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ABSTRACT. A formula is given for the completeness radius of a random expo-

nential system {tlei@lt}fgo_,lbez in terms of the probability measures of &;,.

The purpose of this note is to formulate a probabilistic version of the celebrated
Beurling-Malliavin theorem on the completeness radius of a sequence of complex
exponentials [1]. First, to state the Beurling-Malliavin theorem, let A = {\,, }nez
be a sequence of real numbers and {p, },, an associated sequence of positive integers,
so that p, denotes the multiplicity of A, in A. The completeness radius R(A) of
EN) = {tle”‘"t}fgoj,llez is defined as the supremum over all R > 0 such that £(A)
is a complete sequence in L?(—R, R). The Beurling-Malliavin theorem states that
R(A) = #D(A), where D(A) is the Beurling-Malliavin density of A. Following [3],
we define this density as follows. A system of intervals {(an,bn)}nen, an < bn,
is substantial if either 0 < a3 < by < ag < bo... and ) g a;%(b, — an)? = oo,
or 0 > by > a1 > by > as... and EneN|bn|_2(bn —a,)? = oco. If A has a finite
accumulation point, then D(A) = co. Otherwise, D(A) is defined as the supremum
over all R > 0 for which there exists a substantial sequence of intervals {(as,, by) }nen
such that the number of elements of A on each interval (a,,by) is greater than or
equal to R(b, — ay,).

If 2 = {&,}nez is a sequence of independent random variables, we may study
completeness problems for the random exponential system {t exp(i&,t) fio_, :LGZ’
where, as above, p, < oo denotes the multiplicity of the point &,. Recently, this
approach has proved to be fruitful and has led to new insight into classical problems
[2], [4]. While [2], [4] deal with random perturbations of a fixed sequence, we now
address the problem of computing the Beurling-Malliavin density of an arbitrary
random sequence.

To solve this problem, we need the Beurling-Malliavin density of a Borel (not
necessarily locally finite) measure. If p is not locally finite, we set d(u) = co. Other-
wise, the Beurling-Malliavin density d(u) is defined as the supremum over all R > 0
for which there exists a substantial sequence {(an, bn) }nen such that pu((an, b)) >
R(b, — ay) for every n € N. Observe that to any sequence A = {\,},ez one can
associate a measure v = Y 6y, where 6, is a unit measure concentrated at

n?

ne”Z
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x. We have D(A) = d(v), in which sense the density d is a generalization of the
density D.
We shall prove:

Theorem. Let E = {&,}nez be a sequence of independent random variables and
ve =3 cn bn, where i, ((—00,x)) = P(&, < x) are the probability measures of &,.
Then, with probability one, D(Z) = d(vz), i.e., R(Z) = wd(vz).

Let us denote by 1 (I) the number of elements from a sequence A in an interval
1. For the proof of the Theorem, we shall need two lemmas.

Lemma 1. Suppose = = {&,}nez s a sequence of independent random variables
such that the measure v= defined in the Theorem is locally finite. Then the inequality

(2n)lemax{1, (v=(1))"}
a2n

(1) P (jnz(I) —v=(I)] > a) <
holds for all o >0 and n € N.

Proof. Denote by x1(x) the characteristic function of I. Then n=(I)=3", ., x1(&n)
Observe that

Ee1 () = 11, (R\ 1) + ¢’ i, (1),

where i, ((—00,z)) = P(&, < x) and E denotes mathematical expectation. Since
the &, are independent, we obtain

Eet(r=(D)—va(D) _ o—tr=(I) H Eetx1(én) — o—tv=(l) H (1 + (et — 1)Mn(1))
nez nez

< e~ tval) H ele"=Dun () _ (e —t—1)v=(I)
nez
Thus, since

2t2n

(7T — 1= 2n t(nz(I)-v=(I)) —t(nz(I)-v=(I))
)l (nz(I)—v=(I)" <e +e ,

we have

—~

2n)!
2t2n

E (n=(1) —va(1)™ < E(expt(nz(I) —va(l)) + exp {—t(n=(I) — v=(I))})
(2n)!
9¢t2n
We put ¢ = min{1, (v=(I))~'/?} and observe that e —t — 1 < ¢2 for all [t| < 1.
Hence

< (e(et—t—l)VE(I) + e(€7t+t—1)ua(1))'

E (n=(1) - v=(1))™" < (2n)lemax{L, (v=(D))"}.

Now (1) follows from Chebyshev’s inequality

En2n
a2n ’

P(ln| > a) <

which holds for every random variable n with o > 0 and n € N. |



THE BEURLING-MALLIAVIN DENSITY 1747

Lemma 2. Let {(an,bn)}nen be a substantial sequence of intervals. For any N >
1 and € > 0 there exists a set S C N such that the sequence {(an,bn)}nes is
substantial, b, — ay, > N for alln € S and

> (bn—an)? <
nes

Proof. Without loss of generality, we assume that our sequence of intervals is such
that 0 < a1 < by < ap...and ) a%(by, — a,)? = oo. Denote by Qn the set of
all n € N such that b, — a,, < N. We have

b — an 2 ar + N b, — an a1 +N 1 1
Z < an, > o aj Z anbn ai Z Ap, bn

neQnN neQn neQN

It follows that the sequence {(an,bn)}nem @y is substantial. Denote by @ the set
of n € N such that b,, < a,, + a,n"5/8. Since

2
3 <bna—an) <3 ¥ < oo,

neN neN

we conclude that the sequence {(an,bn)}nen (QUqy) is substantial. Thus we may

assume that b, — a, > N and b,, > a, + a,n~?/% for all n € N. The first of these
inequalities yields a,, > N(n — 1), and so

D bn—an) P < (b1 —a) P Y (N(n - Dn7%) 7 < oo,

neN n>2

Hence, for n. large enough we have ) _ (b, — an)™3 < €, which completes the
proof of the lemma. O

We are now in position to prove the Theorem. Let us denote by €2 a probability
space on which all the &, are defined.

(i) Suppose first that the measure vz is not locally finite, i.e. v=(I) = oo for
some interval I. It follows that Enz(I) = co. By the Borel-Cantelli Lemma, with
probability one the number of &, which belong to I is co, so we conclude that with
probability one R(Z) = oo.

(ii) Suppose that vz is locally finite and d(v=) > 0. Let us prove that

2) P (R(2) < d(v=)) = 0.

Fix an arbitrary p, 0 < p < 3d(v=), and take a substantial sequence of intervals
{(ana bn)}neZ such that

(bn — an)_llfa((am bn)) > d(VE) -Pp

for all n. By Lemma 2, we may assume that

> (b — an)~* < £ (d(ve) - p)?

6le
neN
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and vz((an,by,)) > 1 for all n. It follows from Lemma 1 that
P (ng(an, bn) > (1— p)ug((an, bn)) for all n)

>P (|n5(an, bn) — VE((an, bn))| < pl/g((an, bn)) for all n)

>1- Z P (Inz(an,bn) — vz ((an, by))| > prz((an, bn)))

neN

>1- 6!6p_6(d(VE) - p)_B Z(bn - an)_B >1- p-
neN

Hence, with probability at least 1 — p, we have (VE((an, bn)))_lng(an, bp)>1—p
for all n. Thus, with probability at least 1 — p, we obtain R(Z) = oo if d(v=) = o0
and R(Z) > (1 — p)(d(v=) — p) if d(v=) < co. Letting p — 0, we obtain (2).

(iii) It remains to be shown that if vz is locally finite and d(v=) < oo, then

(3) P (R(2) > d(v=)) = 0.
Clearly, we may assume, without loss of generality, that vz is supported on R™.

By Lemma 2, it is enough to consider substantial sequences for which a,, > n.
Since then

2
bn — an —3/2
g a < E n < 00,
bn<antal/* " n>1

the intervals for which b, > a, + a,ll/ * constitute a substantial sequence. By the

definition of d(vz), the inequality v=((an,bn)) < (3/2)d(vz)(bn, — ay) holds for
infinitely many such n. Thus, if for some w € 2 and € > 0, we have

R(E(w)) > d(v=) + 2,
then the inequalities
nz(w)(k, k+m) > v=((k,k +m)) +em, v=((k,k+m)) < 2d(v=)m
hold for infinitely many k = 2,3, ... and some m > k'/4. It follows that for ¢ > 0
{w: R(E) >d(vz) + 2¢} C
m U U {w: |nz(k,k+m) —v=((k, kK +m))| > em,

F>1 k> m>kl/4
ve((k, k+m)) < 2d(v=)m}.

Thus, choosing n = 6 in (1), we obtain
P(R(Z) > d(vz) 4 2¢) < lim Ce 12j7V4 =0,
j—o0
This holds for every € > 0, and we have thus proved (3).
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