tn−1)<...<φ(t1)<φ(t)

dµ(t1) . . . dµ(tn) .(3)

The result is clear if φ(t) < a, so we assume that φ(t) ≥ a. Let σ be any permutation
of the set {1, 2, 3, . . . , n}. Clearly, the integral∫

a<φ(tσ(n))<φ(tσ(n−1))<...<φ(tσ(1))<φ(t)

dµ(t1) . . . dµ(tn)

does not depend on the choice of σ, and the sum of such integrals over all permu-
tations is equal to(∫

a<φ(s)<φ(t)

dµ(s)

)n

= (µ({s ∈ E : a < φ(s) < φ(t)}))n = (φ(t) − a)n ,

where we have used (1) and Proposition 2.2. This implies the assertion.

Proposition 2.4. If a ∈ [0, 1] and A = {s ∈ E : φ(s) ≥ a}, then

lim
n→∞ ‖(φ− a)nχA‖1/n = 1− a .

Proof. Since the result is clear when a = 1, we assume a < 1. For any c ∈ [a, 1)
the measure of the set C = {s ∈ E : φ(s) ≥ c} is positive by Proposition 2.2. Since
(c− a) · χC ≤ (φ− a) · χA ≤ (1− a) · e, we obtain

c− a ≤ lim inf
n→∞ ‖(φ− a)nχA‖1/n ≤ lim sup

n→∞
‖(φ− a)nχA‖1/n ≤ 1− a ,

which establishes the formula.



QUASISPECTRAL MAXIMAL SUBSPACES 1085

Proposition 2.5. If n ∈ N and f ∈ L, then

(n− 1)! (V nf)(t) =

∫
φ(s)<φ(t)

(φ(t)− φ(s))n−1 f(s) dµ(s)

for almost all t ∈ E.

Proof. We may assume that f is a nonnegative function. Put A(s) = {u ∈ E :
φ(u) ≥ φ(s)} for each s ∈ E. An application of Fubini’s theorem gives the equality

(V nf)(t) =

∫
φ(s)<φ(t)

f(s) dµ(s)

∫
φ(s)<φ(tn−1)<...<φ(t1)<φ(t)

dµ(t1) . . . dµ(tn−1),

which holds almost everywhere on E. By (3) it follows that

(V nf)(t) =

∫
φ(s)<φ(t)

f(s) (V n−1(χA(s)))(t) dµ(s)

for almost all t ∈ E. Now apply Proposition 2.3 to obtain the desired equality.

For a ∈ [0, 1], denote by B(a) the set of all f ∈ L for which f(t) = 0 for almost
all t ∈ E with φ(t) ≤ a. Note that B(a) is a band in L, invariant under V .

Proposition 2.6. Let a ∈ [0, 1], n ∈ N, and let f ∈ B(a). Then

(n− 1)! ‖V nf‖ ≤ (1− a)n−1‖e‖′‖e‖‖f‖ .

Proof. By Proposition 2.5,

(n− 1)! |V nf |(t) =

∣∣∣∣∫
Et

(φ(t)− φ(s))n−1 f(s) dµ(s)

∣∣∣∣
≤ (1− a)n−1 ·

∫
Et

|f(s)| dµ(s) ≤ (1− a)n−1 ‖e‖′ ‖f‖

for almost all t ∈ E. This implies the result.

Letting a = 0 in Propositions 2.3 and 2.6 gives the following

Corollary 2.7.

‖φn‖
n!‖e‖ ≤ ‖V n‖ ≤ ‖e‖′ ‖e‖

(n− 1)!
.

Observe that this Corollary implies that the operator V is quasinilpotent, but
not nilpotent.

3. Main results

Theorem 3.1. For any a ∈ [0, 1], rV (B(a)) = 1− a.

Proof. We use Proposition 2.6 and Corollary 2.7 to obtain

‖V nf‖
‖V n‖ ≤ n (1− a)n−1 ‖e‖2 ‖e‖′‖f‖

‖φn‖
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for every f ∈ B(a) and every n ∈ N. Since ‖φn‖1/n → 1, as n → ∞ (put a = 0 in
Proposition 2.4) it follows that rV (f) ≤ 1 − a, so that rV (B(a)) ≤ 1 − a. On the
other hand, Proposition 2.3 and Corollary 2.7 give

‖V nχA‖
‖V n‖ ≥ ‖(φ− a)nχA‖

n‖e‖‖e‖′ ,

where A = {s ∈ E : φ(s) ≥ a}. Hence rV (χA) ≥ 1 − a by Proposition 2.4. This
completes the proof.

Recall that LV (a) = {f ∈ L : rV (f) ≤ a}, where a ∈ [0, 1].

Theorem 3.2. For any a ∈ [0, 1], LV (a) = KerV 3 +B(1 − a).

Proof. The proof of the inclusion LV (a) ⊆ KerV 3 + B(1 − a) proceeds along the
lines of the proof of [1, lemma 4.3] (use Proposition 2.5 and Corollary 2.7 instead
of [1, lemma 4.2(a) and (b)]). The opposite inclusion follows by Theorem 3.1 and
the obvious fact that KerV 3 ⊆ LV (0) ⊆ LV (a).

The next interesting result now follows easily.

Theorem 3.3. If the operator V is injective, then LV (a) = B(1 − a), for all a ∈
[0, 1]. Moreover, {B(a) : a ∈ [0, 1]} is precisely the collection of all quasispectral
maximal subspaces of V .

Proof. The first statement is clear from Theorem 3.2. Then the identity LV (a) =
B(1 − a) together with the fact that bands are closed subspaces of L shows that
LV (a) is closed, for each a ∈ [0, 1]. Hence, B(a) is quasispectral maximal, for each
a ∈ [0, 1]; see [1, theorem 3.1]. If Y is a quasispectral maximal subspace of V and
if a = rV (Y ), then rV (B(1 − a)) = a = rV (Y ) by Theorem 3.1. This implies that
Y = B(1 − a), since Y and B(1 − a) are both quasispectral maximal subspaces of
V .

Theorem 3.4. The chain of subspaces {B(a) : a ∈ [0, 1]} is precisely the family
of all bands which are invariant under the operator V .

Proof. Let B be a non-trivial band, invariant under V . It is not difficult to show
that there exists a maximal a ∈ [0, 1) such that B ⊆ B(a). For each n ∈ N, there
exists fn ∈ B so that µ({s ∈ E : φ(s) ≤ a+ 1/n, fn(s) 6= 0}) > 0. It follows that
there exists αn > 0 such that the set Cn = {s ∈ E : φ(s) ≤ a+ 1/n, |fn(s)| ≥ αn}
has positive measure. Since |fn| ≥ αn χCn , we have χCn ∈ B. If φ(t) ≥ a + 1/n,
then (V χCn)(t) = µ(Cn) and so (V χCn)χAn = µ(Cn)χAn where An = {t ∈ E :
φ(t) ≥ a + 1/n}. Since V χCn ∈ B and B is an ideal, it follows that χAn ∈ B. If
A = {t ∈ E : φ(t) ≥ a}, then the identity χA = supn χAn shows that χA ∈ B (as
B is a band) and so B(a) ⊆ B. Hence, B = B(a).

It is well known (see e.g. [2]) that in the case of the classical Volterra kernel
operator (L = L2[0, 1], φ(t) = t) every invariant closed subspace is equal to B(a) for
some a ∈ [0, 1]. The following example shows that, in general, {B(a) : a ∈ [0, 1]}
is not even the family of all closed, invariant ideals of V .

Example 3.5. Let L = L∞[0, 1], and φ(t) = t. Let I denote the set of all f ∈ L
such that for each ε > 0 there exists δ ∈ (0, 1) such that |f(t)| ≤ ε for almost all
t ∈ [0, δ]. It is easily seen that I is a closed ideal, invariant under V . It is also clear
that there is no a ∈ [0, 1] with I = B(a).
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He also wishes to thank the referee for suggestions improving the presentation of
the paper.

References
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