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GROWTH OF GRADED NOETHERIAN RINGS

DARIN R. STEPHENSON AND JAMES J. ZHANG

(Communicated by Lance W. Small)

Abstract. We show that every graded locally finite right noetherian algebra
has sub-exponential growth. As a consequence, every noetherian algebra with
exponential growth has no finite dimensional filtration which leads to a right
(or left) noetherian associated graded algebra. We also prove that every con-
nected graded right noetherian algebra with finite global dimension has finite
GK-dimension. Using this, we can classify all connected graded noetherian
algebras of global dimension two.

0. Introduction

The study of graded algebras has gained prominence recently due to develop-
ments in the area of noncommutative projective geometry (for example, see [ATV]).
In this article, we prove several results involving the growth of graded algebras, and
give applications to the theory of regular algebras.

Throughout, k is a field and all algebras and modules are over the base field
k. The term ‘algebra’ will be used to denote an associative k-algebra with unity.
Let R be an (ungraded) algebra and M a right R-module. The Gelfand-Kirillov
dimension of M is defined by

GKdim(M) = lim
V,N

lim
n→∞ logn(dimk(NV n))

where V ⊂ R and N ⊂M run over all finite dimensional subspaces. We say M has
exponential growth if

lim
V,N

lim
n→∞(dimk(NV n))

1
n > 1

where V and N are as above. Otherwise, we say M has sub-exponential growth.
If GKdim(M) < ∞, then M has sub-exponential growth, but the converse is not
true in general (see [S2]). In this paper we are interested in N-graded algebras
A = ⊕i≥0Ai. If A0 = k, then A is called connected graded. A graded module
M = ⊕i∈ZMi is called locally finite if dimk(Mi) < ∞ for all i. In particular, if A
is a graded right noetherian algebra and A0 is finite dimensional, then A is locally
finite.

Our main result is the following theorem.
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Theorem 0.1. If A is a graded locally finite right noetherian algebra, then A has
sub-exponential growth.

The proof of this theorem is given in Section 1. It involves showing that, if A has
exponential growth, then there exists an increasing sequence of natural numbers

{li : i ≥ 1} such that dimk Aln >
∑n−1

i=1 dimk Aln−li for all n. This fact is then used
to construct an infinite ascending chain of right ideals in A.

Theorem 0.1 can be used to answer a question of J. C. McConnell and J. C.
Robson [MR, 8.3.10].

Proposition 0.2. There is a finitely generated noetherian algebra for which no
finite dimensional filtration leads to a right noetherian associated graded ring.

In particular, an easy corollary of Theorem 0.1 shows that the desired example
is given by any finitely generated noetherian ungraded algebra with exponential
growth.

In Section 2, we use Theorem 0.1 to prove the following result.

Theorem 0.3. If A is a connected graded right noetherian algebra with finite global
dimension, then A has finite GK-dimension.

Theorem 0.3 is then used to answer a question about regular algebras. Let kA be
the trivial module A/ ⊕i>0 Ai. A connected graded algebra of global dimension d

will be called regular if ExtiA(kA, A) = 0 if i 6= d and dimk(ExtdA(kA, A)) = 1. This is
different from the definition in [AS] in that we omit the condition GKdim(A) <∞.
If A is noetherian, then by Theorem 0.3, A automatically has finite GK-dimension.

In Section 3, we prove the following.

Theorem 0.4. If A is a connected graded noetherian algebra of global dimension
two, then A is regular.

For completeness, we also include a classification of noetherian regular alge-
bras of global dimension two (Proposition 3.3). Finally, we give an example of a
non-noetherian regular algebra of global dimension two with exponential growth
(Example 3.4).

1. Noetherian graded rings

If A is a graded locally finite right noetherian algebra and M = ⊕∞i=qMi is a
noetherian graded right A-module, then

GKdim(M) = lim
n→∞ logn(

∑
i≤n

dimk(Mi)).

It is easy to see that a noetherian graded right A-module M has exponential growth
if and only if lim

n→∞(
∑

i≤n dimk(Mi))
1
n > 1.

Lemma 1.1. Let {dn | n ∈ N} be a sequence of non-negative integers with infinitely
many nonzero dn’s.

1. lim
n→∞(

∑
i≤n di)

1
n = lim

n→∞d
1
n
n .

2. Suppose dn > 0 for all n ∈ N. Given positive integers l0, l1, · · · , ls,
lim
n→∞min{(dn/dn−lj )

1
lj | j = 0, 1, · · · , s} ≥ lim

n→∞d
1
n
n .
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3. If lim
n→∞d

1
n
n > 1, then there is a subsequence {li | i ∈ N} ⊂ N such that dl0 > 1

and dls >
∑

i<s dls−li for all s ≥ 1.

Proof. 1. It is trivial that lim
n→∞d

1
n
n ≤ lim

n→∞(
∑

i≤n di)
1
n . Since there are infinitely

many nonzero dn’s, lim
n→∞d

1
n
n ≥ 1. Suppose lim

n→∞d
1
n
n < α for some α > 1. Then

dn < αn for all n ≥ n0. Hence
∑

i≤n di < (
∑

i≤n0
di) + nαn for all n. Therefore

lim
n→∞(

∑
i≤n dn)

1
n ≤ α. This implies that lim

n→∞(
∑

i≤n dn)
1
n ≤ lim

n→∞d
1
n
n .

2. If lim
n→∞min{(dn/dn−lj)

1
lj | j = 0, 1, · · · , s} < α for some α, we need to show

lim
n→∞d

1
n
n ≤ α. There exists m0 such that min{(dn/dn−lj)

1
lj | j = 0, 1, · · · , s} < α

for all n ≥ m0. Hence for some i, we have dn < αlidn−li . By induction we

have dn < αn−m0dm0 , where dm0 = max{diαm0−i | i = 0, · · · ,m0}. Therefore

lim
n→∞d

1
n
n ≤ α.

3. We may assume dn > 0 by replacing 0 by 1 whenever dn = 0. The conclusion

will not be changed because for all s, dls > 1. Suppose lim
n→∞d

1
n
n = a > 1. Choose

b with 1 < b < a. Let l0 be a positive integer such that dl0 > 1 and bl0 > 2.
Construct li inductively as follows. Suppose we have obtained natural numbers
l0 < l1 < · · · < ls such that dlj >

∑
i<j dlj−li and blj > 2j+1 for all j ≥ 1. By

part 2, lim
n→∞min{(dn/dn−lj )

1
lj | j = 0, 1, · · · , s} ≥ a > b. Hence there is an infinite

subsequence {ni} ⊂ N such that

min{(dni/dni−lj )
1
lj | j = 0, 1, · · · , s} > b.(1-1)

Let ls+1 be in the subsequence {ni} such that ls+1 > ls and bls+1 > 2s+2. Then by
(1-1)∑

i<s+1

dls+1−li <
∑
i<s+1

dls+1b
−li = dls+1

∑
i<s+1

b−li < dls+1(
∑
i≥0

2−(i+1)) = dls+1 .

Theorem 1.2. If A is a graded locally finite right noetherian algebra, then A has
sub-exponential growth. As a consequence, every graded noetherian right A-module
has sub-exponential growth.

Proof. Let dn = dimk(An). If A has exponential growth, by Lemma 1.1.1, lim
n→∞d

1
n
n =

a > 1. By Lemma 1.1.3, there is a sequence of {li | i ∈ N} such that dl0 > 1 and
dls >

∑
i<s dls−li for all s. Hence for this subsequence, dim(Ali) = dli > 1. We

define inductively a sequence of right ideals Is =
∑

i≤s xiA, for some xi ∈ Ali , as

follows. Suppose we have obtained xi ∈ Ali for all i < s. Since dls >
∑

i<s dls−li ,
we have

dim(Als) >
∑
i<s

dim(Als−li) ≥
∑
i<s

dim((xiA)ls) ≥ dim(Is−1
ls

).

Pick xs in Als but not in Is−1, and form Is = xsA + Is−1. Hence Is−1 6= Is

and {Is ⊂ A | s ∈ N} is a strictly ascending chain of right ideals. As A is right
noetherian, this is a contradiction. Therefore A has sub-exponential growth. If
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A has sub-exponential growth, then every finitely generated A-module has sub-
exponential growth.

Remark. Using Theorem 1.2, it is easy to show that any Z-graded locally finite
right noetherian algebra has sub-exponential growth. If ⊕i∈ZAi is such an algebra,
[NV, A.II.3.4] shows that the N-graded rings B = ⊕i≥0Ai and C = ⊕i≤0Ai are
right noetherian. Thus by Theorem 1.2, B and C have sub-exponential growth,
and the result follows easily for A.

Using Theorem 1.2 we can answer a question asked by McConnell and Robson
in [MR, 8.3.10].

Corollary 1.3. Let R be a finitely generated right noetherian algebra with expo-
nential growth and let F := {Fn | n ∈ N} be a finite dimensional filtration of R.
Then the associated graded ring grFR is neither left nor right noetherian.

Proof. Since R is finitely generated, Fm generates R for some m. Since R has

exponential growth, lim
n→∞(dimk(F

n
m))

1
n > 1. This implies that lim

n→∞(dimk(Fn))
1
n >

1 because Fn
m ⊂ Fmn. Hence grFR has exponential growth and by Theorem 1.2,

grFR is not noetherian.

There are well-known examples of finitely generated noetherian rings with expo-
nential growth, such as group rings of finitely generated polycyclic-by-finite groups
which are not nilpotent-by-finite [KL, 11.9]. The next example is due to M. Smith
[S1].

Example 1.4. There is a finitely generated noetherian algebra which has expo-
nential growth.

Let k[x, y] be the commutative polynomial ring in two variables. Let σ be the
automorphism of k[x, y] defined by σ(x) = y + x2 and σ(y) = x. Define R to be
the skew polynomial extension k[x, y][z, z−1, σ]. Hence R is a noetherian algebra
generated by x, y, z, z−1. It is easy to see that deg(σn(x)) = 2n. By [S1, 10], R has
exponential growth. By Corollary 1.3, no finite dimensional filtration of R leads to
a right (or left) noetherian associated graded ring. The above results show that the
noetherian condition is more restrictive on the growth of graded rings than on the
growth of ungraded rings.

Remark. 1. J. T. Stafford has pointed out that the ring S defined in [MS, Section
3] may also give an answer to the question in [MR, 8.3.10]. In that paper, it is
shown that grFS is non-noetherian for every appropriately nice filtration F (see
[MS, 2.3]). It is unknown whether grFS is non-noetherian for all finite dimensional
filtrations. If so, this example would give an answer to [MR, 8.3.10] with the added
feature that GKdim(S) <∞.

2. It is unknown if every connected graded right noetherian algebra with sub-
exponential growth has finite GK-dimension. The following examples show that if
we omit either the noetherian condition or the graded condition, sub-exponential
growth does not imply finite GK-dimension. Example 1.5 is due to M. Smith [S2],
and Example 1.6 is work of R. Resco and L. Small [RS].

Example 1.5. There is a finitely generated connected graded algebra U such that
U has sub-exponential growth and GKdim(U) =∞.
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Let L be the infinite dimensional Lie algebra with basis x, y1, y2, . . . subject to
the relations [x, yi] = yi+1, [yi, yj] = 0. Then the universal enveloping algebra
U = U(L) has sub-exponential growth and infinite GK-dimension (see [S2, 8]). Let
deg(x) = 1 and deg(yi) = i. Then U is a connected graded ring generated by x and
y1, and has infinitely many defining relations.

Example 1.6. There is a finitely generated noetherian (ungraded) algebra R such
that R has sub-exponential growth and GKdim(R) =∞.

Let char(k) = p > 0, and let U be as in Example 1.5. The center C of U is
k[ypi ]. Let K be the field of fractions of C, and let R be the K-algebra U ⊗CK. By
[RS, Theorem 1], R is noetherian and is generated as a K-algebra by x and y1. By
Example 1.5, R has sub-exponential growth and by [RS, p. 551], GKdim(R) =∞.

2. Graded rings with finite global dimension

A graded module M is called left bounded if Mi = 0 for all i � 0. Recall that
the Hilbert series of a graded left bounded locally finite module M = ⊕i≥sMi is
defined to be the formal power series

hM (t) =
∑
n

dimk(Mn)tn ∈ Z[[t, t−1]].

For a graded module M , the degree shift s(M) is defined by s(M)n = Mn+1 and
sl(M) is denoted by M(l) for all l ∈ Z. It is easy to see that hM(l)(t) = t−lhM (t)
for all l.

Lemma 2.1. Let p(t) and q(t) be relatively prime polynomials such that p(t) =∏l
i=1(1 − rit). Suppose q(t)/p(t) =

∑
n≥0 dnt

n and lim
n→∞|dn|

1
n ≤ 1. Then |ri| ≤ 1

for all i.

Proof. Since lim
n→∞|dn|

1
n ≤ 1,

∑
n≥0 dnt

n has convergence radius at least 1. Hence∑
n≥0 dnt

n = q(t)/p(t) converges for all |t| < 1. Thus p(t) =
∏

i(1 − rit) 6= 0 if

|t| < 1. Therefore |ri| ≤ 1.

Let f(n) be a function from Z to N. If there exist an integer w and polynomial
functions f1(n), · · · , fw(n) ∈ Q[n] such that f(n) = fs(n) for all n ≡ s (mod w),
then f(n) is called a multi-polynomial function. Define

deg(f(n)) = max{deg(fs(n)) | s = 1, · · · , w}.
For any polynomial p(t), let m(p(t)) be the multiplicity of 1 as a root.

Corollary 2.2. Let M be a graded left bounded locally finite right A-module with
sub-exponential growth. Suppose hM (t) = tlq(t)/p(t) and p(t) and q(t) are relatively
prime polynomials with integer coefficients. If p(0) = 1, then every root of p(t) is a
root of unity and GKdim(M) = m(p(t)) <∞.

Proof. Let p(t) =
∏

i(1 − rit). By Lemma 2.1, each ri has absolute value at most
1. Since p(t) has integer coefficients, the product of all the ri’s is an integer which
has absolute value at least 1. Hence every ri has absolute value 1. The roots of p(t)
are {1/ri}. Hence each 1/ri is an algebraic integer with absolute value 1, whence
it is a root of 1 (see for example [CF, Lemma 2, p. 72]). As a consequence, each
ri is a root of 1. Expanding tlq(t)/p(t) as a Taylor series

∑
n≥l dnt

n gives that

dn = dimMn is a multi-polynomial function of n for n� 0 [St, 4.1]. If M is finite
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dimensional over k, then p(t) = 1 and GKdim(M) = 0. Now we assume that M
is infinite dimensional over k and p(t) and q(t) are relatively prime. By [ATV,
2.21(i)], p(1) = 0. By [ATV, 2.21(ii)], dn is a multi-polynomial function of n of
degree m(p(t))− 1 (for n� 0). Consequently, GKdim(M) = m(p(t)) <∞.

Let A be a connected graded (not necessarily locally finite) algebra of finite
global dimension d. Every graded left bounded projective A-module is free, and
thus is a sum of shifts of A. For every graded left bounded A-module M , we have
an augmented minimal free resolution of M

0 −→ ⊕zdi=1A(−ldi ) −→ · · · −→ ⊕z1i=1A(−l1i ) −→ ⊕z0i=1A(−l0i ) −→M −→ 0(2-1)

where zi is allowed to be infinite (even uncountably infinite). A minimal free resolu-
tion of M is the complex (2-1) without M . We say M has a finite minimal free
resolution if each zi is finite. If M has a finite minimal free resolution of the form (2-

1), the characteristic polynomial of M is defined as cM (t) =
∑d

j=0(−1)j(
∑zj

i=1 t
lji ).

If M and N are graded A-modules, we use Homd
A(M,N) to denote the set of

all A-module homomorphisms h : M → N such that h(Mi) ⊆ Ni+d. We set

HomA(M,N) = ⊕d∈Z Homd
A(M,N), and we denote the corresponding derived func-

tors by ExtiA(M,N). If M has a finite free resolution, ExtiA(M,N) = ExtiA(M,N),
but this is not true in general. If M is a graded right module and N is a graded
left module, the groups TorAi (M,N) have a graded structure, which we denote by

TorAi (M,N). Note that A has finite right global dimension if and only if A has
finite left global dimension and

right. gl. dim(A) = max{i | TorAi (kA,Ak) 6= 0} = left. gl. dim(A).

Lemma 2.3. Suppose M has a finite free resolution of the form (2-1) and let
cM (t) be the characteristic polynomial of M . Then hM (t) = cM (t)hA(t) and∑

i(−1)ihExti(M,N)(t) = cM (t−1)hN (t) for all left bounded locally finite A-modules
N .

Proof. Given any complex of graded left bounded locally finite k-modules

M• := 0 −→Mn −→Mn−1 −→ · · · −→M1 −→M0 −→ 0,

by additivity of dimk(−), we have∑
i

(−1)ihMi(t) =
∑
i

(−1)ihHi(M•)(t)(2-2)

where H i(M•) is the i-th homology of M• for all i. Applying (2-2) to (2-1), we

have hM (t) = cM (t)hA(t). To compute Exti(M,N), we apply Hom(−, N) to the
free resolution of M and obtain

0←− ⊕zdi=1N(ldi )←− · · · ←− ⊕z1i=1N(l1i )←− ⊕z0i=1N(l0i )←− 0.(2-3)

Then it follows from (2-2) and (2-3) that
∑

i(−1)ihExti(M,N)(t) = cM (t−1)hN (t).

The augmented minimal free resolution of the module kA := A/(⊕i>0Ai) is of
the form

0 −→ ⊕zdi=1A(−sdi ) −→ · · · −→ ⊕z1i=1A(−s1i ) −→ A −→ kA −→ 0.(2-4)

Since A is connected graded and (2-4) is minimal, all sji are positive. The character-

istic polynomial of kA is denoted by pA(t), and pA(t) = 1 +
∑n

j=1(−1)j(
∑zj

i=1 t
sji ).
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Consequently, pA(0) = 1. Since hkA(t) = 1, we have pA(t)hA(t) = 1 [ATV, 2.9].
For a graded right A-module M , hM (t) = cM (t)/pA(t).

The next theorem is an analogue of [ATV, 2.14].

Theorem 2.4. Let A be a connected graded right noetherian algebra with finite
global dimension.

1. A has finite GK-dimension.
2. pA(t−1) = ±t−lpA(t) and hA(t−1) = ±tlhA(t), where l = deg(pA(t)). In

particular the leading coefficient of pA(t) is 1 or −1.
3. GK-dimension is finitely partitive on right A-modules. As a consequence,

Kdim(M) ≤ GKdim(M) for all noetherian right A-modules M .

Proof. 1 and 2. By Theorem 1.2, A has sub-exponential growth. Suppose p(t) =∏
i(1 − rit). By Corollary 2.2, each ri is a root of 1. Hence r−1

i = ri. Since p(t)
has integer coefficients, the product of all ri is either 1 or −1. Hence

tlp(t−1) =
∏
i

(t− ri) = ±
∏
i

(1− r−1
i t) = ±

∏
i

(1 − rit) = ±p(t) = ±p(t).

Thus we have proved 2. Let m(pA(t)) be the multiplicity of 1 as a root of pA(t).
By Corollary 2.2, GKdim(A) = m(pA(t)) <∞.

3. Let pA(t) = (1 − t)mp0(t) where m = m(pA(t)) and p0(1) 6= 0. Since
pA(0) = 1 and pA(t) 6= 0 for all t < 1, we have p0(1) > 0 by the Intermediate Value
Theorem. Hence p0(1) is a positive integer. For every graded right A-module M
with GKdim(M) = g,

hM (t) = cM (t)/pA(t) = f(t)/(1− t)gp0(t)

where f(t) is a polynomial function with integer coefficients and f(1) 6= 0. Since
M is nonzero, limt→1− hM (t) > 0. Hence f(1)/p0(1) > 0 and consequently f(1)
is a positive integer. Define the multiplicity of M to be f(1) (in [ATV, 2.21(iii)]
the multiplicity of M is defined to be f(1)/p0(1)). Since Hilbert series is additive
on exact sequences, the multiplicity is additive. By [MR, 8.4.8 and 8.4.9], GK-
dimension is finitely right partitive and Kdim(M) ≤ GKdim(M).

The following is a consequence of Lemma 2.3 and Theorem 2.4.2.

Corollary 2.5. Let A be a connected graded right noetherian algebra of global di-
mension d. If Exti(kA, A) = 0 for all i 6= d, then Extd(kA, A) = k(l) for some
integer l.

Proof. By Theorem 2.4, pA(t−1) = ±t−lp(t) for some l. Since A is right noetherian,

kA has finite free resolution. Since Exti(kA, A) = 0 for all i 6= d, by Lemma 2.3,

(−1)dhExtd(kA,A)(t) =
∑
i

(−1)ihExti(kA,A)(t)

= ckA(t−1)hA(t) = pA(t−1)/pA(t) = ±t−l.
Hence Extd(kA, A) = k(l).

3. Graded regular algebras

Let A be a connected graded (not necessarily locally finite) algebra of global di-

mension d. Recall that A is regular if ExtiA(kA, A) = 0 for all i 6= d, and ExtdA(kA, A)
is one dimensional (in some papers, such algebras are called Artin-Schelter regular).
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If A is also assumed to be noetherian, then GKdim(A) < ∞ by Theorem 2.4. On
the other hand we will see that there exist non-noetherian regular algebras with
exponential growth [Example 3.4].

Some nice properties of injective resolutions of Gorenstein rings are given in [Zh,
0.3]. The next proposition shows some nice properties of free resolutions of k for
regular rings.

Proposition 3.1. Let A be a connected graded algebra of global dimension d. Sup-
pose that Exti(kA, A) = 0 for all i 6= d and Extd(kA, A) is finite dimensional.
Then

1. kA and Ak have finite free resolutions. In particular, A is finitely pre-
sented and locally finite. Also, ExtiA(kA, A) = ExtiA(kA, A) and ExtiA(Ak,A) =

ExtiA(Ak,A) for all i.

2. ExtiA(Ak,A) = 0 for all i 6= d and ExtdA(Ak,A) = ExtdA(kA, A) = k(e) for
some e. In particular, A is regular.

3. The d-th term of the minimal free resolution of kA (or Ak) is A(−e), and in

the notation of (2-4), 0 < sji < e for all 0 < j < d and all i.
4. tlpA(t−1) = (−1)dpA(t) where l = deg(pA(t)). Furthermore, e = l and d ≤ e.

5. If d = e, then sji = j for all j and i.
6. If A has sub-exponential growth, then GKdim(A) ≤ e.

Proof. Consider the minimal augmented free resolution of kA,

0 −→ ⊕zdi=1A(−sdi ) −→ · · · −→ ⊕z1i=1A(−s1i ) −→ A −→ kA −→ 0(3-1)

where zi is allowed to be infinite (even uncountable). We will first show that

each zi is finite. Since (3-1) is minimal, every boundary map ∂j from ⊕zji=1A(−sji )
to ⊕zj−1

i=1 A(−sj−1
i ) can be represented by a matrix whose entries are in A>0 :=∑

i>0 Ai. Consequently,

min{sji | 1 ≤ i ≤ zj} < min{sj+1
i | 1 ≤ i ≤ zj+1}.(3-2)

Applying HomA(−, A) to the deleted resolution of (3-1) gives the complex

0←−
zd∏
i=1

A(sdi )←− · · · ←−
z1∏
i=1

A(s1i )←− A←− 0.(3-3)

The boundary maps are ∂∨j := HomA(∂j , A), which send
∏zj−1

i=1 A(sj−1
i ) into∏zj

i=1 A>0(s
j
i ) for all j. By definition, ExtdA(kA, A) =

∏zd
i=1 A(sdi )/im(∂∨d ). Since

the image im(∂∨d ) is in
∏

iA>0(s
d
i ), dimk(ExtdA(kA, A)) ≥ zd. By hypothesis,

ExtdA(kA, A) is finite dimensional and hence zd is finite. We use downward in-
duction to show that every zj is finite. Suppose zj+1 is finite. If zj is infinite,

then there is a finite free submodule ⊕ni=1A(−sji ) ⊂ ⊕zji=1A(−sji ) such that the

image of ∂j+1 is in ⊕ni=1A(−sji ). For every i > n, im(∂j+1) ∩ A(−sji ) = 0 and

∂∨j+1(A(sji )) = 0. Since ExtjA(kA, A) = 0, A(sji ) ⊂
∏

iA(sji ) is in the image of ∂∨j .

But the image of ∂∨j is in
∏

iA>0(s
j
i ), a contradiction. Therefore every zj is finite.

Next we show that

max{sji | 1 ≤ i ≤ zj} < max{sj+1
i | 1 ≤ i ≤ zj+1}(3-4)

for all j. If not, there is an integer i0 such that sji0 ≥ sj+1
t for all t. Since

(3-1) is minimal, ∂j+1 sends the generator of A(−sj+1
i ) into ⊕i6=i0A(−sji ), whence



GROWTH OF GRADED NOETHERIAN RINGS 1601

im(∂j+1) ⊂ ⊕i6=i0A(−sji ). Hence ∂∨j+1(A(sji0 )) = 0 and A(sji0) is in the image of

∂∨j . But the image of ∂∨j is in ⊕iA>0(s
j
i ), a contradiction. Therefore (3-4) holds.

Let AF be the finite dimensional left A-module Extd(kA, A). Then (3-3) is a
free resolution of AF . Since Hom(Hom(P,A), A) = P for all finitely generated free

modules P , Extd(AF,A) = k and Exti(AF ,A) = 0 for all i 6= d. Since F is finite

dimensional, by [Zh, 1.1], Exti(Ak,A) = 0 for all i 6= d. Let w = dimk(Extd(Ak,A)).

Then 1 = dimk(Extd(F,A)) = w dimk(F ). Hence dimk(F ) = w = 1. Therefore

F = k(e) and Extd(Ak,A) = Extd(F,A)(e) = k(e). Thus we have proven part 1
and part 2.

Since dimk(Extd(kA, A)) ≥ zd, we have zd = 1, and the fact that Extd(kA, A) =
A(sd1)/im(∂∨d ) shows that sd1 = e. Hence the d-th term of the minimal free resolution

of kA is A(−e) and (3-4) shows that 0 < sji < e for all 0 < j < d and all i. Therefore
part 3 follows.

Since the i-th term of the minimal free resolution of kA (respectively Ak) is

isomorphic to TorAi (kA,Ak)⊗kA (respectively A⊗kTorAi (kA,Ak)), kA and Ak have
the same type of minimal free resolutions. Consequently, ckA(t) = c

Ak(t). By (3-3),
±tlpA(t−1) is the characteristic polynomial of Ak. Hence ±tlpA(t−1) = pA(t) where
l = deg(pA(t)). Since (3-1) is the minimal free resolution of kA and (3-3) is the
minimal free resolution of Ak(e), ck(e)(t) = (−1)dpA(t−1). Hence e = l = deg(pA(t))

and tlpA(t−1) = (−1)dpA(t). By either (3-2) or (3-4), d ≤ e. Therefore part 4
follows.

If d = e, by (3-2) and (3-4), min{sji | 1 ≤ i ≤ zj} = max{sji | 1 ≤ i ≤ zj} = j.
Hence part 5 follows. Finally, by Corollary 2.2, GKdim(A) ≤ m(pA(t)) ≤ e, proving
part 6.

As an immediate consequence of Proposition 3.1.1, we have the following.

Corollary 3.2. If A is a commutative connected graded regular algebra, then A is
noetherian.

Remark. 1. [SmZ] generalized Corollary 3.2 to the following: every commutative
connected graded ring with global dimension d is isomorphic to the polynomial ring
k[x1, . . . , xd] with deg(xi) > 0.

2. We will see in Example 3.4 that there is a connected graded finitely presented
regular ring of global dimension 2 which is not noetherian. Hence we cannot delete
the hypothesis that A is commutative from Corollary 3.2.

3. It is unknown if we can replace ‘commutative’ by ‘PI’ in Corollary 3.2.

There are two well-known families of connected graded noetherian algebras of
global dimension 2. Let a, b, c, d ∈ k such that ad − bc 6= 0. Let ra,b,c,d denote the
element ax2 +byx+cxy+dy2 in the free algebra k〈x, y〉. Then k〈x, y〉/(ra,b,c,d) is a
regular noetherian domain of global dimension 2. In this case deg(x) = deg(y) > 0.

Another family is k[x][y;σ, δ] where σ is a graded algebra automorphism of k[x]
and δ is a graded σ-derivation. Then R = k[x][y;σ, δ] is a regular noetherian
domain of global dimension 2. In this case deg(y) > deg(x) > 0. (We could also
have deg(x) = deg(y) in this case, but then R would be isomorphic to an algebra
of the form k〈x, y〉/(ra,b,c,d).)

We will prove that there are no other connected graded noetherian algebras of
global dimension 2. First we show that there are no other regular algebras of global
dimension 2 with finite GK-dimension. This is well known ([Ste, Lemma 2.2.5] gives
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the result when k is algebraically closed). For completeness, we include a proof in
the general case.

Proposition 3.3. Let A be a connected graded regular algebra of global dimension
2. If A has finite GK-dimension, then A is isomorphic to either

(a) k〈x, y〉/(ra,b,c,d) where ad− bc 6= 0, or
(b) k[x][y;σ, δ] where σ is an automorphism of k[x] and δ is a σ-derivation.

Proof. By Proposition 3.1, we have an augmented minimal free resolution of k

0 −→ A(−e) −→ ⊕zi=1A(−si) −→ A −→ k −→ 0

where 1 < si < e for all i. Hence hA(t) = pA(t)−1 = (1 −∑z
i=1 t

si + te)−1. Since
GKdim(A) < ∞, by Lemma 2.1, every root of pA(t) has absolute value 1. By the
Intermediate Value Theorem, p(1) ≥ 0 and hence z ≤ 2. Since tep(t−1) = p(t),
p(t) = 1− ti+ t2i or p(t) = 1− ti− tj + ti+j . But (1− ti+ t2i)−1 = 1+ ti− t3i+ · · · ,
which cannot be a Hilbert series. Hence p(t) = 1 − ti − tj + ti+j , and thus the
augmented minimal free resolution of kA is

0 −→ A(−(i + j)) −→ A(−i)⊕A(−j) −→ A −→ k −→ 0.(3-5)

As a consequence, A is generated by two elements x and y, with deg(x) = i and
deg(y) = j, subject to one relation in degree i+j. Let the relation be y1x+x1y = 0
where deg(y1) = j and deg(x1) = i. Then the boundary map from A(−i)⊕A(−j)
to A is ∂1(a, b) = xa+yb and the boundary map from A(−(i+j)) to A(−i)⊕A(−j)
is ∂2(a) = (y1a, x1a). Since the dual of (3-5) is the minimal free resolution of Ak,
A is generated by x1 and y1. If i = j, then y1 = ax + by and x1 = cx + dy with
ad− bc 6= 0. Then A ∼= k〈x, y〉/(ra,b,c,d). If i < j, then x1 = ax and y1 = cy + dxs

with ac 6= 0 (the term dxs appears only when s = j/i is an integer). In this case,
the relation is axy = (cy + dxs)x and A ∼= k[x][y;σ, δ] for some σ and δ.

Remark. If k is assumed to be algebraically closed, we have k〈x, y〉/(ra,b,c,d) ∼=
k[x][y;σ, δ] some graded automorphism σ of k[x] and some σ-derivation δ. Thus, in
this case, any connected graded regular algebra of global dimension two with finite
GK-dimension is isomorphic to an algebra of the form k[x][y;σ, δ].

Now we turn to the case where A is not assumed to have finite GK-dimension.
By Proposition 3.1.3, if A is a regular algebra of global dimension 1, then A is
isomorphic to k[x]. If A is regular of global dimension 2, then A is generated
by two or more elements subject to one relation. Proposition 3.3 shows that A
has finite GK-dimension if and only if A is generated by two elements. The next
example shows that there exist regular algebras of global dimension two generated
by more than two elements. Such rings are non-noetherian and have exponential
growth.

Example 3.4. There is a non-noetherian connected graded regular algebra of
global dimension 2.

Let R = k〈x, y, z〉/(x2 + y2 + z2). First we prove that gl. dim(R) = 2. Let F
be the free algebra k〈x, y, z〉 and let b = x2 + y2 + z2 ∈ F . Let S be the idealizer
I(bF ) := {f ∈ F | fb ∈ bF}. It is routine to check that S = k + bF . Hence
the eigenring (defined in [Di, 2.1]) is E = S/bF ∼= k. By [Di, 5.3], gl. dim(R) =
gl. dim(E) + 2 = 2. Now consider the augmented minimal free resolution of the
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trivial module k

0 −→ R(−2) −→ R(−1)⊕3 −→ R −→ kR −→ 0.(3-6)

The boundary map ∂1 from R(−1)⊕3 to R is defined by ∂(a, b, c) = xa+yb+zc and
the boundary map ∂2 from R(−2) to R(−1)⊕3 is defined by ∂2(a) = (xa, ya, za).
Applying Hom(−, R) to the free resolution of kR (3-6), we obtain

0←− R(2)←− R(1)⊕3 ←− R←− 0(3-7)

where the boundary maps are ∂∨2 and ∂∨1 . By direct computation, ∂∨2 (a, b, c) =
ax+by+cz and ∂∨1 (a) = (ax, ay, az). Therefore (3-7) is the minimal free resolution

of Rk(2). Thus Exti(kR, R) = 0 for i 6= 2 and Ext2(kR, R) = k(2), showing that R
is regular. By (3-6), hR(t) = (1−3t+ t2)−1 and this implies that R has exponential
growth. By Theorem 1.2, R is non-noetherian.

Remark. 1. A classification of connected graded regular rings of global dimension
two was given in [SmZ]. A connected graded ring is regular of global dimension
two if and only if it is isomorphic to k〈x1, . . . xn〉/(rσ), where (i) n ≥ 2, (ii) 1 ≤
deg(x1) ≤ . . . ≤ deg(xn), (iii) deg(xi) + deg(xn−i) is a constant for all i, (iv) σ
is a graded algebra automorphism of the free algebra k〈x1, . . . xn〉, and (v) rσ =∑n

i=1 xiσ(xn−i). For example, let deg(xi) = 1 and σ(xi) = xn−i for all i, then
k〈x1, . . . , xn〉/(

∑n
i=1 x

2
i ) is regular of global dimension two.

2. By adding central indeterminates, we can easily construct non-noetherian
regular algebras of arbitrarily large global dimension. In particular, there are
non-noetherian regular rings of global dimension three. Therefore the condition
GKdim(A) < ∞ is necessary in the classification of 3-dimensional regular rings in
[AS] [ATV].

Finally we prove Theorem 0.4 from the introduction.

Theorem 3.5. 1. If A is a connected graded noetherian algebra of global dimension
2, then A is regular and GKdim(A) = 2. Moreover, and A is isomorphic to either

(a) k〈x, y〉/(ra,b,c,d) where ad− bc 6= 0, or
(b) k[x][y;σ, δ] where σ is an automorphism of k[x] and δ is a σ-derivation.

Proof. By Theorem 2.4.1, A has finite GK-dimension. By Proposition 3.3, it suffices
to prove that A is regular. By [ATV, 3.15], A is a domain (note that, in the proof
of [ATV, 3.15], the regularity hypothesis was not used). By [SZ, (3.8.1)], for any
finitely generated right A-module M there is a convergent spectral sequence

Ep,q
2 := ExtpA(ExtqA(M,A), A) =⇒ Hp−q(M),(3-8)

where Hp−q(M) = 0 if p 6= q and H0(M) = M . The E2-page of (3-8) (that is, the
table of Ep,q

2 terms) is

E0,2(M) E1,2(M) E2,2(M)

E0,1(M) E1,1(M) E2,1(M)
E0,0(M) E1,0(M) E2,0(M)

where Ep,q(M) denotes ExtpA(ExtqA(M,A), A). The boundary maps in the Er-

page have degree (r, r − 1). Hence the terms E1,2(M), E0,2(M), E2,0(M), and
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E1,0(M) will survive in the E∞-page. Since these are off the main diagonal and
(3-8) converges,

E1,2(M) = E0,2(M) = E2,0(M) = E1,0(M) = 0.

Let Q be the quotient division ring of A. If E0,1(M) = HomA(Ext1A(M,A), A) 6= 0,
then Ext1A(M,A) is not torsion, which implies Q ⊗ Ext1A(M,A) 6= 0. But by [SZ,
3.3],

Q⊗ Ext1A(M,A) = Ext1Q(M ⊗Q,Q) = 0.

This is a contradiction and hence E0,1(M) = 0. Now let M = k. Since A is a domain
and infinite dimensional, E0,0(k) = 0. Since (3-8) converges, E2,1(k) is an image of
E0,0(k), and hence it is zero. Since A has global dimension 2, Ext2A(k,A) 6= 0. But
E1,2(k) = E0,2(k) = 0, whence E2,2(k) 6= 0. Since k is a simple module, from (3-8)

we obtain E1,1(k) = 0 and E2,2(k) = k. Therefore ExtiA(k,A) = 0 for all i 6= 2. By
Corollary 2.5, Ext2A(k,A) ∼= k(l) for some l and hence A is regular.
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