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WEIGHTED WEAK-TYPE INEQUALITIES
FOR THE MAXIMAL FUNCTION OF NONNEGATIVE
INTEGRAL TRANSFORMS OVER APPROACH REGIONS

SHIYING ZHAO

(Communicated by J. Marshall Ash)

ABSTRACT. The relation between approach regions and singularities of non-
negative kernels K¢(z,y) is studied, where t € (0,00), z, y € X, and X is a
homogeneous space. For 1 < p < ¢ < o0, a sufficient condition on approach
regions (2, (a € X) is given so that the maximal function

sup /Kt(w,y)f(y)dO(y)
(z,t)EN /X

is weak-type (p, ¢) with respect to a pair of measures o and w. It is shown that
this condition is also necessary for operators of potential type in the sense of
Sawyer and Wheedon (Amer. J. Math. 114 (1992), 813-874).

1. INTRODUCTION

In [6], A. Nagel and E. Stein improved the classical theorem of Fatou on nontan-
gential limits of harmonic functions defined on R?jl to include limits within regions
which allow sequential approach with any degree of tangency to the boundary, R™.
Their proof is based on a remarkable result of a necessary and sufficient condition on
the approach regions so that the associated maximal function of Hardy-Littlewood
type is weak type (1,1). The condition gives a clear picture of the relation be-
tween the size of cross-sectional measure of approach regions at height r and the
“singularity”, r—", of the maximal operator of Hardy-Littlewood type. Following
this important work, a series of papers has been devoted to maximal functions of
Hardy-Littlewood type for associated approach regions (see, e.g. [1], [9], [5], and
[7]). In this paper, we show that a similar relation holds for general integral trans-
forms with nonnegative kernels in the upper half-space of a homogeneous space.
We give a sufficient condition, which turns out to be necessary for operators of
potential type in the sense of [8], on approach regions so that weak-type (p,q)
(1 < p < g < ) inequalities (see (1.6) below) hold for the maximal function
over the approach regions with respect to a pair of Borel measures o and w on X.
Our condition and proof are motivated by a recent paper [3], where some general
weak-type inequalities for integral transforms with nonnegative kernels are studied.
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A homogeneous space (X, d, 1) is a set X together with a quasi-metric d and a
doubling measure p. By the quasi-metric d we mean a mapping d: X x X — [0, 00)
which satisfies the same conditions as a metric, except the triangle inequality is
weakened to

(1.1) d(z,y) < k(d(z,z) + d(z,y)) forall z, y, z € X,

where x > 1 is a constant which is independent of z, y, and z. Without loss of
generality, we may assume that all balls B(z,r) = {y € X: d(z,y) < r} are open
(see [4]). We also use the convention that B(z,0) = &. By the doubling measure
we mean a nonnegative measure on the Borel subsets of X so that [2B|, < C,[B|,
for all balls B C X, where |B|, denotes the y-measure of the ball B, and C), is a
constant which depends only on p.

For a homogeneous space X, we denote that X = X x (0,00) the upper half-
space of X x R, and that B(z,r) = B(z,r) x (0,7). For a Borel measure o on X,
we study the operator T defined by

-~

(12) T(f do)(x,1) = /X Ki(oy)f@)do(y), (o)X,

with the nonnegative kernel Ky(z,y) which is lower semi-continuous.

Let 2 ={£,: a € X} be a family of nonempty subsets in X. For each a € X,
set 2,(r) = {z € X: (z,r) € £2,} (the cross-section of {2, at height r). Following
[9], for @ > 0 and (z,r) € X, we define

(1.3) Sa(z,r) ={a € X: 2,(r) N B(z,ar) # &}.

We suppose that, for each a € X, a € £2,(r) for all r > 0, and 2,(r") C 24(r)
if ¥/ < r. It is clear that, for each z € X, S,(x,7") C So(z,r) if ¥ < r, and
lim, o0 So(z,7) = X.

Theorem 1.1. Let 1 < p < g < o0 and 0 < o < 2k. Assume that o and w are
Borel measures on X, which satisfy the condition: There exists a positive constant

C1 such that
1/q ) /v’
</ Ki(z,y)? da(y)> <Ch,
w X\B(z,r)

1/q
ess supU{Kt(;v,y): ye X\ B(x,r)} < (Cq,

(1.4)

S <x %’”“(m + t))

if 1 <p<oo, or

(1.5)

S, (:c %(w + t))

w

ifp=1, forall (x,t) € X andr > 0, where ess sup,, denotes the essential supremum
with respect to the measure o.
Then the weak-type inequality

< S ([ sty i) "

1/q
w

(1.6) HGEX: sup T(fdo)(z,t) >)\}
(z,t)ENR,

holds for all o-measurable functions f > 0.
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We shall say that an operator T" defined by (1.2) is an operator of potential type
if its kernel K satisfies the condition: For a fixed constant 0 < a < 2k, there exists
a positive constant Cj such that

(1.7)
R 2
Ki(z,y) < CoKy(a',y) whenever (2/,t') € B (:z:, 8%(7" + t)) and y € X \ B(z,7),

for all (z,t) € X and r > 0. (See also [8] for an essentially equivalent definition.)

Theorem 1.2. Let 1 < p < g < oo and 0 < a < 2k, and let 0 and w be locally
finite Borel measures on X. Assume that the kernel K satisfies condition (1.7);
then the weak-type inequality (1.6) holds for all o-measurable functions f > 0 if
and only if there exists a positive constant C1 such that

4,1 1/4 , 1/Pl
S <x —t) ( | Kty da<y>) <,
(6% w X

if 1 <p<oo, or

Sa <x, 4—'% t)
a

if p=1, for all (z,t) €X.

(1.8)

1/q

(1.9) ess sup, { Ki(z,y): y € X} < O,

w

2. PROOF OF THEOREM 1.1

We shall assume that 1 < p < oo. For p = 1, only some mild modifications of
the following proof are needed.
For any fixed function f > 0 and number A > 0, we set

(2.1) E, = {an: sup T(fdo)(z,t) >/\} .
(z,t)ENR,

Let Bgr in X be a ball centered at some fixed g € X with radius R > 0. We
consider the sets

(2.2) EX(R) = {a: € Bg: sup T(fdo)(z,t) > )\} ,
0<t<R
and
(2.3) E\x(R)={a€ X:T(fdo)(z,t) > X for some (z,t) € £2,,
' with € Bg and 0 < t < d(z)},
where
(2.4) d(z) = sup{t € (0, R]: T(fdo)(z,t) > \}.

Obviously, we have E5(R) C Ex(R) C E\, and limg_.oc Ex(R) = E).
We first claim that, for each z € E}(R) there exists r(x) > («/2k)d(z) (we recall
that o < 2k) such that

4K c
— < — q—p p
S <x . r(ax)) \ < V15t [ o, fwrd),

where the constant C' is independent of x and R.

(2.5)
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Assuming the last claim for a moment, we finish the proof of the theorem. We
may assume that sup {r(z): = € EX(R)} < oo; otherwise (1.6) would follow trivially
from

|X|,= sup
©€E%(R)

S0 (2.50@)| < 1183y [ sl ot

Applying the covering lemma for homogeneous spaces (see [2]) with the family of
balls {B(x,r(z)): € E(R)}, we obtain a countable, pairwise disjoint subfamily
{B(zk, 7))}y, where 1, = r(z1), so that E5(R) C U, B(zg, 4kri), and r(z) < 2ry,
for all z € B(x, 4kry).

We next claim that

(2.6) ) C US (xk,—rk> .

Indeed, if a € Ex(R) then thereis (x,t) € 2, so that € Ef(R) and ¢t < d(x). Thus,
x € B(zg,4kry) and t < d(z) < 2k/a)r(z) < (4kx/a)ry for some k. Therefore,
(x, (4k/a)ry) € 2, by our assumption on 2. This implies that

4 4
x € (2, (—Krk) NnB (a:k,oz—ﬁrk) ,
« «

and therefore, a € S, (zk, (4x/a)ry).
By virtue of (2.6) and (2.5), we have

<$k, _Tk>
w

< A% da@/ 2)" do(z)

Ik,ﬁc)

< IV [ Her dote

Skq(/f ) doa )

where we have used the fact that {B(zg,rr)} is pairwise disjoint. By letting R —
00, we obtain (1.6).

We now prove (2.5). If x € E}(R), then there exists ¢ with (a/2k)d(z) <
t < d(z) so that T(fdo)(z,t) > A. To simplify the notation, we shall denote
S(r) = Sa(z, (4r/a)r). Without loss of generality, we can assume that there is
r > 0 so that

(2.7) VS(%OW </X <%@))pd0(y)) Ry

Otherwise, (1.6) would follow trivially from

1/p
X1~ i s+ 01 < 52 ([ pran)

|Ex(R
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Let dy be the greatest lower bound for the r satisfying (2.7); then, by using Holder’s
inequality and condition (1.4), we have

[ K@) - 5/ Ko(z.) Y do(y)
X\B(z,r) X\B(z,r)

A
([ meran) ([ (Y )
2 X\B(z,r) X\B(z,r) \ A
/p
o (/ ( 2 ww) <3
< do(y —
215(2r + )]/ \Ux \ A W) =3

for all 7 > dy. Therefore, we obtain either

A
(28) | Kt >3, it s doso,
B(z,r)
or
A .
(29) Ko o)f@l{a}l, > 5, if do=0.
If dy = 0 then

2 < Ko f @) (a)], < / Ki(w, ) (y) do(y)

B(z,t)

, 1/p’ Up
< ( /X Ki(x,y)? da(y)) ( /B o da(y))
1/p
Ch
< - Pdo ,
< ST ( W <y>>

and so that

If dg > 0 then there is g > 0 such that

210 |s<zmc+l BIRG (/. <%@)>pd"(y)>l/p <b
and
(2.11) I§6{%%5FUE<jQ<zé%2>pd0@”>lﬁ)>l.

We now choose a (finite or infinite) decreasing sequence {r;}7_; of positive numbers
such that

(2.12) 1S(r; + )|, <277|S(ro +t)|, < |S(2r; + 1),
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for j=1,2,..., n. Due to p < ¢q, we have
n S +t 1/p—1/q oo 1 1/p—1/q

S (ol y S (Y

= \IS(ro + 1), o
Thus, we obtain from (2.8) that

S(r; +1)] )1/”‘1/‘1 u /
. < Ki(z,y)f(y) do(y),
Qﬁz (|S (ro +t)], ; 5B t

where B; = B(xz,7;), and Bp1 = {«} if n is finite. Hence, there exists jo such
that

A (18(r, + DI\ P
5 (seine) <[, K@)

1/p’ 1/p
( / K (2, y)? da<y>> ( / ) dcr(m)
BjO\BjO+1 Bjo\Bj0+1

o 1/p
Pd
|S(2Tj0+1 + t)|i/q ( Bijy f(y) U(y)>

1/p

29y

< — fy)? do(y ;
1S (rj, +1)[2/ < Bjq el )>

IN

IN

the last step follows from (2.12). Consequently, by using (2.11), we get

180 + ), < % Stro+ 07 [ gy doty)

B(mvrjo )

115 [ L Jriw)

I [ sty

This completes the proof of (2.5), if we choose r(xz) = r;, + ¢ and note ¢t >
(a/2k)d(x). Therefore Theorem 1.1 is proved.

3. PROOF OF THEOREM 1.2

We first show that conditions (1.8) and (1.9) imply conditions (1.4) and (1.5),
respectively, if the kernel K satisfies condition (1.7). Then the sufficient part of
the theorem follows from Theorem 1.1. To see this, we fix x € X, ¢ > 0 and r > 0.
Then, (z,2r +1t) € E(L (85%/a)(r + 1)), since 0 < a < 2k, and so that

Ki(z,y) < CoKarqe(x,y)
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for y € X \ B(x,r), by (1.7). Therefore

1/q , 1/17/
( J R da<y>>
w X\B(z,r)

4K 1 1/17/
Se <:1c, —(2r + t)) </ Koryi(z,y)? dU(Q))
« w X\B(z,r)

4k 1/q , 1/17,
< |S, <:1:, —t) (/ Ki(x,y)P da(y)) <(C;.
(6% w X

The proof for the case p = 1 is similar.
We now prove the necessity part of the theorem. We consider the case of 1 <

p < oo first. Let (z9,t9) € X be temporarily fixed, and for each positive integer N,
define

S <:z: %(27" + t))

IN

KtO(:Ean) if K(ZEO,y) < Na

KN =
o (0, 9) {N if Ky, (z0,y) > N.

Let R > 0 be arbitrary fixed constant and 0 < 3 < 1/Cj, we now take

fly) = Ktlg(foa y)p//pXB(mg,R) (y)

and A = fB(wO R) K (o, y)?" do(y). We note that A < oo since o is locally finite.
If a € S, (o, (4k/a)ty), then there is x € 2,((4rk/a)tg) N B(xo,4kty), and hence
(x, (4r/a)to) € 2, N B(xg, (8k2%/a)ty), since 0 < a < 2k. Apply condition (1.7)
with 7 = 0, we get Ky, (v0,y) < CoKn/ay,(x,y) for all y € X, and therefore,
K{X(xo, y) < CoK(ax/ay, (x,y) for all y € X. Thus

i 1 N N v'/p

T(f dO’) T, — to ) 2 C_ th (ZEOa y)Kto (ZEO? y) dO'(y) > A )
« 0 JB(zo,R)

which implies that
4Kk
Sa (xo,—to) CqaeX: sup T(fdo)(xz,t) >N, .
«a (z,t)E2,

Therefore, by using the weak-type inequality (1.6), we obtain

4
Sa (360, = to)
a

{aGX: sup T(fda)(x,t)>)\}
(

z,t)EN,

1/p
gc/ KN (@o,9)” doy) |
B(wo,R)

Thus, (1.8) follows by division, and then letting R — oo and N — oc.
For the case p = 1, we fix (z9,t9) € X temporarily, and for each positive integer
N > 4kt set

1/q ,
5 / K (0, y)" do(y)
w B(:Eo,R)

1/q
<A

w

Ay =min {N, ess sup,{ K¢, (z0,y): y€ X}} .
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We could assume that Ay > 0, otherwise (1.9) would hold trivially. Let R be an
arbitrary positive number, and choose a number 0 < 1 < 1 so that the set

Urn = {y € B(xo, N): Ky, (20,y) > nAn}

has nonzero and finite o-measure, since o is locally finite. Now, take f = xu, y
and A = BAN|Ug,n|, with 0 < 8 < n/Cy. As before, if a € Sq (o, (4k/a)ty), then
there is © € 2, ((4K/a)to) N B(xg, 4kto) and hence condition (1.7) implies that

4K 1
T(fdo) (2, —ty) > = / Koo (20, 9) XUnn () do(y) > == An|Ug,|, > A,
(0% C() X OO

since N > 4ktg. Therefore, by the weak-type inequality (1.6), we obtain

4k La
B|Sa <9C07 Et‘)) A|Ur NI,
1/q
<XMSaeX: sup T(fdo)(z,t) >\
(z,t)ENR, w

<0 ([ s ao) = ClUmsl,.

Again, (1.9) follows by division, and then letting R — oo and N — oo. This
completes the proof of Theorem 1.2.
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