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ABSTRACT. We study a class of endomorphisms on the space of bi-infinite
sequences over a finite set, and show that such a map is onto if and only
if it is measure-preserving. A class of dynamical systems arising from these
endomorphisms are strongly mixing, and some of them even m-mixing. Some
of these are isomorphic to the one-sided shift on Z, in both the topological
and measure-theoretical sense. Such dynamical systems can be associated to
O, the Cuntz-algebra of order n, in a natural way.

1. INTRODUCTION

Shirvani and Rogers have proved in [Sh-Ro] that continuous maps [[*_ Zs —
[17°,, Zy that commute with the shift are surjective if and only if they are measure-
preserving. We generalize this result to products over finite sets . = Zg. We also
generalize the mixing results from [Sh-Ro], and prove that some specific maps are
m-mixing.

Theorem 2.1 states that we can obtain all continuous maps [[> L — [~ L
that commute with the shift by extending maps L™ — LL. A nice result from [Hed],
Theorem 2.2, states that the extended map is onto if and only if the extension
to L**™m=1 L™ is an S™ -1 map for all m € N. We replace the term “for
all m € N” with “for m = (23;:,11_1
ontoness of such maps.

This work is also inspired by [Mat], where some very specific endomorphisms
are considered, and it is shown that the C*-algebra generated by the continuous
functions on [[> _{0,1} and the isometry induced by the endomorphism is the
Cuntz-algebra O4. We extend this result.

)”, thus we provide an algorithm for deciding

2. TWO BASIC STRUCTURE THEOREMS

Let S € {2,3,...}, and let L = {0,1,...,5 — 1} be the set of S symbols with
discrete topology and normalized Haar-measure fi, that is, g({a}) = S~1. A bi-
infinite sequence over L is a function Z — L.

Let L> = [[_ L be the family of bi-infinite sequences over L equipped with
the product topology 7 and the product measure p defined by /. It is well known
that L>° is a compact, totally disconnected perfect metric space, and hence home-
omorphic to the Cantor discontinum.
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Let C(L™,L) be the set of maps L™ — L. If f € C(L" L), define a map
fm LMl S L™ by f(2)i = f(2i, g1, -+, Titn—1). In addition, define a map
foo :L® = L*® by foo(2)i = f(2i, Tix1,- - Titn—1). Let o be the left-shift on L°°,
that iS, O’(CC)Z = Tj41-

Theorem 2.1 ([Hed, Theorem 3.1 and 3.4]). If f € C(L™, L), then fo is contin-
uous and foo commutes with the shift o. Conversely, for every continuous map
Y : L — 1L that commutes with o, there exists n € N, f € C(L™,L) and k € N
such that ¢ = fo 0 ok,

This theorem shows that the set of continuous maps LL°° — LL°° which commute
with the shift is countable, since Card C(L",L) = S$°". We will mainly consider
the surjective maps that commute with the shift.

Theorem 2.2 ([Hed, Theorem 5.1 and 5.4]). Let f € C(L™,L). Then the follow-
ing conditions are equivalent:

1) foo is surjective.
i) fm is surjective for all m € N.
iii) fo, is a S"71-1 map for all m € N.

If goo = foo 00" for some f € C(L*"",L), we will use the sloppy notation
Joo = f(:r"ra-“;xs)'

An n-block over L is an element in I.”. The length n of an n-block = is denoted
by |z|. Let x = x125 ...z, be an n-block over L. Define

(2.1) Cyl(z,p) = {y € L : ypYpt1 - - - Ypsn—1 = T}.

The length of a cylinder Cyl(z,p) is the length of the block z. It is evident that
Cyl(z,p) is a clopen set with u(Cyl(z,p)) = S~=I.

Let A C L*° be a measurable set. We say that the support of A, denoted
Supp(A), is contained in a subset A of Z and write Supp(A) C A if A is a member of
the least o-algebra that contains every cylinder set Cyl(a, p) where p € A and a € L.
Note that we do not require Supp(A) to be an explicit subset of Z, even if this might
be possible. If two sets A, B € Q have disjoint support, then (AN B) = p(A)u(B),
since p is a product measure.

Let f defined by f € C(L™, L) be surjective, and let € L™ be an m-block.
By Theorem 2.2 we conclude that fi'(Cyl(z,p)) is a union of S"~! cylinders
Cyl(y™,p) where y* € L"t™~1 and k € L"~1, since flz) 1s a S7=1.1 map. Thus
we have

(2.2) fH(Cylap) = |J oviy™,p).
keLn—1
Let goo = foo 00" = f(zr,...,xs). Since foo commutes with o we have

(23) 92 (Cyl(z,p)) = fX oo " (Cyl(z,p)) = | Cylwy™,p+r7).

rELS—T

From this observation we obtain the important inclusion

(2.4) Supp (g (Cyl(z,p))) C [p+r.p+ s+ |a| — 1].
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3. THE MAPS f., DEFINED BY PERMUTATIVE f
It is possible to describe a class of surjective fo, in terms of properties of f.

Definition 3.1. Let foo = f(2r,...,xs). We say that f is permutative in z; if the
ma‘p gmr...mjflm]url...zs : L — L given by

(3.1) ng~~~wj—1wj+1~~~1s(xj) = f(@r,. .., 25)
is a permutation for all z, ... z;_1Zj11... 75 € L1,

Theorem 3.2 ([Hed, Theorem 6.6 and Theorem 6.7]). Let foo = f(xr,...,xs). If
f is permutative in the first or the last variable, then f is surjective. If f is
permutative in both the first and the last variable, then fo, is a S*~"-1 map.

Proof. Suppose f(xy,...,xzs) is permutative in z,. We show that f,, is a S¥7"-1
map. Let kK € L*7" and a € L. Since f is permutative in z, the map g, : L — L
given by g.(a) = f(ka) is a permutation of L, which implies that, for each k € L7,
there is a unique a, € L such that f(ka,) = b. Since CardL*~" = S57" f = f; is
a S°7"-1 map.

Assume that Card f,}(z) = k. Choose y € L™**~" such that f, !(z) =
{y(l),y<2), e 7y“’”}. Let a € L. If f is permutative in zs, there exists, for each
Jj, a unique a; € L such that fn,41(yPa;) = za. It follows that f;lil(xa) =
{y(l)al,y@)ag, - ,y(k)ak}, thus Card f;il(xa) = k. By induction on m, f,, is
a S°7"-1 map for all m € N. By Theorem 2.2, f, is surjective. The proof is
analogous if f is permutative in x,.

Suppose f is permutative in both z, and z,, and that fo(z) = y. If Kk =
T1Tg ... Ts—p € L7 is given, the argument above shows that zs_,411,Ts—ry2,...

are uniquely determined by y, and by symmetry x,._1,2,_3,... also are uniquely
determined. This implies that Card f7'(y) < S*". But each K = 2122 ... 25, €
L5=" gives rise to x € f2(y), thus Card f !(y) = S". O

Remark 3.3. The conclusion of the first part of Theorem 3.2 cannot be obtained
if f is permutative in some other variable than the first or last one. A simple
counterexample for S = 2 is provided by f(a,b,c,d) = abd + ¢ mod 2. It is easy
to check that Card f2_1(07 0) = 9 # 23, thus f. is not surjective by Theorem 2.2.

Remark 3.4. Tt is possible to show that if foo = f(xy,...,xs) is a S*7"-1 map, then
f is permutative in both z, and xs. This is Theorem 17.2 in [Hed].

Remark 3.5. Let S = 2. Theorem 3.2 implies that g., and ho defined by
(3.2) g(a,b,c)=ab+c¢ mod2 and h(a,b,c)=a+bc mod 2
are surjective. This implies that foo = goo © heo defined by
f(a,b,¢,d) = g(h(a,b,c), h(b,c,d),h(c,d,e))
(3.3) =(a+bc)(b+cd)+c+de
=ab+ acd+ bc+ bed+ de mod 2

is surjective. But this f is not covered by Theorem 3.2, so the result is not complete.

Remark 3.6. The construction in the proof of Theorem 3.2 tells us something about
the structure of the inverse image of a cylinder under fo. Let f € C(L*7",L) be
permutative in the last variable, and let x € L”*. We saw that for each x € L°~"
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there exist y® € f-1(x) such that k = y{yy” ... y{" . If we index the set f,!(x)
over L*7", we can write f,,'(z) = U, cpe—r y™.

Let p € Z. This implies that if foo = f(zr,...,2s) and f is permutative in g,
the S*~" cylinders in f;'(Cyl(z, p)) can be indexed over L5~" such that

(3.4) fRHCyl,p) = [ Cnlw™,p+7),  m=yPys .yl
kelLs—r

If f is permutative in both z, and x4, each y* is uniquely determined by
y,ﬁ)lyg% e y,(c'i)s_r if 0 < k < m. This implies that, if

Supp(Cyl(k,q)) C [p+7p+ s+ [y*| — 1] 2 Supp(Cyl(y™,p+r)),
which is equivalent to p+ 1 < ¢ < p+r + |z|, then

(3.5) fH(Cyl(z, p)) N Cyl(k, q) = Cyl(z,p+ )

for some z € LI*I+5="_ This observation is used in the proof of Theorem 7.1.

4. WHICH f € C(L",L) DEFINES A SURJECTIVE f5?

Using Theorem 2.2, one can show that many of the maps f., are not surjective.
But this theorem does not give a general algorithm for deciding if a particular f
give rise to a surjective f.,, since it offers no restriction on m.

For a non-surjective foo € C(L™,L), let m(f) = min{m € N: f,, is not S"7!-1},
and let

(4.1) ps(n) = max{m(f): f € C(L",L), fw is not surjective}.

Since Card C(IL™, L) is finite for alln € N, pg(n) < oo for alln € N. If f € C(L",L)
and f,q(n) 18 S"=1.1, then f. is surjective. This implies that condition iii) in
Theorem 2.2 can be replaced by “for all m < ps(n)”. But if f,, is a S*~!-1 map,
then f,,—1 is also has this property by a simple counting argument. Thus the
condition can be relaxed to “for m = pg(n)”.

In [Sh-Ro] it is claimed (at least in remark 2.5) that pa(n) < n. This is true
for n < 3, since we for n < 3 have that every f € C(L",L) such that f, is a
2711 map turns out to be permutative in either the first or last variable, and
hence surjective by Theorem 3.2. But pa(n) > n for n = 4 and n = 5. We have a
particular f € C(L*, L) defined by

(4.2) fla,b,c,d) =1+ a)(1+d)+d(b+ac) mod 2

with the property that f; : L7 — L* is a 2471-1 map. But f5 : L® — L5 is not a
24711 map, thus p2(4) > 5. In addition we have an f € C(L®,L) defined by

(4.3) fla,b,e,d,e) = a(b(d+e)+c)+e mod 2.

This function has the property that fg : L' — L6 is a 2°~!-1 map, but f; : L' —
L7 is not a 25~!-1 map. Thus po(5) > 7. The function in equation (4.3) is quite
rare, and was found by a computer.

To obtain a good estimate for pg(n) is to my knowledge an open problem. I will
now provide a bad one.

A configuration of order n is a function ¢ : L"™! — N U {0}. Let ||¢| be the
one-norm, that is, [[¢| = >, cin-1¥(x). Let 1 be the configuration defined by
1(k) = 1.
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Let f € C(IL™,L) be fixed. For 2 € L™, define the configuration 1, by
(44) 11(’€) = Card{y € fv:zl(x) YYm+1Ym42 - - Ymtn—1 = fi}-

It is obvious that ||1,| = Card f‘;‘l(x) We call ¢ legal if ||| = S"~! and possible
if there exist m € N and x € L™ such that if ©» = 1,. Theorem 2.2 implies that f
is surjective if and only if every possible configuration is legal.

Lemma 4.1. The number of legal configurations corresponding to a function f €

C(L",L) is less than or equal to (25;:,11_1).

Proof. There is a bijective correspondence between the legal configurations of order
n and finite sequences of length 25" ~! — 1 consisting of $”~! ones and Card L"~! —
1 = S""!—1 zeros. To a configuration v we associate the finite sequence consisting
of 1(0) ones, one zero, ¥ (1) ones, one zero and so on. Then each legal configuration
is associated to a unique sequence with the given property, and it is fairly easy to
see that each such sequence gives a legal configuration. Thus the number of legal

configurations is the number of legal sequences, that is, (25;:1_ 1). O

We define the depth of a possible configuration ¢ as the least m € N such that
1) = 1, for some x € L™, with the convention that the depth of 1 is 0.

Theorem 4.2. Let a(m) be the number of possible configurations with depth less
than or equal to m.

i) If a(m + 1) = a(m), then a(m + k) = a(m) for all k € N.

ii) If a(lm + 1) > a(m), then a(m) > m.
iii) If f, is an S"71-1 map and a(m + 1) = a(m), then fu is surjective.

)

If fon is an S"~1-1 map for m = (2S;:1_1), then foo is surjective, thus ps(n) <

v

G}

Proof.

i) Suppose that a(m 4+ 2) > a(m + 1). Then there is a configuration ¢, where
xz € L™ and b € L with depth m + 2. But this implies that the depth of ¢,
is m 4+ 1, a contradiction. The statement follows by induction on m.

ii) If a(m +1) > a(m), then a(k+1) > a(k) for all & < m by the first statement,
thus a(m) > m, since a(0) = 1.

iii) Since a(m + 1) = a(m), every possible configuration has depth less or equal to
m by i), thus every possible configuration is legal, since the assumption that
fm is a 8”711 map implies that f,, is a S*"~!-1 map for m’ < m.

iv) Let m = (2‘9;:1_1). If foo is not surjective, then a(m + 1) > a(m) thus there
would exist at least a(m) > m legal configurations. This contradicts Lemma
4.1. (]

Part iv) in the above theorem gives an upper bound for the function pg(n), but
this is certainly not an optimal result. One way to improve it is to consider the
growing rate of a(m). Another could be a complete change of strategy, and the
solution might be simple ... .

Theorem 4.2 above gives an algorithm for deciding if a particular f € C(L™,L)
gives rise to a surjective foo. We calculate the number a(m) until a(m + 1) = a(m)
or until we find an illegal configuration. One of these events has to occur before
max(a(m), m) > (2S;:1_1). In the first case f. is surjective; in the second it is
not.
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5. MEASURE-PRESERVING PROPERTIES OF foo

The part i) < iii) of Theorem 2.2 in fact states that f, is surjective if and only
if fp, is measure-preserving for all m € N. The next theorem extends this result.

Theorem 5.1. Suppose ¥ is a continuous map L™ — 1L°° that commutes with the
shift o. Then v is onto if and only if ¥ is measure-preserving.

Proof. Let v be measure-preserving, and put A = t(IL*°). Since L*° is compact,
A is compact and hence closed. In addition

(5.1) u(A) = (v (4) = u(L>) =1,

thus AC is open with zero measure, hence empty.

Assume 9 is onto. Theorem 2.1 implies that ¢ = fo = f(zr,...,zs). Theorem
1.1 in [Wal] implies that fo, is measure-preserving if it is measure-preserving for
every set in the elementary family that generates the Borel o-algebra on IL°°, that
is, all the cylinder-sets A, = Cyl(z®, —p) where p € N and z® € L**!1. Now
w(Ay) = S~ Equation (2.3) says that f!(A,) is a union of exactly S°~"
cylinders, each of length 2p+ 1+ s —r and hence measure S~ P+H1+s=7) Tt follows
that

(62)  u(fE(A) = 577 ST = g = 4y,

o0

thus 1 = f. is measure-preserving. O

Remark 5.2. The above theorem can also be found in [Sh-Ro, Theorem 2.4], but
only for S = 2, and with a different line of proof. The authors of this article claim
to have proven two more equivalent conditions, but their use of this result gives a
false conclusion, as shown at the start of section 4.

In Theorem 5.1 we assume that ¢ commutes with the shift. One might ask if
something similar can be obtained for continuous v that does not have this property.
Observing that L°° in fact is a compact group, we can apply the following nice
theorem, taken from an example in [Wall:

Theorem 5.3. Let G be a compact Abelian group equipped with the Haar-measure
w. Suppose 1 is a continuous, surjective and additive map G — G. Then 1 is
Measure-preserving.

Proof. Define a measure v on G by v(E) = u(yp~1(E)) for all measurable E C G.
Then v(G) =1 and we have

(5.3)
V(@) + E) = (v (@) + B)) = e + 07N (B)) = u(v7(B)) = v(E).
(x) follows from the additivity of ¢. This shows that v is a rotation-invariant

probability measure, since v is surjective, thus it is the unique Haar-measure p. It
follows that 1 is measure-preserving. O

Remark 5.4. Let (a;);jez be a bi-infinite sequence over L. with the property that
ged(S,aj,a541) = 1 and a; or a;q; or both are nonzero. Define a transformation
1 L — L by

(5-4) O(z); = {251_451 ajz; mod .S fori>0,

f 2;2121 a;z; mod S fori<O0.
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It is not difficult to verify that this map satisfies the requirements of Theorem 5.3.
Since there are uncountably many sequences (a;);ez that satisfy the conditions for
every S > 2, there are uncountably many measure-preserving maps L>° — L*°.
But only a countable subset of these commutes with the shift ¢ by Theorem 2.1.

6. MIXING

The following lemma generalizes Theorem 5.1 for foo = f(xy,...,x5) where f is
permutative in z, of zs. It will be used to prove mixing-properties.
Lemma 6.1. Letxz € L™, k € Z, A = Cyl(z,p) and foo = f(xp,...,xs) where f is
permutative in xg, respectively x,. If B C 1L is a measurable set and Supp(B) C
(=00, p+s—1]U[p+s+m, 00), respectively Supp(B) C (—oo, p+r—1]U[p+r+m, c0),
then p(f<'(A) N B) = p(A)u(B).
Proof. Assume that f is permutative in x5. By equation (3.4) we have
(6.1) fx'(A) = M (Cyl(z,p) = | Cylw™,p+7),  w=y"us” .y,

rELn—1

where y® € L™**~". This implies that f_*(A4) N Cyl(k,p + ) = Cyl(y™,p + 7).
For every k € L°~", define B, = BN Cyl(k,p+ 7). Then B = J, ¢ .~ Bx and

p(f< (AN B) =u<( U Cyl(y(“),p+7")> ﬂ( U BK)>

reLsS—T reLsS—T

- U mencsten)
reLsS—T

(6.2) = > u(B.NCyl(y™,p+r1))

KELS—T

= 3 1B O s Ui P 5) )
reLsS—T

() —m
= Y u(By)- ST = p(A)u(B).
reLs—T
(%) follows since the intersection of the support of the two sets is disjoint. The
proof of the second part is similar. O

In the proofs of the mixing properties, we will need some observations about com-
posite functions. Let foo = f(Tr), Try 415+ Tsy ) A0 Goo = G(Trg, Tryt1y -+, Tsy)-
Then

o

fooogoo(:r')z - foo ( .. 79(177“2—17 '”71;52—1)3 g(ajrw ”'71;52)39(:177“24-13 ey $S2+1)7 v ) .

K3

(6.3) = f(g(x’f‘g-i-’rl-‘ria oy Tsgtr i)y I(Trgtry Fit Ly oo Tsgbry it 1) - - -

s vg(:r’T2+51+i—17 ) x52+51+i—1)7 g($T2+51+i7 sy x52+51+i))'

It follows that there exists some h € C(L51+527"17"2 L) such that heo = foo ©
Goo = M(Tryryy- -y Tsi4s,). In particular, if foo = f(2p,...,2s), we have f7 =
9(Tnr, .., Tns). We also observe that if f is permutative in x,,, respectively xg,,
and ¢ is permutative in z,,, respectively xs,, then h is permutative in z,, y,,,
respectively g, 4s,-
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Recall that a measure-theoretic dynamical system (€, u, ) is called strongly
mixing if we for every measurable A, B C 2 have

(6.4) Jim p(7"(A) N B) = p(A)u(B).
Theorem 6.2. Let foo = f(Xp,...,25). If s <0 orr > 0, then (L™, u, foo) is
strongly mixing.

Proof. By Theorem 1.17 in [Wal] it is sufficient to prove equation (6.4) for all cylin-
ders A, B C IL.*°, since the elementary family of cylinder sets generates the Borel
o-algebra on L. Let A = Cyl(z,p), B = Cyl(y,q). Now f2 = g(znr,...,Tns),
thus

(6.5)  Supp(fi"(A)) = Supp((fgo)_l(Cyl(x,p))) Clp+nr,p+ns+|z|—1].

If r > 0, choose n so large that p+mnr > ¢+ |y|, and if s < 0, choose n so large that
p+ns+ |z] —1 < ¢q. In both cases Supp(fx"(A)) N Supp(B) = @, which implies
that

(6.6) p(fM(A) N B) = p(f"(A)) - w(B) = p(A)u(B). O

Theorem 6.3. Let foo = f(r,...,2s). If f is permutative in x, and r < 0 or f
is permutative in xs and s > 0, then (L™, u, foo) s strongly mizing.

Proof. Suppose s > 0 and f permutative in x,. Let A = Cyl(x,p), B = Cyl(y, q).
Now f2 = g(@nr,...,Zns). Choose n such that p +ns —1 > ¢+ |y|. Then
Supp(B) C (—o0,p + ns — 1]. It follows from Lemma 6.1 that

(6.7) p(f"(A) N B) = pu(f"(A)) - w(B) = p(A)u(B).

The second part is analogous. O

Corollary 6.4. Let foo = f(zr,...,zs). If [ is permutative in both x, and x,,
then (L™, u, foo) 18 strongly mizing if and only if r #0 or s # 0.

Proof. If s < 0 or r > 0 Theorem 6.2 applies. If s > 0 or r < 0 Theorem 6.3
applies. The only option left is » = s = 0, in which case f, is clearly not strongly
mixing. O

Remark 6.5. Theorems 6.2 and 6.3 and Corollary 6.4 can also be found in [Sh-Ro,
Theorems 3.2 and 3.4, and Corollary 3.5], but only for S = 2.

A dynamical system (€, u,) is called m-mixing if we for every measurable
Ay, A1, ..., Ay, have that

lim (Ao Nk (Al)...mw—(k1+kz+~--+km)(Am))
(68) k1,k2,....km—00
= p(Ar)p(Az) - p(Ap).

It is evident that 1-mixing is strongly mixing. The converse is not a general fact,
but we have the following direct generalization of Theorem 6.3:

Theorem 6.6. Let foo = f(r,...,2s). If f is permutative in x, and r < 0 or f
is permutative in x5 and s > 0, then (L™, u, foo) 18 m-mizing for all m € N.
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Proof. Tt is sufficient to prove the assertion for all cylinders Ag, A1, ..., Aym. Choose
t such that Supp(A;) C [—p,p] for all j € {0,1,...,m}. Suppose f is permutative
in z; and s > 0. If A; = Cyl(z¥,p;), then —p < p; < p; +[29| —1 < p. Since for
each j € N there exists a function g; such that

(6.9)  flathketoth =g, ($(k1+k2+~»+kj)r yees 7x(k1+k2+---+k]~)s)a
we obtain
Supp £+ 48 (45) ) = Supp (£t +%) 7 (4y))
(6.10) Clpj+ (k4 +kj)rpj+ (ki + -+ kj)s + |29 — 1]

C [—p—|—(k1+~~~+/€j)r,p—|—(k1+~~~—|—kj)s—1].

Choose k; so large that kjs —1 > 2p for all j € {1,2,...,m}. This implies that

Supp Ay 1M (A1) LD (Ag) 1o et (4, )
C (—oo,p+ (k1 4+ +kj_1)s]
C (—oo,p+ (k1 + -+ +kj—1)s+kjs — 2p — 1]
C (=00, —p+ (k14 +kj)s —1].

(6.11)

The above equation together with Lemma 6.1 implies that
(612) i (Ao £ (A1) 0 2B (Az) 0
.N fo—o(k1+k2+~»+kj,1)(Aj_l) n f;(k1+k2+---+kj)(Aj)]
= 1 (A0 0 FZE (A 0 flbRe 0 () )
(R,

Since foo is measure-preserving, the statement of the theorem follows by induction
on m. If f is permutative in x, and r < 0 the proof is analogous. O

The above mixing results are not complete. Shirvani and Rogers suggest in
[Sh-Ro] that every onto or equivalently measure-preserving foo = f(zr,...,xs)
where s > r is strongly mixing. If this conjecture is true, I believe it is difficult to
prove in general.

7. MEASURE-THEORETIC AND TOPOLOGICAL ISOMORPHISM

Let Z, be the ring of n integers with discrete topology and normalized Haar-
measure. Define Z2° = H;’:zl Zy, and equip Z2° with product topology and product
measure v. Let o be the left shift on ZS°. It is easy to see that o is measure-
preserving, since we only need to consider cylinder sets. This implies that the
triple (Z$°,v, o) is a dynamical system.

We want to show that a dynamical system (L, i1, foo ), where foo = f(2p, ..., Z5)
and r < 0 < s and f is permutative in both x, and x4, is measure-theoretic iso-
morphic to (Zg‘;,r, o, V).
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Theorem 7.1. Let foo = f(@r,...,2s), and suppose that f is permutative in both
x, and x5 and further that r < 0 < s. Then there exists a collection {cpN K E
Le77} 1 L — L of cross-sections such that L = |, o .- (L), (L) N
0 (L) =0 for k # k', and such that every clopen set in L is a finite union of
SEtS Py, Prey Py (L), Moreover, p(pr, Py Pn, (L)) = ST,
Proof. We saw in the proof of Theorem 3.2 that every x € L°™" gives rise to a
unique y® € f1(x) such that y{”yy™. ..y = k. This implies that we can define
on(z) = f2Hx) N Cyl(k,0). Then ¢, is well-defined, one to one, and continuous.
The union and intersection properties are trivial. To prove that every clopen set

has the required form, we claim that for each finite sequence k1, k2,...,k, there
exist 2™ € L") such that
(7.1) Prir Pra”~ Pren (L) = Cyl (2™, (n = 1)r).

We prove the statement by induction on n. The statement is obviously right for
n =1, since ¢, (IL>°) = Cyl(k, 0). For the induction-step we write

Py Pra* PrnPringr (L) = 0r) (Cyl(zm), (k — 1)7”))
= £ (O, (k= 1)) ) 1 Cyl(s1,0).
By remark 3.6 there exists a unique z™+b € LI#" l+s=r = L+D(=) guch that

(7.3) =t (Cyl(z(m, (n— 1)7")) N Cyl(k1,0) = Cyl(z" TV, (n — 1)r + 7).

(7.2)

Since every clopen set A has finite support, we can find p € N such that Supp(4) C
[—p,p]. Choose n so large that (n —1)r < —p and (n — 1)s > p. Then A is a finite
union of cylinders Cyl(z™, (n — 1)r), thus every clopen set is a finite union of sets
of the form ., P, @k, (L).

Since @i, Pro:* * Pr, (L°°) is a cylinder of length n(s — r), it follows that this set
has measure S~"(~7), (]

Theorem 7.2. Let Q be a compact, totally disconnected Hausdorff-space, and let
1 Q — Q be continuous, onto and n-1. Suppose there exists, for each j € Zy, a
map ¢ : & — Q such that P o p; =id, @ = Uz, 5 (Q), () N;(Q2) =0 for
i # j, and such that every clopen set in Q) is a finite union of sets vj, @j,- - - ;, ().
Then (2,4) is topologically isomorphic to (ZS°,0). If in addition p is the measure
on Q such that (¢, @5, 5, (Q)) =nF for all k € N, then (Q, p, ) is measure-
theoretic isomorphic to (Z°,v,0).

Proof. Define the map I' : Q@ — Z° by

For each m € N can find unique j1, jo, ..., jm € Zy, such that x € @;, @4, - @;,. (),
since Q2 equals the disjoint union Jj, ; _,(Q) for all m € N. Since ¢;,,,, () C Q,
we have the inclusion ¢;, @j, - ©j.. @i () € @ @), - @4, (). Thus for each x
there is one and only one sequence ji, ja, ... such that x € @;, @j,- - @;,. () for all
m € N. It follows that I" is well-defined. T" is surjective since the intersection of
every decreasing sequence of closed sets in a compact space is nonempty.

If x,y € Q and x # y, x and y can be separated by two clopen sets U; and Us,
since (2 is a totally disconnected Hausdorff-space. Thus x and y can be separated
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by sets @, 05, - @4, () and pr, Pk, -~ @k, , (), since Uy and U, are finite unions
of such. It follows that I' is injective.
The topology on Z:° is generated by sets

k (o)
(7.5) Uik = [[ Zn x {3} x ] Zn.

n=k+2

It is easy to see that T=(U; ;) = ¥ =% 0 ¢;(£2), which is open since 1 is continuous.
Thus I' is continuous, and hence a homeomorphism, since {2 is compact and Z:° is
Hausdorff.

Suppose I'(z) = 41, j2, ... € Z°. Then

I'o foo(x) = F(foo(spj1(pj2' o (Q))) = F(@jz@j?,' o (Q))
=0(j1,72,...) = col(x).
It remains to show that I' is invertible measure-preserving. We have that Uy =

anzl {Jm} ¥TTpn—js1 Zn is an elementary family that generates the Borel-o-algebra
on ZX°. Since

(7.7) p(@HO) = wleinen e (@Q) =n~" = v(Us),
T" is measure-preserving. Conversely, since () is totally disconnected and every

clopen set is a finite union of sets ;, ¢;,- - - ;. (), these sets form an elementary
family that generates the o-algebra on 2. Since

(7.6)

k [e'S)
(78) I‘((le Pia P (Q)) = H {]k} X H L,
n=1 n=k+1
and the sets on each side of the equation has the same measure n~%, I'~! is measure-
preserving. O

Corollary 7.3. Assume thatr <0 <'s, foo = f(xr,...,x5) where f is permutative
in both x, and xs. It follows that the system (L™, fs) is topologically isomorphic
to (Zg‘;,”cr) and that the system (L, u, foo) is measure-theoretically isomorphic
to (Zg‘;,my, cr).

Proof. All requirements of Theorem 7.2 are covered by Theorem 7.1. O

It would be nice if one could characterize dynamical systems arising from func-
tions that are not permutative in both the first and last variable. But in this case
the structure of the inverses can be more complicated, even if f is very simple. I
include (without proof) a theorem stating this.

Theorem 7.4. Let foo = f(x1,22,23) be defined by f(a,b,c) = a+ b+ c+ be
mod 2. Let Ly® = {z € L™ : Card f'(x) = n}. If there exists p € N such that
that xm, = 1 for all m > p, then v € L§°. If for all p € N there exist m > p and
k > 0 such that 0135110 = TmTm+1 - - - Tmtsk+2, then x € L°. Otherwise x € LS°.

8. C*"-ALGEBRAS ASSOCIATED TO DYNAMICAL SYSTEMS

Let (2, u,0) be a dynamical system where 2 is a compact Hausdorff-space, and
consider the Hilbert-space H = L2?(Q, u). Every f € C(Q) induces an operator
Ty given by Ty¢(x) = f(@)¢(x). Then |Ty|| = esssup,cq [f(2)] = |floc. The
compactness of ) implies that ||T¢|| = || f]|co is finite.
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The transformation ¢ induces an operator V € B(H) given by V&(z) = £(ox).
Using that ¢ is measure-preserving, we obtain that V is an isometry.

Define C*(C(2),0) as the C*-algebra generated by the operators {T} : f €
C(2)} and the operator V induced by o. If the dynamical systems (€2, u, o) and
(Q, fi, &) are measure-theoretic and topologically isomorphic, C*(C(Q),0) is iso-
morphic to C*(C(Q), ).

Theorem 8.1. Consider the dynamical system (Z3°,v,0). Then C*(C(Z),0) is
isomorphic to O, the Cuntz-algebra of order n.

Proof. We denote Z;° by ). Let o; where j € Z,, be the cross-sections of o given by
oj(T12w3 ... ) = (jrrzazs...). Let Q; = 0;(Q) and Qj, 5, 5, = 05,057~ 05, (D),
and let Pj, j, .. j. be the projection on 2, j, . .-

Define the Cuntz-generators S; where j € Z,, by

(8.1) Sié(@)=n"2((oo0;)(x), EE€H, zTEQ
Since v is a product-measure on €2, we have v(cj(A)) = n~'v(A) for all mea-
surable A C Q. By a straightforward calculation we obtain that S; = n%PjV,

thus C*(C(R),0)) contains C*({S;};ez,). Moreover, one may verify that P;P; =
6;55:57, thus the Cuntz-relations hold, and we may identify C*({S;}jez,) with

Since ) ez Si = nzV, it follows that V € O,. Moreover
(8.2) Pji gy = S Sga - S5, -+ 95,595

Jk J2701°
By the Stone-Weierstrass theorem, O,, contains Ty for all f € C(Q), since each
projection Pj, j,,..j. is contained in O,. Thus C*(C(Q),0) C O,. See also

[Br-Jg-Pr]. |
Corollary 8.2. Assume thatr <0 <'s, foo = f(xr,...,x5) where f is permutative
in both z, and xs. It follows that C*(C(L>°), foo) is isomorphic to Oy,

Proof. This follows from Theorem 8.1 and Corollary 7.3. O

Remark 8.3. Kengo Matsumoto has obtained less general results in [Mat]. He has
proved the above corollary for foo = f(2-1,20,21) = -1 + 21 mod 2 in Theorem
3.14 and for fo = f(x_1,20,21) = x_1 + 2o + 1 mod 2 in Proposition 3.16.
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