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ABSTRACT. We prove L? — LP bounds for the wave operator on the torus for
large time. The new feature is the distribution of the singularities of the wave
kernel, which can be understood by making use of Hardy-Littlewood method
for exponential sums.

1. INTRODUCTION

We consider the standard homogenuous wave equation on the torus II" :
(1) Od(T,z) = 0, x e 11",
®(0,z) = 0, or®(0,z) = f(x),
and prove analogues of the inequalities obtained by Strichartz [4], for large values

of the time T'.
Namely it is proved that

Theorem 1. Letn >5,2<p < oo, f € LP(II") such that f(0) = 0.
If we introduce the operators A = (=), ®(T,) = Wrf = Kr  f, then we
have
(2)
| AFOEDGD W £ oy < €0 TG (log TY || £ ] ey

We remark that ®(7,z) = T if f = 1; hence there is no loss of generality
by assuming f (0) = 0 . In the proof we use a variant of the Littlewood-Paley
decomposition for the torus which we describe below.

Let Ry, L = 2!, 1 € Z, be the usual multipliers used for R", ie.: n €
C§°(R), supp n C (1/2,2), and

RLT(©) = f©nlel/L), Y (/) = 1.

ez
The same decomposition can be used for f € C(II"), and if f(0) = 0 then
obviously
f=>_Ruf.
1=0
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For the square function Sf(z)? = >.;°, |RLf(z)[> one has the analogues estimate
for 1 <p< oc:

3) o I Fle<ISflla<Coll flp-

The proof of inequality (3) is just an imitation of that for the continuous case, if one
observes that || Rr ||Leqin)—rr@n) < || Re ||zr(rr)—1Lr(rn) - This last inequality
remains true for more general multipliers, as is shown by Stein [2, ch. 7]. Hence by
using standard arguments (2) follows from the uniform estimates

11 n=3(1_1
(4) A HEVGEDRWf < T2 G70) (log 1) || f |,

where the constant c,, , is independent of L. Indeed, consider the identity operator
between the mixed norm spaces :

(i) I LP(1%) — IP(LP),

which is bounded for p > 2 by Minkowski’s inequality; hence on taking the dual it
follows that

(i) I: (L) — LY (12)

is also bounded. We remark that the LP norm of the square function Sf is the
LP(1?) mixed norm of the sequence {Rpf;l=0,1,2,...}; hence we have

@ Iflp< el SFIR< e D I Relly forp=2,
L
(IT) I3 = e I SFIG = e DI Ref Il -
L

Suppose M is a multiplier on IT" for which the estimate || RpM ||p—p < Cum
holds uniformly in L . Then using almost orthogonality we have

IMFIG<epd I RMSI
L

<3¢ Z(H RLMRypof |2+ || REMRLS |2 4 | ReMRorf |2)
L

< 9¢,C% Z | Rof ||;2)' < 9cyep Ciy || f ||;2;/ .
L

Observe that inequality (4) is trivial when p = 2, and the crucial point is the
following:

Lemma 1. Letn>5,L =2 1=0,1,2,.... We have
n=3
(5) H KT7L HLoo(Hn) S Cn7'yT 2 logT,
where the constant cy,  is independent of L .
Here for simplicity we denoted by Kt the kernel of the operator
A—(n—1)/2-1-1'7’].211I/VT7

and we remark that the imaginary part of phase v plays no role in any of our
computations; it is needed in order to use analytic interpolation.

The proof of Lemma 1 is based on two different approaches. On the one hand
we use the properties of the wave kernel for R™ and periodization, and on the other
hand estimates are obtained by making use of the Fourier transform and methods for
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exponential sums. In both cases the Hardy-Littlewood “circle” method, described
in [1], will play an essential role.

2. ESTIMATES IN SPACE

We start by showing a localization property of the kernel of the standard wave
operator in R"; K7 ; is defined by

s iTlE]

(6) K () = Kr.0(6) = €77 +”77(§/L)W,

where as usual we replaced the term |¢|~" sin(T'|¢]) by |¢]~ e**TI¢l in the Fourier
transform of the wave kernel K§.(x).

Proposition 1. Let TL > 1. Then for every N >0

n

(7) K1, ()] < eany TF (L4 [[a] = T|- L)V,

Proof. First we deal with the case |z| > T/2. Integrating in polar coordinates, one
has

Kiu (o) = e [ T r(olal) /L) r 5+

where 61(\) is the Fourier transform of the measure concentrated on the unit
sphere. Using the method of stationary phase, one has

—(n-1)

MR 4 AT T e Ry(N),

®) OE
where |[DY Ry(\)| < enA™™ VN eN if A>1/2.

Let us consider one of the terms of formula (8). After a change of variables we
have

n—1

Krp,-(z) = |a]72

/e"L(T_M)n(T)R_ (rL|z|)r='T dr.

Since supp n C (1/2,2), using the decay property of the derivatives of R_()) it is
easy to see that

(d/dr)™ (n(r) R—(rL|z|) r=+7) < Cuny

and the proposition follows after integrating by parts N times. The other term
can be handled the same way.

When |z| < T/2, on introducing ¢ = r&;, |£1] = 1 and integrating in polar
coordinates we have

Kiula) = [ 10h&)doléa)
where
(T, &) = L /eiTL(THC&) 17(7“)7“7%3“7 dr.
After integrating by parts 2N times we obtain the estimate
I[(T,&)] < ONL*T |L(T + 260)| 7N < enq (LT)N

using the fact that |[T'+x&;| > T/2 . This implies the same estimate for K7, (z),
and the proposition follows. O
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Using the fact that
Krp(x) = Y Kfp(z—m)
mezZn

and the localization shown above, we need upper bounds for the number of lattice
points in a thin spherical shell centered at an arbitrary point. Since we have not
seen these in the literature we present a proof by using a variant of the circle
method, but will be brief and refer to the analysis in [1].

Proposition 2. Let x € R™ be arbitrary but fized. Then for n >5T>1,L > 1
we have

Sr(x) = Hxe 2" |lz —x| - T| < L7} < e T" T max(T71, L7Y),
where the constant ¢, is independent of the point x.

Proof. 1t is enough to prove the inequality for T'= L , and then it is easy to see
that

—ZTE|T— 2
Sr.(x) < cl{z; |lv = x> = T?| <3} < en D (lw —x|* = T?) e ?melox,
RASYAL

where ¢ is a strictly positive smooth function such that supp QAS C (—-1,1), QAS <1
and € = T2 . Hence, using the Fourier transform, one has

1
Sr(x) < el / 0(t, )e > (1) dt | < 2, / 0(t, v)] dt.
R 0

Here 0(t,x) =>_, e2milz=x*(t+ie) and we used the fact that | (¢, x)| = |6(—t, x)|.
It is enough to estimate the theta type function in one dimension, which can be
done by Poisson summation as follows:
Let t=p/g+71,z=rg+s, 0<s<gqgand s,,(z) = e2mi(@=x)*(T+i€)  Then
one has
q—1

9(t7X) _ e27TiX2p/qZ€27ri52p/q Ze—Qﬂ'ix(rq+s) ST,x(Tq + S)
s=0 reZ
q—1
= e2mix’p/a Z (3 Z 2™ (/0 =s1/0) ) 5 (1/q+ 2x),
ez 5=0

where

X X 2
Sral€) = /Rsr,me-mf dz = e2TE(7 4 i) V22

is the continuous Fourier transform.
On a major arc centered at p/q , one has ¢ <T 7 < T~ ¢!, cf. [1]; hence it is

easy to show that
€ o 1
(2 +712) = 2
This yields the one dimensional estimate
Ot ) < eq/% e+ |r) 72D TR < g o el 1,
ez

using the properties of Gaussian sums.
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Taking the n-th power of this inequality and integrating over the major arcs
yields

1 e’}
/ 10(t, )| dt: < Zq-W/ i+ ie| ™/ dr
0 0

p,q
oo
< epe M/ Z g "? < e, T
g=1
because —n/2+ 1 < —1 for n > 5, and Proposition 2 follows. O

This implies the following.
Lemma 2. Suppose T,L > 1. Then we have
9) |Kr1(2)] < e,T*T max(T~', LY.

Proof. Let us introduce the notations Zy = [{z € Z"; ||z — x| = T| < L7}
and Z; = [{z € Z2"; 27 L7 <|lz — x| - T| < 27L7'}| for j =1,2,.... From
Proposition 1 it follows that

|K7 . (x)] < Cn,NT_%Q_Nj it wzeZ,
and then Proposition 2 implies
log, L/T
K7, (0] < conT T (max(T~, L)+ Y (T4 2L )22
j=1

toeanT T Y (T2 L)L N
j>10g+(L/T)
= cunT™ "7 (T" ' max(T~1,L7Y) + 5 + 55)
where log_ (s) = max(log(s),0) and S =01if L <T .

It is easy to see that S» < ¢, 7" 'L~ and S; < ¢, 7" 2 for L > T. Lemma 2
follows. O

3. DIRECT ESTIMATES IN Z"

One can explicitely write down the kernel K7 ; as a finite sum as follows:

(10) Krp(x) = Y XX n(g/L) g~ 5 0 eTlel,
cezm

n

—1

which leads the trivial upper bound |Kr 1(x)| < ¢, L7z . This estimate together
with Lemma 2 already gives a uniform upper bound in x and L showing the
possibility of the Strichartz type estimates for the torus. Now we show how to
obtain essentially sharp uniform estimates using theta type functions and partial
summation.

Lemma 3. Let n > 5. For T < L/2 we have

(11) |K7,(x)| <cn L= 7! log L.
For L2 <T < L? we have

(12) \Kr.L(x)| <en L™ 2T logL.
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Proof. Let Ny = {I'/?;1€ N,L/2<1<2L} . Then one can write
Kr,1(x) = Z Z e?mixXe ) l/L)l_n_HJriV e T,
lEN2 [¢|=1

The inner sum is just the the Fourier coefficient of the theta function 6(x, t + i€) =
D¢ ¢! (XEHIEP (t+19) - Hence one has

2m

(13) Kr(x) = / O(x,t +ie) ( Z €i(Tl_tl2)a(L,l))dt,
0 lEN:

where a(L,1) = n(l/L)l="% t7e’ where we have chosen e = L=2 .

We will estimate the inner sum uniformly in ¢ by using partial summation.
Since Ny consists of the square roots of the integers, the difference between two
consecutive elements [ < [’ is bounded by c¢L~!; hence it is easy to see that

n

la(L,1)| < e, L™ "2 and |a(L,l') — a(L,1)| < e L™

n+1

Introducing the notation

S, = Z ei(Tll—tlf)7

11E€N2,11 <1
we get, by partial summation,
(14) | > T (L) | < ey
lEN IEN

We now decompose these partial sums S; into shorter sums, whose terms are
between two consecutive integers. Let us introduce the notations

I3
. 2 . 2
St = Z ATt o Skn = }: UTI=t)
K<I<K+1 1=K

where K is integer I,u € Ny , L/2< K < Land K <pu<K+1.Itisnot hard
to show that

(15) SIS < N2l Y ISk + D ISil < 4L Sk + 1617,
lEN K 1 K
where we used the facts that |Np| <4L? and [Sf | < 2K <4L.
Let us remark that at this point the proof of the lemma is reduced to obtaining
nontrivial estimates for the sum ), [Sk| . In order to do this we make us of the
Taylor formula to approximate the terms by simpler ones as follows. We can write

2K 2K
Sp = Zei(T\/K2+j—t(K2+j)) _ ei(TK—tKZ) Zei(TK(\/l+jK*2—l)—tj).
j=0 j=0

Using linear approximations for the exponents in the sum, we have

VI+iK-2-1=1/2K 24+ r(jK?),
where
Ir((j + DK %) —r(jK™?)| < ¢ K 2jK% < cL™3.
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Partial summation yields
(16)
2K ,
[Sicl =D IR0 TRIGIO) < o max |Tu)TL™ + Torc,
7=0

where T, = >0 e' (T/2K 1) s the sum of a finite geometric progression. One
can use the sunple umforrn upper bound
1 T,| < c¢min(L, {T/2K —t}~*
(17) Jmax [T < cmin(L, {T/2K - )7,
where {a} = min{|a — n|; n is an integer} denotes the fractional part of the
number « . The crucial point is that the average over K of the right side of
inequality (17) is essentially smaller than L .

First we deal with the case when T < L/2 . Let us consider the set Zr =
{T/2K; L/2 < K < 2L} . We remark that Zy C (0,1) and that the distance
between two neighbouring points is at least TL~2 . It is not hard to see that

Z min(L, {z —t}7') < Z min(L, |z — ¢+ (1 — |z —t))7h)
rE€ZT rEZT
2K
o(L+ Y L*T7j7!) <eT™'L? log L.
j=1

\ /\

The case when L/2 < T < L? is slightly more complicated, however we can
apply the previous argument for the sets Zr,, = Zr()[n,n+ 1], where n < T/L
is an integer. Hence in this case we have

(18) > min(L,{z —t}7!) <cT/L(L+T 'L*logL) < cT log L.

rE€EZT

If we put together inequalities (14)—(18) we obtain the crucial estimates

(19) |3 T (L) < LT g L for T < L/2
LENo

and

(20) |3 T (L) < LT F T log L for L/2<T < L2,
LENo

Lemma 3 follows if one remarks that the “circle” method implies the estimate
forn>5, e = L2

2
/ 10(x,t +i€)|dt < ¢, L"72. O
0

Optimizing between estimates (9) and (12) implies (5) for L > T%/2 | and for
L < T'/? we have the trivial estimate |K7.7(x)| < e L7 < ¢, T™2" when n > 5.
Hence Lemma 1 follows. O

Finally using the (energy) estimate
(21) | AT RLKr f (|2 < || S |2,
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which is obvious since the Fourier transform of the left side is |¢|7n(€/L)eTIEl f(€),
estimate (4) follows immediately by interpolating between (9) and (21), which im-
plies Theorem 1 using the Littlewood-Paley theory as we already explained in the
introduction.
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