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ABSTRACT. On a space of homogeneous type we consider functions F' in LP,
1 < p < oo, which are potentials of order o of LP functions. We show that
these functions belong to the class of smooth functions CP-“ of Calderén-Scott.
This result has applications to tangential convergence.

1. INTRODUCTION

This note is motivated by the results in [CDS] on boundary tangential conver-
gence on spaces of homogeneous type. In that paper the authors showed that CP>¢
smoothness of functions defined on a space of homogeneous type suffices for obtain-
ing boundary tangential convergence of “convolutions” with approximate identities,
1 < p < L thus extending the results in [NRS]. It is shown in [CDS] that in the
case of stratified nilpotent Lie groups the spaces of potentials, as defined in [F], are
continuously embedded in CP*“ spaces.

Our purpose is to show that in a general space of homogeneous type LP functions
that are potentials of order « of functions in LP are included in the classes CP"*,
and that this can be proved by adapting a classical argument for sharp functions
[S, p. 158].

2. DEFINITIONS AND STATEMENT OF THE RESULTS

In this paper (X, 6, ) is a space of homogeneous type as defined in [CW] or
[MS] such that pu(X) = oo and p({z}) = 0 for all z in X. As shown in [MS]
we can assume without loss of generality that (X, 6, u) is a normal space of order
v, 0 < v < 1. This means that the quasidistance § and the measure p have the
following two properties:

1. For all » > 0 and all z in X the balls B,(z) = {y € X | 6(z,y) < r} satisty
(2.1) ar < p(Br(z)) < cor
with positive constants ¢; and ¢, independent of x and r.

2. There exists a number v, 0 < v < 1, called the order of (X, 8, ) such that
for all 2,2’ and y in X we have

(2.2) 16(z,y) — 6(2', y)| < M8 (w,2"){6(x,y) + 6(2', y)}' 7

with a positive constant M independent of x,z" and y.
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We shall need the following known Lemma [GV, Lemma II.3].
Lemma. Let0 < «a < 1. Then for allz,z’ andy in X such that 6(x,y) > 2rk6(z, ')
(2.3) |67 (@, y) — 877N (@' y)| < K& (w,2)6° 7 ()

where k is the constant of the “triangle” inequality of 6, and K is a constant
independent of x,x" and y.

The (Riesz) potential of order o, 0 < o < 7, of a function f in LP with 1 < p < é
is defined as in [GV] by

(24 of(@) = [ sl —sdu(y),

andforé§p<ooby

(25) ft@ = [ 10 |5y | dut)

where u is a fixed point in X, ¢u( ) is the characteristic function of the complement
of the ball By(u) when p = 1, and, for L < p, 4, (y) is identically 1 on X. It can

be seen that I, f(z) and I, f ( ) converge absolutely for almost every z in X [GV].

The spaces CP** of smooth functions of Calderén-Scott [CS] were introduced on
spaces of homogeneous type in [CDS]. For f € LP, 1 < p < oo, we consider the
sharp functions

() = sup - 1+a/ F(y) = ms(f)] duu(y)

where mp(f) = “(B) S f(y)du(y). The space CP* is the set of all functions
€ L7 with 12 € 17 equipped with the norm [ o = |21y + 11y, where |
denotes the LP-norm. The letter ¢ will denote a constant, not necessarily the same
in different occurrences.

We now state the results.

Theorem 2.1. Let0 <a<vy,1<p< Land F € L? with F = I,(f) and f € LP.
Then F € CP and ||F||cv.a < c(||F|lp ¥ || fllp), with a constant c independent of
F and f.

Theorem 2.2. Let0<o¢<7, <p < oo, andFEprzthF—I(f)—l—C’p
where f € LP and Cr is a constant. Then F € CP® and |Fllcra < c(|Fllp+I1fllp)
with ¢ independent of F and f.

3. PrROOF

Proof of Theorem 2.1. Fix z € X; we will estimate F¥(z). Let B = B,.(z9) be
a ball containing z and B = Boyr(x0), where k is the constant of the “triangle”
inequality of 6, and, finally, let x be the characteristic function of B. Set F = Fi+F,
with Fy = I,(fx) and F» = I,(f(1 — x)). To estimate (F1)%(z), let 1 < s < p

and + = 2 — a. Holder’s inequality with exponent ¢ followed by the Hardy-Sobolev
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inequality (see [GV], [S]) give

ﬁ/}gufndusw </B IIa(fx)ltdu)t

<( /|f| ) <c<ﬁ§)/§|f|8du)%
¢ M, (f) (@)

where M,(f) = [M(|f]*)]*, and M is the Hardy-Littlewood maximal function. By
a known property of the sharp function we have

(3.1) (F0)E (x) < 2eMy(f) ().
Now we will estimate ()% (x). Observe that
1 1
R - Pt = [ 10 |5y~ ey O

then by (2.3)

IA

/ |Fy(x) — Fa(xo)| du(z) < K/ 67 (2, o) (/(];)C %du(yg dp(2).

To estimate the inner integral we write

S, sl
/(E)“ 61_a+7(x0 y < Z/k 1< 8(z0,y) <2Fr (216—17»)1—044,—7 d,u(y)

1 1
l—a+vy,.a— a—
<2 VZW%/ |f(y)] duly) < er®™ "M f(z).
k=1 Byk (o)
Using this estimate in (3.2) and a known property of the sharp function we get
(3.3) (F)f () < 2eM [f(x).

Since M f(x) < Msf(x), (3.1) and (3.3), and the fact that the sharp operator is
subadditive we have

Ff () < eMy(f)(2).
Finally, using the strong type £ of M we have
IFZ I < el flp-
This concludes the proof of Theorem 2.1.

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem 2.1.
Set

F—Cp=1I.(fx)+ I(f(1 = x)) = Fi + F>.
To estimate (F1)¥ (z), let cg = — [ (fx) Wdu( yandl<s<i 1=1_q

S
Then by the same argument used in the proof of Theorem 2.1 we get

W/B |Fy — ep|dp < eM(f)().
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To estimate (F3)# (z), note that

1 _ 1
(Zvy) 61—a($0’y)

R~ B = [ 10 |5 ),

and therefore as in Theorem 2.1 we have (Fy)# (z) < 2cM f(z). The rest of the
proof is the same as that of Theorem 2.1.
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