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ON FUNCTIONS ARISING AS POTENTIALS

ON SPACES OF HOMOGENEOUS TYPE

A. EDUARDO GATTO AND STEPHEN VÁGI

(Communicated by J. Marshall Ash)

Abstract. On a space of homogeneous type we consider functions F in Lp,
1 < p < ∞, which are potentials of order α of Lp functions. We show that
these functions belong to the class of smooth functions Cp,α of Calderón-Scott.
This result has applications to tangential convergence.

1. Introduction

This note is motivated by the results in [CDS] on boundary tangential conver-
gence on spaces of homogeneous type. In that paper the authors showed that Cp,α

smoothness of functions defined on a space of homogeneous type suffices for obtain-
ing boundary tangential convergence of “convolutions” with approximate identities,
1 < p ≤ 1

α , thus extending the results in [NRS]. It is shown in [CDS] that in the
case of stratified nilpotent Lie groups the spaces of potentials, as defined in [F], are
continuously embedded in Cp,α spaces.

Our purpose is to show that in a general space of homogeneous type Lp functions
that are potentials of order α of functions in Lp are included in the classes Cp,α,
and that this can be proved by adapting a classical argument for sharp functions
[S, p. 158].

2. Definitions and statement of the results

In this paper (X, δ, µ) is a space of homogeneous type as defined in [CW] or
[MS] such that µ(X) = ∞ and µ({x}) = 0 for all x in X . As shown in [MS]
we can assume without loss of generality that (X, δ, µ) is a normal space of order
γ, 0 < γ ≤ 1. This means that the quasidistance δ and the measure µ have the
following two properties:

1. For all r > 0 and all x in X the balls Br(x) = {y ∈ X | δ(x, y) < r} satisfy

c1r ≤ µ(Br(x)) ≤ c2r(2.1)

with positive constants c1 and c2 independent of x and r.
2. There exists a number γ, 0 < γ ≤ 1, called the order of (X, δ, µ) such that

for all x, x′ and y in X we have

|δ(x, y)− δ(x′, y)| ≤Mδγ(x, x′){δ(x, y) + δ(x′, y)}1−γ(2.2)

with a positive constant M independent of x, x′ and y.
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We shall need the following known Lemma [GV, Lemma II.3].

Lemma. Let 0 < α < 1. Then for all x, x′ and y in X such that δ(x, y) > 2κδ(x, x′)

|δα−1(x, y)− δα−1(x′, y)| ≤ Kδγ(x, x′)δα−γ−1(x, y)(2.3)

where κ is the constant of the “triangle” inequality of δ, and K is a constant
independent of x, x′ and y.

The (Riesz) potential of order α, 0 < α < γ, of a function f in Lp with 1 < p < 1
α

is defined as in [GV] by

Iαf(x) =

∫
X

f(y)

δ1−α(x, y)
dµ(y),(2.4)

and for 1
α ≤ p <∞ by

Ĩαf(x) =

∫
X

f(y)

[
1

δ1−α(x, y)
− ψu(y)

δ1−α(u, y)

]
dµ(y)(2.5)

where u is a fixed point in X , ψu(y) is the characteristic function of the complement
of the ball B1(u) when p = 1

α , and, for 1
α < p, ψu(y) is identically 1 on X . It can

be seen that Iαf(x) and Ĩαf(x) converge absolutely for almost every x in X [GV].
The spaces Cp,α of smooth functions of Calderón-Scott [CS] were introduced on

spaces of homogeneous type in [CDS]. For f ∈ Lp, 1 < p < ∞, we consider the
sharp functions

f#
α (x) = sup

x∈B

1

µ(B)1+α

∫
B

|f(y)−mB(f)| dµ(y)

where mB(f) = 1
µ(B)

∫
B f(y) dµ(y). The space Cp,α is the set of all functions

f ∈ Lp with f#
α ∈ Lp equipped with the norm ‖f‖Cp,α = ‖f#

α ‖p+ ‖f‖p, where ‖ ‖p
denotes the Lp-norm. The letter c will denote a constant, not necessarily the same
in different occurrences.

We now state the results.

Theorem 2.1. Let 0 < α < γ, 1 < p < 1
α and F ∈ Lp with F = Iα(f) and f ∈ Lp.

Then F ∈ Cp,α and ‖F‖Cp,α ≤ c(‖F‖p + ‖f‖p), with a constant c independent of
F and f .

Theorem 2.2. Let 0 < α < γ, 1
α ≤ p < ∞, and F ∈ Lp with F = Ĩα(f) + CF

where f ∈ Lp and CF is a constant. Then F ∈ Cp,α and ‖F‖Cp,α ≤ c(‖F‖p+‖f‖p),
with c independent of F and f .

3. Proof

Proof of Theorem 2.1. Fix x ∈ X ; we will estimate F#
α (x). Let B = Br(x0) be

a ball containing x and B̃ = B2κr(x0), where κ is the constant of the “triangle”

inequality of δ, and, finally, let χ be the characteristic function of B̃. Set F = F1+F2

with F1 = Iα(fχ) and F2 = Iα(f(1 − χ)). To estimate (F1)
#
α (x), let 1 < s < p

and 1
t = 1

s −α. Hölder’s inequality with exponent t followed by the Hardy-Sobolev
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inequality (see [GV], [S]) give

1

µ(B)1+α

∫
B

|F1| dµ ≤ 1

µ(B)α+
1
t

(∫
B

|Iα(fχ)|t dµ
) 1

t

≤
(

1

µ(B)

∫
B̃

|f |s dµ
) 1

s

≤ c

(
1

µ(B̃)

∫
B̃

|f |s dµ
) 1

s

≤ c Ms(f)(x),

where Ms(f) = [M(|f |s)] 1
s , and M is the Hardy-Littlewood maximal function. By

a known property of the sharp function we have

(F1)
#
α (x) ≤ 2cMs(f)(x).(3.1)

Now we will estimate (F2)
#
α (x). Observe that

F2(z)− F2(x0) =

∫
(B̃)c

f(y)

[
1

δ1−α(z, y)
− 1

δ1−α(x0, y)

]
dµ(y);

then by (2.3)

∫
B

|F2(x) − F2(x0)| dµ(z) ≤ K

∫
B

δγ(z, x0)

(∫
(B̃)c

|f(y)|
δ1−α+γ(x0, y)

dµ(y)

)
dµ(z).

(3.2)

To estimate the inner integral we write∫
(B̃)c

|f(y)|
δ1−α+γ(x0, y)

dµ(y) ≤
∞∑
k=1

∫
2k−1r≤δ(x0,y)<2kr

|f(y)|
(2k−1r)1−α+γ

dµ(y)

≤ 21−α+γrα−γ
∞∑
k=1

1

2(γ−α)k

1

2kr

∫
B

2kr
(x0)

|f(y)| dµ(y) ≤ crα−γMf(x).

Using this estimate in (3.2) and a known property of the sharp function we get

(F2)
#
α (x) ≤ 2cMf(x).(3.3)

Since Mf(x) ≤Msf(x), (3.1) and (3.3), and the fact that the sharp operator is
subadditive we have

F#
α (x) ≤ cMs(f)(x).

Finally, using the strong type p
s of M we have

‖F#
α ‖p ≤ c‖f‖p.

This concludes the proof of Theorem 2.1.

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem 2.1.
Set

F − CF = Ĩα(fχ) + Ĩα(f(1− χ)) = F1 + F2.

To estimate (F1)
#
α (x), let cB = − ∫

X
(fχ) ψu(y)

δ1−α(u,y) dµ(y) and 1 < s < 1
α , 1

t = 1
s −α.

Then by the same argument used in the proof of Theorem 2.1 we get

1

µ(B)1+α

∫
B

|F1 − cB| dµ ≤ cMs(f)(x).
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To estimate (F2)
#
α (x), note that

F2(z)− F2(x0) =

∫
(B̃)c

f(y)

[
1

δ1−α(z, y)
− 1

δ1−α(x0, y)

]
dµ(y),

and therefore as in Theorem 2.1 we have (F2)
#
α (x) ≤ 2cMf(x). The rest of the

proof is the same as that of Theorem 2.1.
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