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ABSTRACT. In a previous paper the author proved that for square matrices
with algebraic entries exp(A)exp(B) =exp(B)exp(A) if and only if AB = BA.
This result is extended here to bounded operators on an arbitrary Banach
space.

The simple and well-known fact that
AB = BA implies e4e? = ePed = eA1E|

where A and B may be square matrices of equal order, bounded operators on
a Banach space, or elements of a unical Banach algebra, has no obvious general
converse.

An easy case is that of selfadjoint operators on a Hilbert space:

If A and B are bounded selfadjoint operators on a Hilbert space then

(1) edeB = eBe? if and only if AB = BA:;
moreover,
(2) edeB = e B if and only if AB = BA.

To prove the ‘only if’ part of (1), observe that if A is selfadjoint, then e is
positive, and the positive square root e4/2 can be approximated by a sequence of
polynomials in e (for a simple iterative construction of suitable polynomials, due
to C. Visser, see, e.g., [8, p. 261f], or [16, p. 222f.]; a more general statement is
[4, Theorem 11.3.5]). Hence ee? = ePe? implies e4/2"eB/2" = B/2"eA/2" for all
n € N. Expanding the power series on both sides leads to

AB+0O(2™")=BA+0(2™) (n— 00),

whence AB = BA.

The second equivalence is a trivial consequence of the first one, since (ee?)* =
B_A
eCe’.
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There is a more general version of (1 ( ) in the matrix case: For square matrices of

equal order and with algebraic entries’ e4e® = eBe if and only if AB = BA ([14

Theorem 1]; see also [1, 13, 11] and the interesting surveys [2] and [12]; a thorough
treatment of matrix exponentials is given in [5]). We now extend this result to
arbitrary bounded operators on a Banach space.

Definition. We call a set A of complex numbers 27i-congruence-free, if there are
no two different elements Aj, As € A such that A\ = Aa(mod 27i).

Theorem. Let A and B be bounded operators on a Banach space with 2mwi-congru-
ence-free spectra. Then

eteP = eBe? if and only if AB = BA.

Remark. The restriction concerning the spectra of A and B cannot be dispensed
with, as is seen by simple two-dimensional examples:

o 0 7T . . A _
A—( - 0) implies e” = —1I,

but there are normal matrices B such that AB # BA, e.g.
B:t(} 1) (t e C\ {0}).
Proof. Of course, we need only treat the ‘only if’ part.
Let 0(A) denote the spectrum of A. Then
(c(A) +2kmi) N o(A) =0

for k € Z\ {0}.
The spectrum o(A) being compact, there is an € > 0 such that with

D:=U.(0(A) :=={2€C:|z— A <e¢ for some ) € 6(A4)}
we have

Do |J (D +2kmi)=0.
keZ\{0}
This implies that the mapping
z—e® (z€D)

is injective whence it has a holomorphic inverse (e.g., [3, Corollary 5.78] or [9,
Theorem 10.33])

f:eP =D
such that
fe®)=2z (z€D).

Now we choose a finite subcover (B:(z) := U-({z}))
N
U €/2 Zj

n fact, the proof in [14] shows that the conclusion holds for arbitrary matrices with 27i-
congruence-free spectra (see below for a definition of this notion), algebraic entries being just an
illustrative sufficient condition for this spectral property.
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of the open cover J, ¢, (4) Be/2(2) of o(A); we put

N
K = U Bs/Q(Zj).
7j=1

This compact set K has a boundary 0K consisting of finitely many closed Jordan
curves with a positive distance from o(A), and

o(A) Cc K C D.

According to Dunford’s functional calculus (see, e.g., [6, chap. 4], [15, p. 225ff]
and [10, chap. 10]) we thus have

1
et = — e*(z — A)"ldz.
21 Jox

From Runge’s theorem (see, e.g., [3, chap. 8] or [9, chap. 13]) we infer the existence of
a sequence {r,, } of rational functions with poles outside e® such that r,(z) — f(z)
uniformly for z € e, Writing

_ pn(2)
qn(2)

rn(2) ,
where all zeros of the polynomials ¢, lie outside e, we conclude that g,(e?) is
invertible and ¢y, (e*) is holomorphic in a neighbourhood of K, and we have

rn(eA) = pn(eA)(qn(eA))_l
= L ro(e*)(z — A) "l dz,
21 Jox

lra(e?) = Al =0 (n — oo).

An analogous reasoning concerning B leads to a sequence {s, } of rational functions
such that

Isn(e”) = Bl =0 (n — o0).

Since

the conclusion follows. O

We implicitly assumed the Banach space to be a complex one; the extension of
the theorem to real Banach spaces by means of complexification (see [7, chap. 1]) is
trivial. Moreover, the theorem and its proof are valid for unical Banach algebras,
too. But this is no true generalization, since any such algebra is isomorphic to an
algebra of bounded operators on a Banach space (see (7, chap. 1] or [10, chap. 10]).

Even in the case of two-dimensional matrices the equivalence (2) does not hold
under the weaker assumption of 2mi-congruence-free spectra ([14, p. 128]). Thus
there remains an important open problem in the general case: To find a natural
additional assumption (analogous to the one in the Theorem) which together with
edel = eAtB implies AB = BA.
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