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ON AN INEQUALITY OF FRIEDRICH’S TYPE
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ABSTRACT. In this paper the dependence of the constant C in the inequality
Ja lu|? do < CJfp |Vaul? dz, u|,p = 0 on simply connected bounded domains
G C D C R? is found.

1. INTRODUCTION

It is well known that the inequality

(1) / lul? do < C/ |Vu|? dz (Friedrich’s inequality)
D D
holds, where the function w satisfies the following conditions:
ueCt (5) ,
U |8D = 07

and D is a domain in R™. The constant C' depends only on a domain D. Sometimes
inequalities of this type are called Poincaré inequalities and sometimes the name of
Nirenberg is included.

Inequalities of the form (1) have received considerable attention in the literature
because of their fundamental role in the theory of partial differential equations and
various applications. For details, we refer to the books by Courant and Hilbert [2],
Friedman [4], Ladyzhenskaya and Ural’tseva [5], S.G. Mihlin [6]. In this paper we
consider the case n = 2 i.e. D C R2. In that case, the best possible constant C in
(1) is vty where A (D) is the smallest eigenvalue of the boundary value problem

A1 (D)
—Au = Au,
ulyp =0.
In some situations we need to estimate the integral [, |u|® dz in terms of In \Vul? da,

where G C D C R? is a simply connected domain. The questions arises in which
way the constant C in

2 2
fG lu|” de < Cy [, |Vu|” dz,
uweCt (D), wuly,=0.
depends on the size of G.
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2. RESULTS

Let G and D be bounded simply connected domains in R? with piecewise smooth
boundaries and G C D.

Theorem. Ifu € C! (D (_) and ulyp, = 0 then the inequality

/|u| de < (M (D) (G ‘%/ \Vul® do

holds (A1 (D) and M1 (G) are the smallest eigenvalues of the boundary value prob-
lems
—Au = Mu, p —Av = M\,
an
ulyp =0, V]ge =0,
respectively) .
Proof. To prove this theorem we need the following lemma from [3]

Lemma. Let f € L?(D) (D C R? is a bounded simply connected domain) and

f(x) = i/ e‘iml_i””f(u,v) dudv, z = (z1,22),
D

2T
then for 0 < a<1/2

J B

where \1 is the smallest eigenvalue of the boundary value problem
—Au = Au,

ulyp =0.

Consider now the Cauchy integral operator T : L? (D) — L? (G) defined by

17 =1 [ I,

dA(§) =dpdq, £ =p+iq.

—

If o € Cg° (D), € CF° (G), then (because (1) = £ in the sense of distributions)

2) (T ) = 2 /C PEYE gy

2 z

) we obtain

Applying the Lemma (case o = %

()9 (2) E
— "~ 2dA < —dA(z
== (Z)_(C|Z| ) </c|z| )
<M DM @) el |19 N2 -
From this inequality and (2) we get
(T, 0) 126 £ Oa (D)ALE)F 1l ol ¥ N2

So
(3) [T <20 (D)A(G) *,

I
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ie.
_;
/ |Tf| dA <4\ (D 2/|f| dA

for every f € L? (D). B
Let u be a real function such that u € C* (D) and ul,, = 0. By the Cauchy-
Green formula [7] we have

1 u (§) Ou
ie.

(4) w(z)=T (%)

because u |, = 0.
From (3) and (4) we get

ou? _1 ou
g < 3 g
1% dae <anminien [ 12 dae),
i.e.
2 —1 ou
/|u| dA <4 (M (D) M (@) / 9ul g4,
el D 82’
i.e.
/|u J2dA (2) < (0 —%/ Vul? dA (2
because

Ou _ 1 (0ou  ou
oz 2\az " 'oy)

Remark 1. The constant (A1 (D) A\ (G))_% is the best possible one in the sense
that there exists a smooth function ug such that

VM (@) /G o (2)[2 dA (2) — (A (D))~ / Vol dA (2)

if the domain G tends to the domain D.

Indeed, for G, (Gr = ¢ (ur), ur ={z:|2| <r <1}, is a conformal mapping
of the unit disc {z : |z] < 1} on D) we have A;(G,) — A\ (D) when r — 1. (That
follows from min-max principle.)

If ug is the eigenfunction associated with the first eigenvalue of the problem

—Au = Au,

ulyp =0,

|

then
No(E) / o ()2 dA (2) — v/31 (D) / fuol? dA (2)
G D

= (M (D)7 [ [VugldA(2)
D

when r — 1 because —Aug = A1 (D) ug and ug |5, = 0.
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Remark 2. Using Faber-Krahn inequality [1]

2 2
TJo TJo
AM(G) > =5 (D) = =

Jjo is smallest positive zero of the Bessel function Jy, |G|, |D| denote the area of G
and D respectively, we get a more rough but more operative inequality

/Glul2dA(z)§ —”Zg'G'/D|Vu|2dA(z).
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