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ABSTRACT. We present a new proof for Morita equivalence of twisted crossed
products by coactions within the abstract context of crossed products of Hilbert
C*-modules. In this context we are free from representing all C*-algebras and
Hilbert C*-modules on Hilbert spaces.

The notion of Morita equivalence of twisted coactions was introduced in [B]. In
[B, Theorem 3.3] we established conditions on twisted coactions which are sufficient
to ensure Morita equivalence of the corresponding crossed product C*-algebras.
Later [ER] gave a shorter proof for this result using their results on multipliers
of imprimitivity bimodules. However in the proofs of both [B] and [ER], all C*-
algebras and Hilbert C*-modules need to be represented on Hilbert spaces.

In this paper we present a new proof for [B, Theorem 3.3] based on the notion
of crossed products of Hilbert C*-modules introduced in [B2]. Crossed products
of Hilbert C*-modules in [B2] were defined as subspaces of adjointable operators
between Hilbert C"*-modules. In this abstract context, we are free from representing
all C*-algebras and Hilbert C*-modules on Hilbert spaces as in [B] and [ER]. As
a consequence, the proof here is shorter and more elegant than that of [B]. Our
approach is close to the spirit of [BS], and different from [ER].

Throughout this paper G is a locally compact group and N is a closed normal
amenable subgroup of G. Recall from [M, Lemma 3] that there is a surjective
homomorphism ¥ from C;(G) into C(G/N) such that W(A%(r)) = A\5/N (g, (r)),
where ¢, : G — G/N is the quotient map, A\ and A®/VN are the left regular
representations of G and G/N. We denote by W the unitary operator on L?(GxG)
defined by [Wg€](r, s) = &(r,7~1s). If f is an element of the Fourier algebra A(G),
then Sy(Wg) = My. Here Sy denotes the slice map, see [LPRS, §1].

To apply [B2, Theorem 1.6] to this paper, we need to show that We is a regular
multiplicative unitary. For any &, n € L?(G), we define

wpe = (T&m), VT € B(L*(G)).
Then for any w = w, ¢, we have
((id@w)We)¢'ln') = (Myore€'ln'), V€0 € L*(G).

It then follows that §Wc = Cy(G), and the crossed product of [B2, Proposition
1.5] is just the crossed product of [LPRS, Definition 2.4]. The unitary operator
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¢ — & from L?(G) onto the conjugate space L2(G) satisfies the conditions of
[BS2, Exemples 3.4.3], and hence W is regular.

Let (6p, Wp) be a twisted coaction of (G, G/N) on a C*-algebra D in the sense
of [PR, Definition 2.1]. Put

Iy, = m { ker(m x u) : (m,p) is a covariant representation

of (D,G,6p) which preserves Wp }.

The twisted crossed product D x5, w, G is the quotient D x5, G/Iw,; see [PR,
Definition 2.8]. Put

np(f) = 6p(Se{Wp}) = [1p ® Myeq ], Vf € A(G/N).
Recall from [B, Lemma 3.5] that Iy, is the closed subspace generated by ynp(f)y’
for all v, € D x5, G and f € A(G/N).
For convenience we recall the following definition from [B, Definition 3.2].

Definition 1. Let (64,W4) and (65, Wg) be twisted coactions of (G,G/N) on
C*-algebras A and B. We say that (64, Wa) and (65, Wg) are Morita equivalent
if there are an A, B-imprimitivity bimodule X and a ¢ g-compatible coaction 6 x of
G on X such that

(i) ox(z)ox(y)* = (;9 ®id) o 6a(fzly)),  Vo,y € X,

(i) (idx @) o bx(x Wa(z @1)W3, Vr € X,

where ¥ : A — K(X) is the natural isomorphism.
Next we will give a new proof for the following result [B, Theorem 3.3].

Theorem 2. If the twisted coactions (64, Wa) and (6, Wg) are Morita equivalent
by means of (X, 6x), then the twisted crossed products Axs, w, G and B X sz wy G
are Morita equivalent.

Put E' = K(X) and J = K(X @® B). We will use the notation ég, 0., ¢;; and dij
of [B2]. Put Wg = (Y ®1id)(W4). Then (g, Wg) is a twisted coaction of (G,G/N)
on E, and E x5, w, G is isomorphic to A Xs, w, G; see [B, Lemma 3.4]. Therefore

we may assume that A= FE, Wy = Wg and 64 = 5.

Lemma 3. (i) Fach element na(f)6x(x) is the limit of finite sums

n

> bx(yi)ma(g:), yi € X, gi € A(G/N).

=1

*

(ii)  FEach element 6x(y)np(g)* is the limit of finite sums

n

ZHA(fZ)*(Sx(Zlil), xT; € X, fz S A(G/N)

i=1

Proof. (i) We write f = ¢g- ¥(u) for some g € A(G/N) and u € C}(G). We shall
denote ¢;;(m) by m¢. Since [14®uldx(z) € X ®C;(G), it is the limit of finite sums
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>y ®v;. We compute
di> (5a(S{Wah)ox () = 8511 (Sr{Wa})b,(a°)
= S¢{(6; @ id) o (c11 ® id)(Wa)[6s(2°) ® 1]}
= SH{(6; ®id) o (c1a ®id)(Walz &1]}
= Sy{[ly ® T(w)](6; ® id) o (c12 ®id)((idx &) o x (x)Wp)}

o (
o (

= Sy{(6; @ W) o (c12 ®id)([1a @ u]bx (x)) (87 0 coa @ id) (W)},
which is the limit of finite sums

Z Se{ (65 @ W) o (c12 @id)(yi ®v;)(65 0 c22 ® id)(Wp)}

= iéJ(yf)Sgi{(éJ 0 ¢ ®1id)(Wg)}

=1

= Z 67(y$)6.(222(Sg, {Wi}))

i=1
= dis <Z 6X(yi)gB(Sgi{WB})> )
i=1
where g; = g - ¥(v;). Observe that foq, = (goq,)-uwand g;oq, = (g90qy) v
We compute
dy2 ([1,4 ® MfoqN]5X(9C)) = [1 ® Myoq,,]0s(2°)
= Sfoqy 1117 ® We[és () @ 1]}

= Sfoq, 1(id ® 6¢) 0 65(x°)[1; ® W]}

= Sgoqy {[1;®1®u)(6; @id) o 8;(z°)[1; @ Wg|}

= Sgoq, {(67 @ id) o (c12 @id)([La ® ulbx (2))[1s ® Wal},
which is the limit of finite sums

Z Sgoqy {(6) ® id) o (c12 ®id)(y; ®v;)[1; © Wg]}
i=1

= ZéJ(yz'c)S(goqN)-vi{lJ ® WG}
=1

dia (i ox(yi)[lp ® MgioqN]> .

=1

Since di5 is an isometry we get the desired result.

(i) We write g* = U(u) - f for some v € C*(G) and f € A(G/N). Here
g*(r) = g(r=1). Since éx(y)[lp ® u] € X ®C*(G), it is the limit of finite sums
>,z @v;. We compute

di2 (8x (1) (Se{WE})") = 85(y*)8(C22(Se- {W5}))
= Sp{(6; ® id) o (c1o ®id)([y EUW)[15 ® ¥ (u)]}

= Sp{(és0en ®id)(W3)(65 @ ¥) o (e12 ®id)(8x (y)[15 @ u])},
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which is the limit of finite sums

> 8i{(65 011 @id)(W3)(65 @ Uiy) o (12 Bid)(z; &v;)}
=1

= > 6@ (S AW}y ()

=1

= g12 <i Sfl{WA} 6X(~sz)> )

where f; = (¥(v;)-f)*. Observe that (gog, )* = u-(foq,) and (fioq,)* = vi-(foqy).
We compute

JlQ

/N

Ox(U)[15 ® Myoq, ") = 8s(y)[1s & Mo |
S(goqy)1[6s(y°) @ 1][1; @ W]}

= S(gogy)* {[Ly @ Wel(ide 6c) 06 (y°)}

Sfoqy ALy © WEN(85 ® id) o (cr2 Gid)(8x (1)[15 © ul)},

which is the limit of finite sums

> Sfoqy {[11 ® W65 @ id) o (c12 Gid)(x; ©vi)}

=1

= Sufoq) {1y ® WG (2)

=1

= di (i[lf‘ ® MfrioqN]*éX(xi)> '

i=1
|

Note that in the Lemma 3, the proof of (ii) is very similar to that of (i). For
convenience we have given both here. The arguments in the proof of Lemma 3 is
also very similar to those of [B2, Proposition 1.3].

Proof of Theorem 2. Let X = X x5, G denote the crossed product of Hilbert C*-
module X as defined in [B2, Definition 1.2]. Set 4 = A x5, G and B = B X4, G.
By [B2, Theorem 1.6], X is an A, B-imprimitivity bimodule. To prove the theorem,
we need to show that Iy, is the ideal of A corresponding to the ideal Iy, of B via
X in the sense of [R, Theorem 3.1]. It is enough to show that Iy, X = X Iw,.

Let o, o € A, f € A(G/N) and £ € X. By Lemma 3(i), na(f)a’€ is the
limit of finite sums of elements dx(y)np(g)8 for all y € X, g € A(G/N) and
B € B. Since adx(y) € X for all y € X, it follows that ana(f)a’é € X1Iw,.
Hence Iy, X C XIw,. By a similar argument and Lemma 3(ii), we can show
that £6np(g)*F € Iw,X for all £ € X, 5,8 € B and g € A(G/N). Hence
XIWB C IWAX. O
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