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ABSTRACT. Let {T, }n be a sequence of bounded linear operators on L such
that ||Tn|| — 1 and ||Thg — gllec — O for every g € QC. It is proved that
| Tnf — flloo — O for every f € L.

1. INTRODUCTION

In 1953, Korovkin [8] (see also [9]) proved the following exciting approximation
theorem: if {T,}, is a sequence of positive linear operators on C([0,1]) such that
|Twt! — t7||eo — O for j = 0,1,2 as n — oo, then |T),f — flloo — 0 for every
f € C([0,1]). In 1968, Wulbert [14] proved that this theorem is also true if the
condition “positivity” is replaced by the one “||T,|| — 17. Recently, there has
been much research on this subject, Korovkin type approximation theorems; see
the monograph by Altomare and Campiti [1].

Let © be a compact Hausdorff space and let C(€2) be the space of complex
valued continuous functions on Q. For a closed subset E of Q and f € C(Q), let
Iflle = sup{|f(z)|;x € E}. When E = Q, we write ||f|loc = ||flla- Let S be a
closed subspace of C(€2). We say that the sequential type Korovkin approximation
theorem holds on C(Q) for S if for every sequence of bounded linear operators
{T,}n, on C(2) such that ||T,|| — 1 and [|Thg — g|loo — 0 for g € S, then it follows
that [|T),f — fllec — O for every f € C(R2). S is called test functions. We can also
consider the net type Korovkin approximation theorem by replacing the condition
“a sequence {T},},” by “anet {Tn}.”. The interesting problem is for which S the
sequential type Korovkin theorem holds on C(€2). Takahasi [13] (see [14]) proved
that the net type Korovkin theorem holds on C'(Q2) for S if and only if the Choquet
boundary of S coincides with €. It is easy to see that if the net type Korovkin
theorem holds for S then the sequential type Korovkin theorem holds for S. In
[6], the author, Takagi and Watanabe show that if S is separable then the converse
of the above fact is true. In [12], Scheffold gave the example of S such that the
sequential type Korovkin theorem holds but the net type Korovkin theorem does
not hold. The given S in [12] is the closed ideal of C'(£2) with some additional
properties. As a completion of Scheffold’s result, in [7] the author, Takagi and
Watanabe prove that the sequential type Korovkin theorem holds on C(Q2) for a
closed ideal S with S = {f € C(Q); f = 0 on I'}, where " is a closed subset of €, if
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and only if I does not contain any quasi Gg-subsets of €2, where a closed subset E
is called quasi Gy if there exists a sequence of open subsets {U,}, of  such that
Upy1 CU, and E = ﬂ;’f:lU_n, where U, is the closure of U,, in €.

It seems very difficult to give a complete characterization of C*-subalgebras S
of C(£2) for which the sequential type Korovkin approximation theorem holds. In
this paper, we study the sequential type Korovkin theorem on the unit circle.

Let D be the open unit disk and 9D the unit circle. Let H* be the Banach
algebra of boundary functions of bounded analytic functions on D. Then H is the
essential supremum norm closed subalgebra of L°°, the Banach algebra of bounded
measurable functions on dD. We denote by M (L) the maximal ideal space of
L. We consider that L>® = C(M(L*)). It is well known that H> + C' is the
closed subalgebra of L [11], where C is the space of continuous functions on 9D.
Let

QC=(H®+C)n(H*+C) and QA=H>®NQC.

Then C C QC C L and the C*- algebra QC is studied by Sarason [10] extensively.
The purpose of this paper is to prove that the sequential type Korovkin theorem
holds on L*° for test functions QC. Since QC' does not separate the points in
M (L), by Takahasi’s criterion the net type Korovkin theorem does not hold on
L™ for QC'. Also we note that the sequential type Korovkin theorem does not hold
on L for C.

In the same way, we can prove that the sequential type Korovkin theorem holds
on H* for test functions QA.

2. PRELIMINARIES

Let M (H®) be the maximal ideal space of H*°. We identify a function in H>®
with its Gelfand transform on M (H®°). Then we may consider that M (L) C
M(H®) and M (L) is the Shilov boundary of H*. Also we can consider that
D Cc M(H®), and by the corona theorem D is dense in M (H®°). The references
[2] and [3] are nice for the spaces H> and L.

For a subset E of M(L*>), we denote by E the closure of E in M(L>). The
outstanding topological property of M (L) is that if U is an open subset of M (L*°)
then U is also open. For a point x in M(H®), there exists a unique probability
measure p, on M (L) such that

/ fdus = f(z) for every fe H™.

M(L>)

We denote by suppp, the closed support set of p,. The following is a characteri-
zation of functions in QC.

Lemma 1 ([10]). Let f € L. Then f € QC if and only if f is constant on
supp p, for every x € M(H*>)\ D.

For a point x in M (L), let
Q. ={ye M(L*®); f(y) = f(z) for every f € QC}.
The set @, is called the QC-level set associate with . For a point ¢ in M (H*°)\ D,

there corresponds a QQC-level set Q¢ such that suppuc C ¢. For a function f in
L*°, we denote by N(f) the closure of

U {supp pz;z € M(H>)\ D and f|supp pe ¢ H™|suppps }-
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By the author [4, 5], the set N(f) was investigated extensively. In this paper, the
N(f) plays the essential role.

Lemma 2 ([5, Corollary 2.1]). Let f € L. Then N(f) =U{Qu;xz € N(f)}.

Lemma 3 ([4, Corollary 7]). Let f1, foa € L. Then N(f1) U N(f2) does not con-
tain any Gs-subsets of M (L>).

For f € L, let
N(f) = N(f)UN(f).

Then N(f) coincides with the closure of U{supppis; z € M(H*)\ D and f[suppps
is not constant}. If f € H*, then N(f) = N(f). The following is a key to proving
our theorem.

Lemma 4. Let f € L and let {Va}n be a sequence of open and closed subsets of
M (L) such that V, NN(f) =0 for every n. Then there exist a subsequence {n;};
of positive integers and x,,, € Vi, such that {x,;}; " N(f) = 0.

Proof. Let

Wn =
J

I'cg

V.

n

Then W, is open and closed. By Lemma 3, the set N7Z, W, is not contained in
N(f). Take a point (o in NFZ; Wy, \ N(f), and take an open and closed subset U
of M(L*) with (o € U and UNN(f) = 0. Then there is a subsequence {n;}; such
that

Vi, NU#D for j=1,2,....

Take a point x,; in V,,, NU. Then {x,,}; satisfies our assertion.

Here we show
Proposition 1. Korovkin theorem does not hold on L for test functions C'.
Proof. Take points ¢; and (3 in M (L*°) such that
G # ¢ and g(G) = g(1) for every g € C.
For each n, let f,(e?) = |e® + 1| /2" for ¥ € OD and let
Tof = f(Q)fn+ (A= fa)f for fel™.

Then {T},}, is a sequence of bounded linear operators on L* with ||T,|| = 1. Since
Tof = f+ fu(f(¢G) — f), it is not difficult to see that

HTng_g”oo—’O for gEC
Take fo € L™ with fo(¢1) = 0 and fo((2) = 1. Then

T fo — folloo = I fnfolloc > [fn(C2) fo(C2)| =1 for every n.
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3. THEOREMS

The following is the main theorem in this paper. The proof is similar to the one
of Theorem 2 in [7]. But our proof is deeply concerned with the property of N(f)
for f € L.

Theorem 1. Suppose {T,}n is a sequence of bounded linear operators on L™ =
C(M(L*>)) such that |T,|| — 1 and || Thg — glleo — O for every g € QC as n — oo.
Then | Tnf — flloo — 0 for every f € L™ as n — oo.

Proof. Let {T,,}» be a sequence of bounded linear operators such that ||T5,|| — 1
and |79 — glleo — 0 for ¢ € QC. To prove that ||Tnf — fllcoc — 0 for every
f € C(M(L®)), suppose not. Then there exists a function fy in C(M (L)) with
[ folloo = 1 and o > 0 such that limsup,,_, . [|Tnfo — follo > 0. By considering a
subsequence, we may assume that |7}, fo — fo|lco > o for every n. So there exists a
non-empty open and closed subset V;, of M (L) such that

(1) |Tnfo— fo| >0 on V,.

By Lemma 3, we may assume that V,, N N(fo) = (). By Lemma 4, considering a
subsequence we may assume the existence of x, in V,, such that

(2) {zn}n NN (fo) = 0.

By (1), we have

(3) (T fo)(zn) — fo(zn)| > o

Also considering a subsequence, moreover we may assume that
4) (Tnfo)(zn) — a and fo(zy) — b as n — oo.

Since ||| — 1 and || folloo = 1, |a] <1 and |b] < 1. Also by (3), |a — b] > o. Here
we can find a complex number ¢ such that
(5) [b—¢/ <1 and |a—c¢|>1+o0.

Since |a| < 1, we have ¢ # 0. )
Let wg be one of cluster points of {z,}, in M(L>*). By (2), wg ¢ N(fo). Then
by Lemma 2, there exists an open subset W of M (L) such that

(6) wo € W, W = U{Qy,;y € W} and W N N(fo) = 0.
By (4), fo(wg) = b. By (6), there exists a function h in QC' such that
(7) h(wg) =1 and h =0 on N(fo).

Then by Lemma 1 and the definition of N(fy), we have hfy € QC. Hence by taking
a smaller subset of W, we may assume that

(8) [ fo—bllw <o/2.
By (6) and ¢ # 0, there exists a function F' in QC such that
9) 0<F/e<1on M(L*®), F(wp) =c and F =0 on W°-.
Since || folloo = 1, by (5) and (8) it is not difficult to see that
(10) |F = folle <0/241.
Since ||T,|| — 1, we have
limsup | T, F — Ty folloo < 0/2+ 1.

n—oo
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Since F' € QC, by our assumption we have |1, F — F|lcc — 0. Hence we obtain

(11) limsup ||F — Ty folloo < 0/2+ 1.

n—oo

Since wyp is a cluster point of {x,},, there exists a subsequence {z,,}; of {z,},
such that

(12) F(xn,) — F(wy) as j — oo.

Therefore we have

limsup ”F - TnfOHOO > lir_nsup |F($n]) - (Tn]fo)(xn])l
n— o0 j—o0
= Jc—al Dby (4), (9) and (12)
> 140 Dby (5).

This contradicts (11). Thus we get our assertion.

The key point of the proof of Theorem 1 is the following: for f € L the union
set of all QC-level sets on which f have non-zero oscillations is a very small subset
of M(L*). If its union set occupies a very big part of M (L), we may not expect
that the sequential type Korovkin theorem holds. We give an example such that the
sequential type Korovkin theorem does not hold on some closed subsets of M (L°).

Example. Let {z,}, be a sparse sequence in D, that is,

Zn — %k

lim
k—o0
n

1—2z,2z

Let b be the associated sparse Blaschke product;

—Z, Z—2n
b(z)—nl;[1 ol 122 z€eD.
Let Z(b) = {x € M(H*)\ D;b(x) = 0}. Then by [4] we have that

(a) if z,y € Z(b) with = # y then Q, N Q, =0,

(b) N(b) = U{Qu;x € Z(b)} )
We shall prove that the sequential type Korovkin theorem does not hold on C'(N (b))
for test functions QC|N (b). We note that b has non-zero oscillation on @, for each
x € Z(b).

Let ¢ € N(b). By (a) and (b), there corresponds a point 7(¢) in Z(b) such that
¢ € Qr(c)- We note that 7 : N(b) — Z(b) is a continuous map. For f € C(N(b)),
let

(THC) = /N  Fio for (e NG)

Then T'f € C(N(b)) and T is a bounded linear operator on C(N (b)) with ||T'[| = 1.
By the definition of T, we know that T is the identity operator on QC|N(b). Set
T, =T for every n; then

ITng = gllng — 0 for every g € QC|N(b).
Let fo = b|N(b). Then f, € C(N(b)) and

(Tofo)(0) = /N 5 b0 = () =0 for € € N(B)
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Since |b] =1 on M (L), we have
I Tnfo = follnwy = 1-
Hence |75 fo — folln(s) does not converge to 0 as n — oo.
In the same way as the proof of Theorem 1, we have the following theorems.

Theorem 2. Let {T},}, be a sequence of bounded linear operators on H* such that
ITull — 1 and || Thg — glleo — O for every g € QA. Then || T f — flloo — 0 for every
feH™>.

Proof. We give a remark for the proof of this theorem.

(#) We cannot find F in QA which satisfies (9).
To overcome this difficulty, it is sufficient to show that for every € > 0 there exists
F in QA such that F(wg) = ¢,|F| < eon W€¢and |F|+|c— F|] <1+¢on M(L>®).
The existence of such an F is proved in the proof of Theorem 2 in [6] for general
function algebras.

Let I be the identity operator on L*°. For a bounded linear operator T' on L*°,
let | Tlqc = sup{l|T flloc; f € QC, [ flloo < 1}

Theorem 3. Suppose {T,}n is a sequence of bounded linear operators on L>° =
C(M(L>)) such that |T,,|| — 1 and |T,,—I||gc — 0 asn — oo. Then ||T,—I]] — 0

as n — oQ.

Proof. We give the outline. Suppose that there exists a sequence { f,, },, in C(M (L))
such that

lfelloo =1 and ||T%fn — frlleo > 0 > 0.

By considering a subsequence, we may assume the existence of {x,}, in M (L)

such that z, & N(fp), |(Tnfn)(@n)— fn(2n)] > o, (Tnfn)(zn) — a, and fp(2,) — b.
Take ¢ with [b—¢| <1 and |a —¢| > 14 0. Find F, in QC such that

1 = fulloo <0/2+1 and Fy(z,) = c.
By our assumption, we have

limsup ||Fy, — T fnlloo < 0/2+1,

n—oo

but
1Fn = Tufolloo > |Fo(®n) — (Tofn)(@n)| — e —al > 1+ 0.

This is a contradiction.
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