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LINEARLY COMPACT ALGEBRAIC LIE ALGEBRAS
AND COALGEBRAIC LIE COALGEBRAS

BIENVENIDO CUARTERO, JOSE E. GALE, AND ARKADII M. SLINKO

(Communicated by Roe W. Goodman)

ABSTRACT. It is proved that if the dual Lie algebra of a Lie coalgebra is
algebraic, then it is algebraic of bounded degree. This result is an analog of
the D.Radford’s result for associative coalgebras.

1. MAIN RESULTS

In 1974 D. Radford [8] showed that if the dual algebra A of an associative coal-
gebra C' is algebraic it is necessarily algebraic of bounded degree. From the point of
view that some recent results provide this fact can be explained as follows. Endowed
with the weak linear topology the dual algebra A becomes a topological linearly
compact algebra [9, 10] and since linearly compact algebras are Baire algebras the
result of the type “algebraic implies algebraic of bounded degree” is true for them
even in alternative or Jordan case [4].

In this paper we are looking from this point of view at Lie algebras and Lie
coalgebras and obtain similar results. Let us recall that an element x of a Lie
algebra L over a field K is called algebraic if there exists a polynomial f(t) € K[t]
depending on x such that f(adxz) = 0. The degree of z, which by definition is the
minimal degree of polynomials annihilating adz, will be denoted by deg(x). For
convenience, if  is not algebraic we consider that deg(x) = co. A Lie algebra L
is called algebraic if every element x € L is algebraic. If in addition degrees of all
elements of L are bounded from above by some positive integer, L is called algebraic
of bounded degree.

Theorem 1. FEvery algebraic linearly compact Lie algebra is algebraic of bounded
degree.

As we mentioned the analog of the Radford’s result will follow from here.
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Theorem 2. If the dual Lie algebra L = C* of a Lie coalgebra C' is algebraic, it is
algebraic of bounded degree.

Some proofs make heavy use of deep results of E.I. Zelmanov for Lie PI-algebras
developed in [12, 13, 14].

2. TOPOLOGICAL LEMMAS

All algebras and coalgebras are considered over an arbitrary field K which is
always discrete.

Definition 1. A topological vector space F over a discrete field K is said to be
locally balanced if it has a basic system of zero neighborhoods V' such that KV = V.

In particular, if E has a base of zero neighborhoods consisting of linear subspaces
(i.e., if E is linearly topologized) then it is locally balanced.

Lemma 1. Let E be a locally balanced topological vector space over K. Then
lim; A\;z; = 0 whenever lim; z; = 0.

Proof. 1t is a straightforward consequence of the existence of a locally balanced
neighborhood base. O

The following lemma, which lies in the basis of the main topological argument,
is an analog of a well-known result of Kaplansky [6]. It appeared previously in [3]
but it is not currently easily available and we give a proof of it for convenience of
the reader.

Lemma 2. Let E be a locally balanced topological vector space over K. For 1 <
n < N, let (z; n)icr be a finite set of N nets in E converging to linearly independent
vectors x1,...,xN € E. Suppose that for every index i € I there is a linear combi-
nation y; = 25:1 XinTin such that the net (y;)icr converges to some y. Then for
each n the net (N, )icr converges in K.

Proof. Tt is known ([2, Chap.1 §2, Ex.14] that the subspace Ey, which is spanned
by {z1,...,zx} in E, must be discrete and that the mapping

N
(Ao An) € KN = > " Ny € By
n=1
is a homeomorphism. Noting that
N
Z(Az,n - Aj,n)xn
n=1
N N N N
= D Ainin+ D AT~ Tin) = D Ajnin + Y Xjn(Zjn — Tn)
n=1 n=1 n=1 n=1
N N
= Yi— y_] + Z )\i,n(xn - xi,n) + Z )\jm(xjm - xn)u
n=1 n=1

we obtain according to Lemma 1 that lim; j(A;i,, — Ajn) =0for 1 <n < N, ie,
there is an index i, such that A, , is constant for ¢ > i,,. O
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Let L be a linearly compact Lie algebra over K and R(L) be its multiplication
algebra generated by all operators adz, = € L, with topology defined by a base
of neighborhoods of zero (V) = {w € R(L) | Lw C V'}, where V is an arbitrary
element from the base of neighborhoods of zero in L.

Lemma 3. Endowed with the topology introduced, R(L) is a linearly topologized
topological algebra.

Proof. We will only check that multiplication is continuous. Let wi,ws be arbitrary
elements of R(L). We will show that for a given V, if w{ and w} are sufficiently
close to wy and wo, respectively, then
(1) wiwh — wiws € QV).
Suppose that
Wy = Z ad:z:m e ada:imi
i

and n = max; n;.

By Lemma 1 of [9] there exists a neighborhood W of zero in L such that [L, W] C
V. Using this lemma n times we can find a neighborhood W of zero in L such that
[..W,L],....,L]CV
——
k

for k = 1,...,n. Intersecting W with V, if necessary, we can also consider that
W CV.
Suppose now that w; —w; € Q(W), i = 1,2, and write
/
2

(2) Wiwh — wiws = (W] — w1)(wh — wa) + w1 (wh — wa) + (W) — wi)ws.

Apply the operator (2) to L. Then L(w] —w1)(wh—we) € W and Lw; (wh—wa) C W
by the definition of Q(W). Also

L(wy —wi)wa € Wws C Z WL L, ... L] C V.
\W_./
k

So, due to (2), inclusion (1) is true and therefore the multiplication in R(L) is
continuous. O

Corollary 1. The mappings ad” : z — (adx)™ are continuous.

Proof. As we have seen in the proof of the lemma, for an arbitrary neighborhood V'
of zero in L there exists a neighborhood W of zero in L such that [L, W] C V. In
other words it means that ad(W) C Q(V) and the mapping x — adx is continuous.
But since the product in R(L) is continuous, all mappings ad™ are continuous. [

Lemma 4. Let L be a linearly compact algebra over K. Then the sets
A, (L) = {z € L|deg(x) < n}
are closed.

Proof. Let (x;)ier be anet in A, (L) converging to 2. Then the set {(adx;)™ |1 <
m < n} is linearly dependent for every ¢ € I. As the mappings ad™ are continuous
by Lemma 3 the nets ((adx;)™);c; converge to (adx)™ for all 1 < m < n. By
Lemma 2 elements (adz)™ for 1 < m < n are linearly dependent and therefore
an annihilating polynomial of degree not greater than n exists for ade and z €
A (L). O
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3. ALGEBRAIC LEMMAS
Let K be an arbitrary field.

Definition 2. A linear operator ¢ : £ — E acting on a vector space E over K is
said to be weakly algebraic (or locally algebraic, see [7]) if for every x € E there
exists a polynomial f(t) € K[t] depending on z such that zf(¢) = 0. If degrees
of all such polynomials have the least upper bound n the operator ¢ is said to be
weakly algebraic of bounded degree n.

The following lemma belongs to the mathematical folklore but we will need a
bit stronger version of it than in [7, Lemma 14, p.41] [5, Proposition 1], [1, Chap.4,
p.141].

Lemma 5. Let E be a vector space over K and let ¢ be a weakly algebraic linear
operator on E of bounded degree n. Then ¢ is algebraic of some degree which is
bounded from above by some positive integer N depending only on n.

Proof. In a usual way we can consider F as a K[t]-module letting

z- f(t) =z f(9).
Let f.(t) be a polynomial of degree < n such that z - f,(¢t) = 0. It is well-known
that if
o) =m0 () ... (1)

is the factorization of f,(t) into irreducible factors, then
T=21+ -+ T,
where z; - 7 (t) = 0. For every 7(t) irreducible, define
Erwpy={z € E|xz-7"(t) = 0}.

Then E =} Er4). Moreover, there will be no more than n of Er ) which are
nonzero; otherwise we can find an element of £ whose minimal annihilating poly-
nomial is of degree greater than n.

Suppose now that only Ey (4, .., Er, () are nonzero. We see that polynomial

F(t) =nl(t)...m(t)

annihilates all elements of E and his degree is less than N = n™. Therefore ¢ is
algebraic of degree < V. O

In the sequel we will need to apply Zelmanov’s results which appeared in [12]-
[14]. But first we present them in the form of the following two theorems in which
they will be ready for use.

Theorem 3 (Zelmanov). Let L = L(x1,...,zy) be a free m-generated algebra in
a variety of Lie algebras defined by a homogeneous polynomial identity of degree
n. Let k be a natural number. Then there exist numbers h(m,n) and d(m,n,k)
such that any commutator on X = {x1,...,xm} of length greater than or equal to
d(m,n, k) can be represented as a linear combination of commutators of the same
length and the same degree in each wvariable such that each of them contains a
subcommutator of the form

(3) (7,0, p] = T(adp)k

for some commutators T, p, and the length of p is less than h(m,n).
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Proof. Take the Zelmanov’s function h(m,n) of [14, Theorem 3| and generate an
ideal T in L by all elements of the form (3). Then the quotient-algebra L/I is
nilpotent of some index d by Theorem 3 of [14]. Since L is a free algebra in a
variety defined by a homogeneous polynomial identity, this number d can serve as
d(m,n, k). |

Theorem 4 (Zelmanov). Suppose that a Lie algebra L is generated by a finite sub-
set X ={x1,...,2m}, and assume that
(1) L satisfies a polynomial identity of degree n;
(2) For an arbitrary commutator p on X of length not greater than h(m,n) the
operator ad p is algebraic of degree not greater than k.

Then L is finite-dimensional of dimension bounded from above by a number
D(m,n, k) which depends only on m,n, k.

Proof. According to the previous theorem commutators of length less than
d(m,n, k) form a subset which spans L linearly. Since there are only a finite num-
bers of such commutators, the theorem is proved. O

Lemma 6. Let L be a Lie algebra, I be an ideal of L, and suppose that for some
element a € L all elements of the coset a + I are algebraic of degree bounded from
above by n. Then all elements of I are algebraic of degree bounded from above by a
number which depends only on n.

Proof. We will first note that the subalgebra I of L generated by a and I satisfies a
polynomial identity. Let S, (z1,...,2,) be the standard non-associative polynomial
with the fixed arrangement of brackets on each monomial. First of all, we note that
forallyel,z €L

(4) Spi1(zad(a +y),...,zad(a+1y)" ) = 0.

It is a generalized polynomial identity in a sense that it contains a fixed element
a of L as “generalized” coefficient. We use Theorem 7 of [15, p.16] to get an
ordinary polynomial identity. Indeed, according to this theorem, which is true
also for generalized polynomials, the ideal I satisfies the complete linearization of
the homogeneous component of (4) of maximal total degree in « and y. But this
homogeneous component is an ordinary polynomial; so is its complete linearization.
Since I? C I, it is clear that I; also satisfies a certain polynomial identity whose
degree will be denoted as k.

We will derive now some relations. Let z now be an arbitrary element of I. Since
the element a + z is algebraic of degree n we can write

|
_

(5) ad(a+ 2)" = a;i(z)ad(a + 2)"
1

.
Il

for some a1(z),...,an—1(2) € K. In particular for z = 0 we get

n—1
(6) ad(a)” = Z ai(0)ad(a)™ .

So we can rewrite (5) in the form

(7) ad(z)" = P(ada,adz) + ...,
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where P(s,t) is a homogeneous polynomial of degree n whose each monomial con-
tains both s and ¢ and dots substitute a polynomial in ada and adz of total degree
less than n.

Let us fix now an arbitrary element x € I. We are going to prove that the
dimension of the subalgebra L, = (a, ) generated by elements a and x is bounded
from above by a number which does not depend on z. It is sufficient to show that
commutators on {a,z} of length not greater than d(2,k,n) span the subalgebra.
Let u be a commutator in a,z, and v be an arbitrary element of L,. During the
proof we shall write v = v if w — v can be represented as a linear combination of
commutators in a,x whose total degree in a and x is less than that of u.

In fact, if v is a commutator of length d(2, k,n), then according to Theorem 3
it can be represented as a linear combination of commutators each containing a
subcommutator of the form

(8) v=I[rp,...,p] = 7(adp)”.

If p = a we use (6) to get v = 0. If p contains both a and = then p € I and we use
(7) to get
v =7(adp)” = 7P(ada, adp),

which means that v = 0 because at least one p was replaced by a and the total
degree of p in a and z is greater than 1. In the remaining case p = x we again use
(7) to get

v = 7(adz)™ = 7P(ada, adz).

The right-hand side has in this case the same total degree as the left-hand-side but
every commutator which is a summand of it has more a’s than the left-hand-side.
This process now can be again applied to all commutators of the right-hand-side.
And again, if (6) and (7) are not applicable, the number of a’s will grow. Since
total degree remains constant, eventually (6) or (7) will be applicable and we will
get v = 0. This finishes the proof of finite-dimensionality of L,..

Finally consider now the Lie subalgebra R, = (ada,adz) of the Lie algebra
R(L)) generated by ada and adz. It is a homomorphic image of the subalgebra
L, and therefore the dimension of R, is not greater than that of L,. Since adp =
ad(a + p) — ada it is spanned by algebraic elements of degree n and therefore
its associative enveloping algebra is also finite-dimensional and it is clear that its
dimension is bounded from above with some number not depending on x. Hence x
is algebraic with the degree less than this number and I is of bounded degree. [J

Lemma 7. Let L be an algebraic Lie algebra containing an ideal I of finite codi-
mension whose elements are algebraic of bounded degree. Then L is algebraic of
bounded degree.

Proof. Let us note first that L satisfies a polynomial identity. Suppose that dim L/T
=n and deg(xz) < m for all x € I. Then I will satisfy the following identity:

(9) Smi1(zady, ..., z(ady)™ ) =0,

x € L,y € I, and where S,,+1 is the standard non-associative polynomial with
the fixed brackets arrangement on each monomial. To get an identity on the whole
algebra L we notice that

(10) uSp41(advy,...,adv,y1) €1
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for all w,vy,...,v,+1 € L and substitute this expression instead of y in (9). Let N
be the degree of the identity obtained.

We are going to prove now that elements of L are weakly algebraic of bounded
degree. By Lemma 5 it will be enough to prove the lemma. Let x,y € L be two
arbitrary elements of L. Then for some basis {e1,...,e,} modulo I we can write
=Y e +u,y=> 1, Biei+v, where a;, 3 € K; u,v € I. Therefore the
subalgebra generated by x and y is contained in the subalgebra

(11) Ly, =(€1,...,€n,u,0).

Let h = h(n + 2,N), where h is the Zelmanov’s function mentioned in the for-
mulation of Theorem 4. It is clear that degrees of all commutators on the set
{e1,...,en,u,v} of length < h will be bounded from above by a number M which
does not depend on u and v. Therefore

dimg Ly, < D(n+2, N, M)

also does not depend on w and v. It implies that L is weakly algebraic and hence
algebraic. O

4. PROOF OF THEOREM 1

We can combine now all algebraic and topological bits and pieces together. Let
L be an algebraic Lie algebra over an infinite field K. Then the sets

Ap(L) ={z € L|deg(z) <n}

by Lemma 4 are closed and since L is algebraic it is a countable union of these sets.
As linearly compact spaces are Baire spaces [11] they cannot be represented by a
countable number of closed subsets without interior points. This means that some
A, (L) contains an interior point, say a. This point belongs to A, (L) together with
an open neighborhood W. But in [9] it was shown that L has a neighborhood base
consisting of ideals of finite codimension. Thus we can consider that W =a 4 I C
Apn(L), where I is an ideal of finite codimension. Now by Lemma 6 the ideal I
consists of elements of bounded degree and by Lemma 7 the same can be said for
the whole algebra L. The theorem is proved.
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