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Abstract. It is known, from work of Diesel, which graded Betti numbers are
possible for Artinian Gorenstein height three ideals. In this paper we show
that any such set of graded Betti numbers in fact occurs for a reduced set of
points in P3, a stick figure in P4, or more generally, a good linear configuration
in Pn. Consequently, any Gorenstein codimension three scheme specializes
to such a “nice” configuration, preserving the graded Betti numbers in the
process. This is the codimension three Gorenstein analog of a classical result
of arithmetically Cohen-Macaulay codimension two schemes.

1. Introduction

There are a number of well-known results on arithmetically Cohen-Macaulay
(aCM) codimension two subschemes of projective space which fairly recently have
been shown to have striking analogs for codimension three arithmetically Gorenstein
subschemes. This paper gives a new analog to a classical result.

The starting point for the modern results on codimension three Gorenstein
schemes is the well-known structure theorem of D. Buchsbaum and D. Eisenbud
[5]. There, the authors showed that there is one matrix which determines the res-
olution, just as is done by the Hilbert-Burch matrix in codimension two. Then R.
Stanley [24] showed that a symmetric sequence of integers is the Hilbert function of
an Artinian codimension three Gorenstein algebra if and only if the first difference
of the “first half” is the Hilbert function of a codimension two (aCM) Artinian
algebra. These two results point the way toward a series of results for Gorenstein
codimension three schemes, based on the defining matrix or on the Hilbert function,
that are exactly analogous to standard results for the aCM codimension two case.
We recall some of these.

G. Ellingsrud [11] proved that the family of codimension two aCM schemes
with the same Hilbert function is irreducible. It is also known that the family
of codimension two aCM schemes with the same Hilbert function and degrees of
generating sets for the homogeneous ideal is irreducible (cf. for instance [4], [7]).
Both of these results have been proved for the Gorenstein codimension three case
by S. Diesel [10]. Ellingsrud also proved that every aCM codimension two scheme
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is non-obstructed; the analogous statement for the Gorenstein codimension three
case was proved independently by Miró-Roig [21] and Kleppe [18].

Another important class of results concerns the existence of smooth, or at least
integral, aCM schemes in codimension two. A necessary and sufficient condition in
terms of the degrees of entries of the Hilbert-Burch matrix is given for curves in P3

by T. Sauer [23] (see also [13]). This was generalized to the codimension two aCM
case by G. Bolondi and J. Migliore [3] (see also M. Chang [6]). A precise analog of
these results for the integral Gorenstein codimension three case was provided by J.
Herzog, N. Trung and G. Valla [17]. From the point of view of the Hilbert function,
the necessary and sufficient condition for the existence of smooth aCM curves in
P3 (or irreducible codimension two aCM schemes in Pn) was given by C. Peskine
and L. Szpiro [22] and by R. Maggioni and A. Ragusa [19] (see also [13]). This has
a precise analog (using Stanley’s result above) for integral Gorenstein codimension
three schemes, proved by E. De Negri and G. Valla [9].

In the present paper, we give a Gorenstein analog to another classical result.
Namely, it was shown by F. Gaeta [12] that every aCM curve in P3 specializes to
a stick figure, i.e. a reduced union of lines having only nodes as singularities, and
that this can be done even preserving the degrees of the minimal generators of the
ideal. (See also [7] and [4] for generalizations to the codimension two aCM case.) In
this paper we show that the same is true for Gorenstein codimension three. Stick
figures have played an important role in the study of space curves, culminating in
the recent negative solution by Hartshorne [16] of the classical Zeuthen Problem,
which asks if every smooth curve in P3 specializes to a stick figure. We are not
aware of any similar results in higher codimension.

We now give a more precise description of what we do here. Using the structure
theorem of Buchsbaum and Eisenbud [5], Diesel described in [10] all the possible
graded Betti numbers of minimal free resolutions of Artinian codimension three
Gorenstein ideals, leaving open the question of which resolutions (i.e. which graded
Betti numbers) can be realized by “nice” subschemes of projective space. In this
paper we show that all of the resolutions produced in [10] can be realized by reduced
sets of points in P3 (Theorem 2.1). More surprisingly, we show that they can all
be realized by stick figures in P4 (Corollary 2.4), and more generally by “good
linear configurations” in Pn (Remark 2.5). And furthermore, we show that any
Gorenstein codimension three scheme specializes to one of these “nice” Gorenstein
schemes with the same resolution.

It is a fairly standard fact in liaison theory [22] that the sum of the ideals of
two geometrically linked aCM subschemes of projective space is the saturated ideal
of an arithmetically Gorenstein subscheme of codimension one greater. This idea
has been used recently by T. Harima [15] to construct specific Artinian Gorenstein
ideals achieving all possible Hilbert functions for codimension three. It was further
exploited by A. V. Geramita, M. Pucci and Y. S. Shin [14] to find good points
in the parametrizing space for Gorenstein codimension three ideals. Both of these
papers achieved their results by studying linked sets of points in P2.

In this paper we produce our Gorenstein schemes by studying linked codimension
two schemes of higher dimension, taking care to control the objects being linked. It
is indicative of the strong connections between the codimension two aCM case and
the codimension three Gorenstein case that we use the standard techniques from
the former to get our new results about the latter.
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2. The construction

By “any minimal free resolution which occurs” we mean only the graded Betti
numbers of the resolution, not the maps themselves. By “Gorenstein” we mean
“arithmetically Gorenstein,” and by “aCM” we mean “arithmetically Cohen-
Macaulay.” For convenience we begin with the case of points in P3.

Theorem 2.1. Any minimal free resolution which occurs for Gorenstein Artinian
ideals of height 3 actually occurs for some reduced set of points in P3.

Proof. Let I be a height three Gorenstein ideal in a polynomial ring S. Consider a
minimal free resolution

0 → S(−f) →
2k+1⊕
i=1

S(−bi) →
2k+1⊕
i=1

S(−ai) → I → 0

where a1 ≤ · · · ≤ a2k+1 and b1 ≥ · · · ≥ b2k+1. We have from [5] that bi = f − ai
for all i, and f +

∑
ai =

∑
bi. From this, a quick calculation gives that

k+1∑
i=1

ai = (f − ak+2) + · · ·+ (f − a2k+1).(1)

Now let S = k[X0, . . . , X3] where k is algebraically closed. We first claim that
there exists an aCM curve C in P3 with minimal free resolution

0 →
2k+1⊕
j=k+2

S(−f + aj)
A→

k+1⊕
i=1

S(−ai) → IC → 0.(2)

Since we have (1), it is enough to show that the entries on the main diagonal of the
degree matrix of A are > 0 (cf. [13]). That is, we need to show that

(f − ak+2)− ak+1 > 0

(f − ak+3)− ak > 0

...

(f − a2k+1)− a2 > 0.

(3)

Let ri = bi − ai = f − 2ai. We know from [10], Proposition 3.1, that

ri + r2k+1−i+2 > 0 for i = 2, . . . ,
2k + 1 + 1

2∥∥
ri + r2k+3−i.

But this means that f − 2ai + f − 2a2k+3−i > 0, i.e. f − ai − a2k+3−i > 0 for
i = 2, . . . , k + 1, as claimed.

Next we show how to construct a zeroscheme (not necessarily reduced for now) in
P3 with the desired resolution. Note that the regularity of IC is f−ak+2−1 < f−a1

and that (by Gaeta’s result, mentioned in the introduction) C can be chosen to be
reduced. We will see shortly that we can, in fact, choose C so that we can link it
using surfaces F1 and F2 of degrees a1 and f − a1 respectively, and get a residual
curve C ′ with no component in common with C (and in fact meeting C “nicely”).
We accept this for now to do a computation.
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Let F• and F′
• be the minimal free resolutions of IC and IC′ respectively. We

know [22] that IC +IC′ is a codimension three Gorenstein ideal. But from the exact
diagram

0 0
↓ ↓

S(−f) → F2 ⊕ F′
2

↓ ↓
S(−a1)⊕ S(−f + a1) → F1 ⊕ F′

1

↓ ↓
0 → IC ∩ IC′ → IC ⊕ IC′ → IC + IC′ → 0

↓ ↓
0 0

we see, furthermore, that IC +IC′ is the saturated ideal of a Gorenstein zeroscheme
with socle degree f −3 (i.e. the last twist is −f), which is the desired one. To prove
that IC + IC′ has the desired resolution, it is enough to prove that it has the right
degrees of generators.

First we note that by the mapping cone [22], and splitting off a redundant
S(−f + a1) (since F1 is a minimal generator of IC), we get that IC′ has a minimal
free resolution F′ of the form

0 →
k+1⊕
i=2

S(−f + ai) →
2k+1⊕
j=k+2

S(−aj)⊕ S(−a1) → IC′ → 0.

Hence IC + IC′ is generated by forms of degrees a1, . . . , ak+1 (from IC) and
ak+2, . . . , a2k+1, a1 (from IC′). They have in common the form F1 of degree a1,
so we get that IC + IC′ is generated by forms of the 2k + 1 desired degrees. We
now have to show that it is minimally generated by these forms.

To see why this is so, notice that by the last inequality in (3), f − a2 > a2k+1,
we also get that f − a1 > a2k+1 (since a1 is the smallest degree). Suppose that the
2k + 1 forms do not form a minimal generating set for IC + IC′ . Clearly the form
of degree a1 can be chosen to be a minimal generator. Let

IC = {F1, G2, . . . , Gk+1},
IC′ = {F1, Gk+2, . . . , G2k+1}.

Suppose that one of the G’s is a linear combination of the remaining forms. Without
loss of generality, say it is one of the minimal generators of IC′ , say Gt. Then

Gt = A1F1 +

k+1∑
i=2

AiGi +

2k+1∑
j=k+2
j 6=t

BjGj .

Hence

Gt −
2k+1∑
j=k+2
j 6=t

BjGj = A1F1 +

k+1∑
i=2

AiGi ∈ IC ∩ IC′ = (F1, F2).
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But for all i = k + 2, . . . , 2k + 1, degGi ≤ a2k+1 < f − a2 ≤ f − a1 = degF2, so

Gt −
2k+1∑
j=k+2
j 6=t

BjGj = BF1

for some B, contradicting the fact that Gt is a minimal generator of IC′ . This
proves that IC + IC′ is the saturated ideal of a Gorenstein zeroscheme Z in P3 with
the desired resolution, as long as we show that such a C and C ′ can be found which
are directly linked and which have no components in common.

We now show that not only can this be done, but in fact it can be done in such a
way that Z is reduced. The idea is to constructC and the linked C′ so that the union
X is a stick figure, i.e. a reduced union of lines with only nodes as singularities. Then
the ideal IC + IC′ will be the saturated ideal of the scheme-theoretic intersection
of C and C ′, and since any component of C meets any component of C′ at most
transversally, this intersection will be reduced.

From the resolution (2), we get that the degree matrix of the presentation matrix
A for IC is a k × (k + 1) matrix of the formf − ak+2 − ak+1 f − ak+2 − ak · · ·

f − ak+3 − ak+1 f − ak+3 − ak · · ·
...

...

 .
As we have seen, the entries on the main diagonal (i.e. beginning with the upper
left-hand corner) are strictly positive, as hence is the diagonal immediately above
it (which ends at the bottom right-hand corner). We extend somewhat an idea
of [12] and [7]. Form a matrix of homogeneous polynomials as follows. Let Pi,i,
1 ≤ i ≤ k, be a product of generically chosen linear forms in S = k[X0, . . . , X3],
where degPi,i = f − ak+1+i− ak+2−i. Similarly, let Qi,i+1, 1 ≤ i ≤ k, be a product
of generically chosen linear forms, where degQi,i+1 = f−ai+1+i−ai+1−i. Consider
the matrix 

P1,1 Q1,2 0 0 . . . 0 0
0 P2,2 Q2,3 0 . . . 0 0
0 0 P3,3 Q3,4 . . . 0 0
0 0 0 P4,4 . . . 0 0
...

...
...

...
...

...
0 0 0 0 . . . Pk,k Qk,k+1


.

This has the degree matrix given above. Furthermore, since the last degree submi-
nor is F1 = P1,1 · · · · · Pk,k and the largest is G = Q1,2 · · · · ·Qk,k+1, and these have
no common factor, we see that A is the Hilbert-Burch matrix of an aCM curve C
in P3. By the general choice of the Pi,i and the Qi,i+1, the complete intersection of
F1 and G is in fact a stick figure (since any three of the planes meet exactly in a
point and any four have no common point). As a consequence, the subset C is also
a stick figure. But furthermore, C is directly linked by F1 and G to a curve (stick
figure) C1, where C and C1 meet in a reduced set of points. But now replace G
by F2, where F2 is the product of G with f − a1 − ak+1 general linear forms. This
gives the desired stick figure link between C and C ′.

Remark 2.2. The construction used in this paper is based on the fact that the sum
of the ideals of two geometrically linked aCM schemes is a Gorenstein scheme of
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codimension one greater [22]. We saw that all possible resolutions for Gorenstein
codimension three schemes can be obtained using this fact, and they can even be
made to be very nice. It is natural to ask whether, in fact, all Gorenstein ideals
can be so obtained. In codimension two the answer is yes: a Gorenstein scheme
in codimension two is just a complete intersection, so the ideal is the sum of the
ideals of the corresponding hypersurfaces. (The condition that the hypersurfaces be
geometrically linked is just that they have no common component, which is exactly
what we need to get the Gorenstein codimension two scheme.)

In codimension three, we do not yet know the answer. However, notice that in the
proof of Theorem 2.1 we were able to obtain all possible resolutions of Gorenstein
zeroschemes in P3 using very specific curves. Namely, the aCM curve C we used
had generators of degrees taken from the lowest “half” of the generator degrees for
our desired resolution, and then C′ was obtained from C by a specific link. We
now show that at least if we restrict to this procedure, it is not possible to obtain
all Gorenstein zeroschemes in P3.

We begin with a general set Z1 of 8 points in P2. LetX be a complete intersection
in P3 of surfaces F1, F2 and F3 of degrees 3, 3 and 4 respectively, which are minimal
generators for IZ1 (as a subscheme of P3), and such that F1 and F2 form a smooth
complete intersection curve. X links Z1 to a scheme Z2 of degree 28, which of course
lies on the smooth complete intersection curve given by the two cubic surfaces.
One can check using the properties of Hilbert functions under liaison [8] that the
h-vector of the residual set Z2 is 1 3 6 8 6 3 1. One can furthermore check that Z2 is
Gorenstein, with generators of degrees 3, 3, 4, 4, 4, by computing the minimal free
resolution of IZ1 , applying the mapping cone [22], and splitting off three redundant
terms from the end of the new resolution (since the link was done with three minimal
generators of IZ1). Since the proof of Theorem 2.1 would require us to find a curve
C with minimal generators in degrees 3, 3, 4, the fact that the two cubics form a
smooth complete intersection means that no such C can exist.

The idea of finding a counterexample by making the first two generators be a
smooth complete intersection is due to C. Peterson, who found a larger example
than ours using the computer program Macaulay [1] and the methods of [20].

As promised, this shows that curves C,C′ with the numerical properties re-
quired in the proof of Theorem 2.1 do not necessarily exist for a given Gorenstein
zeroscheme in P3. However, it is conceivable, a priori, that our set Z2 above could
be the intersection of two geometrically linked aCM curves C and C′ with other
generating sets. For instance, we could not verify that it is not the intersection
scheme of two curves, both of degree 10 and genus 12, linked by a quartic and a
quintic surface. (These curves would have generators in degrees 3, 4, 4.)

Notice that in higher codimension there are more Gorenstein schemes than sim-
ply complete intersections. Furthermore, the fact that the sum of the ideals of two
geometrically linked aCM schemes V, V ′ is a Gorenstein ideal of codimension one
higher holds even if V and V ′ are linked by a Gorenstein ideal rather than by a
complete intersection. Therefore we pose the

Question. Can every Gorenstein scheme Z be obtained as the sum of the ideals of
two geometrically linked aCM schemes V and V ′? If codim Z = 3, then “linked”
means “linked by a complete intersection”, but if codim Z ≥ 4, then “linked”
means “linked by a Gorenstein ideal”.
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Remark 2.3. Another tempting conjecture, based on Stanley’s result [24] mentioned
in the introduction, is that up to the “halfway point” of the Hilbert function, the
ideal of the Gorenstein codimension three scheme Z actually agrees with the ideal of
some aCM codimension two scheme containing Z (since the Hilbert function does).
One checks quickly that most complete intersections already offer a counterexample,
but it is conceivable, a priori, that they would be the only counterexamples. But
in fact, while this “conjecture” seems to be true often, it is not true in general. A
counterexample can be produced using Macaulay [1] and the methods of [20]. For
instance, we have produced a Gorenstein ideal of degree 184 with h-vector 1 3 6 10
15 20 24 26 24 20 15 10 6 3 1, and generators in degrees 5, 6, 7, 8, 8. The halfway
point of the Hilbert function is in degree 7, and we have checked that the ideal in
degree 7 is a codimension three complete intersection of degree 5 · 6 · 7 = 210.

Corollary 2.4. Every minimal free resolution which occurs for Gorenstein Ar-
tinian ideals of height 3 actually occurs for some stick figure in P4. And every
codimension three Gorenstein curve in P4 specializes to a stick figure with the same
graded Betti numbers.

Proof. The idea is the same as above. We construct two “good” unions of planes,
V and V ′, in P4 which are directly linked, and take our stick figure to be the
intersection of V and V ′. We simply observe that with the general choice of the Pi,i
and the Qi,i+1, it is now the case that any three of the hyperplanes meet exactly
in a line, any four meet in a point, and any five have no common intersection
point. This proves the first statement. The second statement follows from the fact
[10] that the scheme GorD, parameterizing Gorenstein codimension three schemes
having given degree and relation degrees, is irreducible. (In [10] this was proved
only in the Artinian case, but the proof is the same in general.)

Remark 2.5. In [2] the authors defined a good linear configuration in Pn to be a
locally Cohen-Macaulay reduced union of linear codimension two subvarieties of Pn
such that the intersection of any three has dimension at most n − 4. Extending
this definition in the obvious way to codimension three, we have proved that every
codimension three Gorenstein subscheme of Pn specializes to a good linear config-
uration, and that any resolution that can be obtained in the Artinian height three
case can in fact also be obtained in Pn with a good linear configuration.

Note added in proof. For some (negative) results related to the question raised in
Remark 2.2, see [25].
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