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FORMULAE AND CONTINUITY FOR THE INDEX

OF SUBFACTORS

SERGEY DOROFEEV AND KLAUS THOMSEN

(Communicated by Palle E. T. Jorgensen)

Abstract. Let N ⊂ M be an inclusion of II1-factors, τ the trace state of M ,
and P(M), P(N) the set of projections in M and N , respectively. We prove
that the Jones index for the inclusion is

[M : N ] = supe∈P(M)\{0} infp∈P(N)\{0}
τ(p)

τ(ep)

= supe∈P(M)\{0} inf{ τ(p)

τ(ep)
: p ∈ P(N), e � p} .

This formula is exploited to obtain continuity results for the index. In partic-
ular, we obtain a formula for the index which expresses [M : N ] in terms of
the positions of Ni and Mj , i, j ∈ N, in M , when N1 ⊂ N2 ⊂ N3 ⊂ · · · and
M1 ⊂ M2 ⊂M3 ⊂ · · · are finite-dimensional C∗-subalgebras with dense union
in N and M , respectively.

It has been shown by Pimsner and Popa in [PP] that the index [M : N ] of an
inclusion N ⊂M of II1 factors is the reciprocal of

max {λ ∈ [0, 1] : E(x) ≥ λx, x ∈M+},

where E : M → N is the trace-invariant conditional expectation. This formula is
of crucial importance in the sub-factor theory, and it is the basis for most gener-
alizations of the Jones index to other cases. It can also be used, in the setting of
ergodic theory, to define the index of a sub-σ-algebra B0 of measurable subsets in
a measure space (X,B, µ) with µ(X) = 1. In this setup it served as a main tool in
[DT], where it was shown that

max {λ ∈ [0, 1] : EB0(f) ≥ λf, f ∈ L∞(X,B, µ)+}
= max {λ ∈ [0, 1] : ∀A ∈ B there is a C ∈ B0 such that

µ(A\C) = 0 and λµ(C) ≤ µ(A) }.

The following result shows that this formula also holds in the non-commutative
case of II1-factors.
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Theorem 1. Let M be a II1-factor and N ⊂M a subfactor and P(N),P(M) the
projection lattices in N and M , respectively. Then

[M : N ]−1

= max{λ ∈ [0, 1] : ∀e ∈ P(M) ∃p ∈ P(N) such that e � p and λp ≤ pEN (e)}
= max{λ ∈ [0, 1] : ∀e ∈ P(M) ∃p ∈ P(N) such that e � p and λτ(p) ≤ τ(ep)}
= max{λ ∈ [0, 1] : ∀e ∈ P(M)\{0} ∃p ∈ P(N)\{0} such that λτ(p) ≤ τ(ep)} .

Proof. Set A = {λ ∈ [0, 1] : ∀e ∈ P(M) ∃p ∈ P(N) such that e � p and λp ≤
pEN (e)}, B = {λ ∈ [0, 1] : ∀e ∈ P(M) ∃p ∈ P(N) such that e � p and λτ(p) ≤
τ(ep)} and C = {λ ∈ [0, 1] : ∀e ∈ P(M)\{0} ∃p ∈ P(N)\{0} such that λτ(p) ≤
τ(ep)}. To handle the least interesting case first, assume that [M : N ] = ∞. In this
case we see from [PP], Theorem 2.2, that for all ε > 0 there is a non-zero projection
e ∈M such that ‖EN(e)‖ < ε. From this it follows straightforwardly that A = B =
C = {0}. Now we assume that [M : N ]−1 > 0. If λ ∈ A and e ∈ P(M) we have a
p ∈ P(N) such that e � p and λp ≤ pEN (e). Then λτ(p) ≤ τ(pEN (e)) = τ(ep).
Thus A ⊂ B. It is trivial that B ⊂ C. Let µ ∈ C. By [J] and [PP] there is a
projection e ∈M such that EN (e) = [M : N ]−11. In particular, e 6= 0 and we have a
non-zero projection p ∈ N such that µτ(p) ≤ τ(ep) = τ(EN (e)p) = [M : N ]−1τ(p),
showing that µ ≤ [M : N ]−1. Thus sup A ≤ sup B ≤ sup C ≤ [M : N ]−1 and the
proof can be completed by showing that [M : N ]−1 ∈ A.

Set λ = [M : N ]−1. By Proposition 2.1 of [PP] we have that EN (x) ≥ λx
for all x ∈ M+. The proof that λ ∈ A is based on this and the following simple
observation:

When a ∈M+, p ∈ P(M)\{0}, s, t ∈ [0,∞[

such s < t and tp ≤ a, then the spectral projection of a

corresponding to the interval [s,∞[ is non-zero.

(1)

Consider e ∈ P(M)\{0} and fix n ∈ N. Since (λ + 1
n )e ≤ EN (e) + 1

n1 we see from
(1) that there is a non-zero projection q in the abelian von Neumann algebra A
generated by EN (e) and 1 such that q(EN (e) + 1

n1) ≥ λq. Let {qi} be a maximal

family of non-zero mutually orthogonal projections in A such that qi(EN (e)+ 1
n1) ≥

λqi for all i. Set fn =
∑

i qi ∈ A and note that fn(EN (e) + 1
n1) ≥ λfn. Note that

(λ+
1

n
)e ∧ (1 − fn) ≤ λ(1 − fn)e(1− fn) +

1

n
(1 − fn)

≤ (1 − fn)(EN (e) +
1

n
1)(1− fn)

which shows that e ∧ (1 − fn) = 0, since otherwise (1) would give us a non-zero
projection q orthogonal to fn such that q(EN (e) + 1

n1) ≥ λq, contradicting the
maximality of {qi}. Now the parallelogram rule shows that e ∼ fn−(1−e)∧fn ≤ fn,
so that τ(e) ≤ τ(fn). Set pn =

∨∞
i=n fi and observe that pn(EN (e)+ 1

n1) ≥ λpn and
that τ(pn) ≥ τ(fn) ≥ τ(e). Since {pn} is a decreasing sequence of projections the
strong limit p = limn→∞ pn is a projection. As τ(p) = limn τ(pn) ≥ τ(e) we have
that e � p. Since pn(EN (e) + 1

n1) ≥ λpn for all n we find that pEN (e) ≥ λp.

By taking the reciprocal value of the last two expressions of Theorem 1 we get
the formulae of the abstract for the index.
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One virtue of the alternative expressions for the index obtained in Theorem 1
is that they have nice continuity properties. To illustrate this we prove two results
where this is exploited. Consider a type II1 factor B with trace state τ and two
von Neumann subalgebras, N and M , of B. This setting will be fixed throughout
the rest of this note. Set

λ(M,N) = sup {λ ∈ [0, 1] : ∀e ∈ P(M) ∃p ∈ P(N) such that

τ(e) ≤ τ(p) and λτ(p) ≤ τ(ep) } .
By Theorem 1 we have that λ(M,N)−1 = [M : N ] when M = B and N is a factor.

Theorem 2. Assume that {τ(e) : e ∈ P(M)} = {τ(e) : e ∈ P(N)} = [0, 1]. Let
M1 ⊂M2 ⊂M3 ⊂ · · · and N1 ⊂ N2 ⊂ N3 ⊂ · · · be sequences of finite dimensional
C∗-subalgebras of M and N such that

⋃
kMk and

⋃
kNk are strongly dense in M

and N , respectively. It follows that

λ(M,N) = lim
k→∞

lim
l→∞

λ(Mk, Nl) .

For the proof we shall need the following lemma.

Lemma 3. Let A1 ⊂ A2 ⊂ A3 ⊂ · · · be finite dimensional unital C∗-subalgebras of
B and let A be the strong closure of

⋃
k Ak. Assume that {τ(e) : e ∈ P(A)} = [0, 1].

Let p ∈ P(A), ε > 0. There are then a k ∈ N and a projection q ∈ Ak such that
‖p− q‖2 < ε and τ(p) ≤ τ(q).

Proof. Let 0 < δ such that δ +
√

3δ < ε. It is well known that there are a k ∈ N
and a projection q0 ∈ Ak such that ‖p− q0‖2 < δ. By increasing k we may assume
that {τ(e) : e ∈ P(Ak)} is δ-dense in [0, 1]. Let ri, i = 1, 2, · · · ,m, be the minimal
nonzero central projections in Ak. We can choose a projection q ∈ Ak such that
|τ(q) − (τ(p) + δ)| ≤ δ and for each i = 1, 2, · · · ,m, qri ≤ q0ri or qri ≥ q0ri. Then
τ(q) ≥ τ(p) and

‖q − p‖2 ≤ δ + ‖q0 − q‖2 = δ +
√
|τ(q0 − q)| ≤

δ +
√
|τ(q0)− τ(p)| + |τ(p)− τ(q)| ≤ δ +

√
3δ < ε .

Proof of Theorem 2. It is obvious that λ(Mk, Nl) is increasing in l for fixed k and
decreasing in k for fixed l. We first prove that

lim
l→∞

λ(Mk, Nl) = λ(Mk, N), k ∈ N.(2)

Since λ(Mk, Nl) ≤ λ(Mk, N) for all l, we have trivially that liml→∞ λ(Mk, Nl) ≤
λ(Mk, N). Let ε > 0. By definition of λ(Mk, N) there is for all e ∈ P(Mk)\{0} a
projection p ∈ N such that τ(e) ≤ τ(p) and τ(ep) > (λ(Mk, N) − ε)τ(p). By the
density of

⋃
lNl in N and Lemma 3 there are then an i ∈ N and a projection pi ∈ Ni

such that τ(e) ≤ τ(pi) and τ(epi) > (λ(Mk, N) − ε)τ(pi). If δ < min{1, ετ(pi)}
and e′ ∈ P(Mk) such that ‖e − e′‖ < δ, then e ∼ e′ and hence τ(e) = τ(e′) for all
e′ in this neighbourhood of e. Since

τ(e′pi) ≥ τ(epi)− δ ≥ (λ(Mk, N)− ε)τ(pi)− δ ≥ (λ(Mk, N)− 2ε)τ(pi),

we can use the compactness of the set of non-zero projections in Mk to find j ∈ N
such that ∀ e ∈ P(Mk)\{0} there is a p ∈ P(Nj) such that τ(e) ≤ τ(p) and
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τ(ep) ≥ (λ(Mk, N)− 2ε)τ(p). It follows that λ(Mk, Nj) ≥ λ(Mk, N)− 2ε, proving
(2). The next step is to prove that

lim
k→∞

λ(Mk, N) = λ(M,N) .(3)

Since λ(Mk, N) ≥ λ(M,N) for all k we obviously have that limk→∞ λ(Mk, N) ≥
λ(M,N). Let ε > 0; then there exists an e ∈ P(M)\{0} such that τ(ep) <
(λ(M,N) + ε)τ(p) for all p ∈ P(N) with τ(e) ≤ τ(p). By Lemma 3 there exist
k ∈ N and a projection ek ∈ Mk such that ‖e − ek‖2 ≤ τ(e)ε and τ(e) ≤ τ(ek).
Thus, if p ∈ P(N) and τ(p) ≥ τ(ek), we have

τ(ekp) ≤ τ(ep) + τ(e)ε < (λ(M,N) + ε)τ(p) + τ(e)ε ≤ (λ(M,N) + 2ε)τ(p),

proving that λ(Mk, N) < λ(M,N) + 2ε.

Note that it does not give anything interesting if we exchange the order in
which the two limits are taken in Theorem 2. Indeed, the proof of (3) gives that
limk→∞ λ(Mk, Nl) = λ(M,Nl), l ∈ N. But λ(M,Nl) = 0 since M contains projec-
tions with arbitrarily small non-zero trace while inf{τ(e) : e ∈ P(Nl)\{0}} > 0.

For each δ ∈ [0, 1] set

λδ(M,N) = sup{t ∈ [0, 1] : ∀e ∈ P(M), τ(e) ≥ δ ∃p ∈ P(N)

such that τ(e) ≤ τ(p) and τ(ep) ≥ tτ(p)} .
Clearly, limδ→0 λδ(M,N) = λ0(M,N) = λ(M,N). We will use λδ(M,N) to inves-
tigate to what extent λ(M,N) is continuous in M,N . By [MT], Theorem 4, we
cannot expect any global continuity of λ(M,N). However, λδ is always continuous
when δ > 0. We define

d0(M,N) = supe∈P(M) infp∈P(N) ‖e− p‖2 ,

and

D(M,N) = max{d0(N,M), d0(M,N)} .
D is clearly a metric on the set of von Neumann subalgebras of B; in fact D(M,N)
is the Hausdorff distance between the projection lattices in N and M . We say that
a von Neumann subalgebra N of B is τ-continuous when

{τ(q) : q ∈ P(N), q ≤ p} = [0, τ(p)]

for all p ∈ P(N). By adopting the arguments from Lemma 3 we get the following

Lemma 4. Let N1, N2 be τ-continuous von Neumann subalgebras of B. For any
projection e1 ∈ N1 and ε > 0 there is a projection e2 ∈ N2 such that τ(e1) = τ(e2)

and ‖e1 − e2‖2 ≤ D(N1, N2) +
√
D(N1, N2) + ε.

It is straightforward to use Lemma 4 to prove

Lemma 5. Let M1,M2, N1, N2 be τ-continuous von Neumann subalgebras of B.
Then

|λδ(M1, N1)− λδ(M2, N2)| ≤
δ−

1
2

(
D(M1,M2) +

√
D(M1,M2) +D(N1, N2) +

√
D(N1, N2)

)
.

Lemma 5 leads to the following improvement of Theorem 6 of [MT].
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Theorem 6. Assume that M1,M2, N1, N2 are II1-factors contained in a common
ambient II1-factor such that N1 ⊂M1 and N2 ⊂M2. It follows that

|[M1 : N1]
−1 − [M2 : N2]

−1|
max{[M1 : N1]

1
2 , [M2 : N2]

1
2 } ≤

D(M1,M2) +
√
D(M1,M2) +D(N1, N2) +

√
D(N1, N2) .

Proof. The inequality is trivial if [M1 : N1] or [M2 : N2] is ∞, so we may as-
sume that max{[M1 : N1], [M2 : N2]} < ∞. By Theorem 1, [Mi : Ni]

−1 =
λ(Mi, Ni), i ∈ {1, 2}. But there are projections (the Jones projections) ei ∈ Mi

such that ENi(ei) = λ(Mi, Ni)1, so we see that λ(Mi, Ni) = λδ(Mi, Ni), i = 1, 2,
when δ = min{λ(M1, N1), λ(M2, N2)}. Apply Lemma 5.
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