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ABSTRACT. Let N C M be an inclusion of I1;-factors, 7 the trace state of M,
and P(M), P(N) the set of projections in M and N, respectively. We prove
that the Jones index for the inclusion is

7(p)

7(ep)

[M : N = supeep(a)\{o} nfpeP(n)\{0}

. T
= SUPecP(M)\{0} mf{% :p € P(N), e 2 p}.

This formula is exploited to obtain continuity results for the index. In partic-
ular, we obtain a formula for the index which expresses [M : N] in terms of
the positions of N; and Mj, 4,5 € N, in M, when N1 C N2 C N3 C --- and
My C My C M3 C --- are finite-dimensional C*-subalgebras with dense union
in N and M, respectively.

It has been shown by Pimsner and Popa in [PP] that the index [M : N] of an
inclusion N C M of II; factors is the reciprocal of

mazx {\ €1[0,1]: BE(z) > \v, z € M},

where ¥ : M — N is the trace-invariant conditional expectation. This formula is
of crucial importance in the sub-factor theory, and it is the basis for most gener-
alizations of the Jones index to other cases. It can also be used, in the setting of
ergodic theory, to define the index of a sub-o-algebra By of measurable subsets in
a measure space (X, B, ) with pu(X) = 1. In this setup it served as a main tool in
[DT], where it was shown that

maz {\ € [0,1]: Bp,(f) > Mf, fe L™(X,B,1)"}
=maz {\ € [0,1] : VA € B there is a C' € By such that
n(A\C) = 0 and Au(C) < p(A) }.

The following result shows that this formula also holds in the non-commutative
case of II;-factors.
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Theorem 1. Let M be a I1;-factor and N C M a subfactor and P(N), P(M) the
projection lattices in N and M, respectively. Then

[M: Nt

=maz{\ € [0,1] : Ve € P(M) Ip € P(N) such that e < p and Ap < pEn(e)}
=maz{A € [0,1] : Ve € P(M) Ip € P(N) such that e < p and A7(p) < 7(ep)}
=maz{A € [0,1] : Ve € P(M)\{0} Ip € P(N)\{0} such that A\r(p) < 7(ep)} .

Proof. Set A = {\ € [0,1] : Ve € P(M) dp € P(N) such that e < p and Ap
pEn(e)}, B={\€[0,1] : Ve € P(M) 3p € P(N) such that e < p and A (p)
T(ep)} and C = {\ € [0,1] : Ve € P(M)\{0} Ip € P(N)\{0} such that Ar(p) <
7(ep)}. To handle the least interesting case first, assume that [M : N] = co. In this
case we see from [PP], Theorem 2.2, that for all € > 0 there is a non-zero projection
e € M such that |Ex(e)|| < €. From this it follows straightforwardly that A = B =
C = {0}. Now we assume that [M : N]71 > 0. If A € A and e € P(M) we have a
p € P(N) such that e < p and A\p < pEn(e). Then A7(p) < 7(pEn(e)) = T(ep).
Thus A C B. It is trivial that B € C. Let p € C. By [J] and [PP] there is a
projection e € M such that Ex(e) = [M : N]~!1. In particular, e # 0 and we have a
non-zero projection p € N such that ur(p) < 7(ep) = 7(Enx(e)p) = [M : N]717(p),
showing that pu < [M : N]~!. Thus sup A < sup B < sup C < [M : N|~! and the
proof can be completed by showing that [M : N]~! € A.

Set A = [M : N|~!. By Proposition 2.1 of [PP] we have that Ey(z) > Az
for all z € M. The proof that A € A is based on this and the following simple
observation:

<
<

When a € My, p e P(M)\{0}, s,t € [0, 0]
(1) such s < t and tp < a, then the spectral projection of a

corresponding to the interval [s, oo[ is non-zero.

Consider e € P(M)\{0} and fix n € N. Since (A + 2 )e < En(e) + 11 we see from
(1) that there is a non-zero projection ¢ in the abelian von Neumann algebra .4
generated by En(e) and 1 such that g(En(e) + 11) > Aq. Let {g;} be a maximal
family of non-zero mutually orthogonal projections in .4 such that ¢;(En (e)+ %1) >
Ag; for all i. Set f, =", qi € A and note that fn(En(e) + £1) > Af,. Note that

O D)e A (L= f) S A= fu)ell = fu) + = (1= )

< (L= )(Bx(e) + 1)1 = fu)

which shows that e A (1 — f,,) = 0, since otherwise (1) would give us a non-zero
projection g orthogonal to f, such that ¢(En(e) + 1) > Ag, contradicting the
maximality of {¢; }. Now the parallelogram rule shows that e ~ f,, —(1—e)Af, < fa,
so that 7(e) < 7(fn). Set p, = \/i,, fi and observe that p, (En(e)+ 1) > Ap, and
that 7(pn) > 7(fn) > 7(e). Since {p,} is a decreasing sequence of projections the
strong limit p = lim,, o Py, is a projection. As 7(p) = lim,, 7(p,) > 7(e) we have
that e < p. Since p,(En(e) + %1) > Ap,, for all n we find that pEn(e) > Ap. O

By taking the reciprocal value of the last two expressions of Theorem 1 we get
the formulae of the abstract for the index.
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One virtue of the alternative expressions for the index obtained in Theorem 1
is that they have nice continuity properties. To illustrate this we prove two results
where this is exploited. Consider a type II; factor B with trace state 7 and two
von Neumann subalgebras, N and M, of B. This setting will be fixed throughout
the rest of this note. Set

AMM,N)=sup {A€0,1]: Ve € P(M) Ip € P(N) such that
r(e) < 7(p) and Ar(p) < 7(ep) }

By Theorem 1 we have that A(M, N)~! = [M : N] when M = B and N is a factor.

Theorem 2. Assume that {7(e):e € P(M)} = {7(e):e€ P(N)} = [0,1]. Let
My C My C M3 C--- and Ny C No C N3 C --- be sequences of finite dimensional
C*-subalgebras of M and N such that | J, My, and |, Ni are strongly dense in M
and N, respectively. It follows that

AM,N) = lim lim A(My, N;) .

k—oo l—0

For the proof we shall need the following lemma.

Lemma 3. Let A C As C As C --- be finite dimensional unital C*-subalgebras of
B and let A be the strong closure of | J,, Ar. Assume that {T(e):e € P(A)} =[0,1].

Let p € P(A), € > 0. There are then a k € N and a projection q € Ay such that
P —qll2 < € and 7(p) < 7(q).

Proof. Let 0 < § such that § + v/36 < €. It is well known that there are a k € N
and a projection qg € Ay, such that ||p — go||2 < é. By increasing k we may assume
that {r(e) : e € P(Ag)} is 6-dense in [0,1]. Let r;, ¢ = 1,2, ,m, be the minimal
nonzero central projections in Ax. We can choose a projection ¢ € Ay such that
|7(q) — (7(p) + 6)| < é and for each i =1,2,--- ,m, gr; < qor; or qr; > gor;. Then
7(q) = 7(p) and

lg—pll2 <é+1lgo —qlla =6+ /IT(q0 — q)| <

§+V|m(q0) — T(@)[ + [7(p) — (@) < 6+ V3S <.

|

Proof of Theorem 2. It is obvious that A(My, N;) is increasing in [ for fixed k and
decreasing in k for fixed . We first prove that

(2) llim )\(Mk,Nl) e )\(Mk,N), ke N.

Since A(My, N;) < A(My, N) for all [, we have trivially that lim;_,. A(My, N;) <
MMy, N). Let € > 0. By definition of A(My, N) there is for all e € P(My)\{0} a
projection p € N such that 7(e) < 7(p) and 7(ep) > (A(Mk, N) — €)7(p). By the
density of |J; N; in N and Lemma 3 there are then an ¢ € N and a projection p; € N;
such that 7(e) < 7(p;) and 7(ep;) > MMy, N) — €)7(p;). If § < min{l,er(p;)}
and e’ € P(My,) such that ||e — €| < §, then e ~ ¢’ and hence 7(e) = 7(¢’) for all
e’ in this neighbourhood of e. Since

T(e'p;) > 7(ep;) — 6 > (AM(My, N) — )7(p;) — 6 > (AM(My, N) — 2¢)7(pi),

we can use the compactness of the set of non-zero projections in My to find j € N
such that V e € P(My)\{0} there is a p € P(N;) such that 7(e) < 7(p) and
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T(ep) > (AM(My, N) — 2¢)7(p). It follows that A(My, N;) > A(My, N) — 2¢, proving
(2). The next step is to prove that

(3) lim A(My, N) = (M, N) .

Since A\(My, N) > A(M, N) for all k we obviously have that limg_,oo A(My, N) >
AMM,N). Let ¢ > 0; then there exists an e € P(M)\{0} such that 7(ep) <
(MM, N) + e)r(p) for all p € P(N) with 7(e) < 7(p). By Lemma 3 there exist

k € N and a projection e, € My such that ||e — ex|l2 < 7(e)e and 7(e) < 7(eg).
Thus, if p € P(N) and 7(p) > 7(ex), we have

T(exp) < 7(ep) + 7(e)e < (MM, N) + €)7(p) + 7(e)e < (MM, N) + 2¢)7(p),
proving that A(My, N) < A(M, N) + 2e. O
Note that it does not give anything interesting if we exchange the order in
which the two limits are taken in Theorem 2. Indeed, the proof of (3) gives that
limg— 0o A(Mg, N;) = MM, N;), 1 € N. But A(M, N;) = 0 since M contains projec-

tions with arbitrarily small non-zero trace while inf{7(e) : e € P(N;)\{0}} > 0.
For each é € [0,1] set

As(M,N) = sup{t € [0,1] : Ve € P(M), 7(e) > 6 Ip € P(N)
such that 7(e) < 7(p) and 7(ep) > t7(p)} .

Clearly, lims_o As (M, N) = A(M,N) = A(M, N). We will use A\s(M, N) to inves-
tigate to what extent A(M, N) is continuous in M, N. By [MT], Theorem 4, we
cannot expect any global continuity of A(M, N). However, As is always continuous
when § > 0. We define

dO(Mv N) = SUPecP (M) inprP(N) ||6 _pHZ )
and
D(M,N) = max{do(N,M),do(M,N)} .

D is clearly a metric on the set of von Neumann subalgebras of B; in fact D(M, N)
is the Hausdorff distance between the projection lattices in NV and M. We say that
a von Neumann subalgebra N of B is 7-continuous when

{r(q) : ¢ € P(N), ¢ <p}=[0,7(p)]
for all p € P(N). By adopting the arguments from Lemma 3 we get the following

Lemma 4. Let N1, Ny be T-continuous von Neumann subalgebras of B. For any
projection e € N1 and € > 0 there is a projection ea € Nao such that 7(e1) = 7(e2)
and ||€1—62||2§D(N1,N2)+ D(Nl,N2)+6.

It is straightforward to use Lemma 4 to prove
Lemma 5. Let My, Ms, N1, No be T-continuous von Neumann subalgebras of B.
Then
[As (M, N1) — As (M2, N2)| <
673 (D(My, My) + /D(My, My) + D(Nyi, Na) + /D(Nyi, Ny)) .

Lemma 5 leads to the following improvement of Theorem 6 of [MT].
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Theorem 6. Assume that My, My, N1, Ny are 11, -factors contained in a common
ambient 11 -factor such that N1 C My and No C Ms. It follows that

My s N — (M Nl
maz{[M; : N1]7,[Ma: NoJ2} ~

D(My, Ms) + \/D(M;, M3) + D(N1, Na) + /D(N1, Na) .

Proof. The inequality is trivial if [M; : Ny] or [My : Ns] is 0o, so we may as-
sume that maz{[M; : N1],[M2 : N3]} < oo. By Theorem 1, [M; : N;|7! =
A(M;, N;), i € {1,2}. But there are projections (the Jones projections) e; € M;
such that Ey,(e;) = M(M;, N;)1, so we see that A(M;, N;) = As(M;, N;), i = 1,2,

when 6 = min{\(My, N1),\(Ma, N2)}. Apply Lemma 5. |
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