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ABSTRACT. An explicit description of the ring of polynomial invariants of
cyclic groups of order p® with fixed point set of codimension 2, or with co-
variants of codimension 2, over a field of characteristic p is given. It transpires
that these rings are complete intersections. A slight generalization for some
abelian p-groups is also derived, which leads to a result about arbitrary groups
with p-Sylow subgroup of this type.

1. INTRODUCTION

Let F be a finite field of characteristic p # 0. Let p : G — GL(n,F) be a faithful
representation of a finite group G, where p divides the order of G, |G|. The group
G acts on V = F", the n-dimensional vector space over F. Denote by p* the dual
representation of G on V* and z1,...,x, the standard dual basis. Then p induces
an action of G on the ring of polynomials F[V] = F[xy, ..., z,]. Define the vector
space of covariants

Vg :=V /spang{gv — v|g € G,v € V} = Homg((V*)“,F),

which is dual to the fixed point set (V*)¢. By a result of Nakajima [6] and Land-
weber-Stong [4], or [7], section 8.2, it is known that for groups G with either V or
V¢ of codimension 1, both rings of invariants F[V]¢ and F[V*]¢ are polynomial.
I am going to show that a similar result holds for the case of codim]F(VG) =2
or codimp(Vg) = 2, and G a cyclic group of order p* : both rings of invariants
F[V]¢ and F[V*]¢ are complete intersections. This sharpens a result of Ellingsrud-
Skjelbred [2]. They have shown that for cyclic groups of prime power order the
ring of polynomial invariants is Cohen-Macaulay, if the codimension of the fixed
point set is 2, and has homological codimension less than the Krull dimension, if
the codimension of the fixed point set is greater than 2.1

These results can be generalized to some abelian p-groups.

The method used to derive these results seems to be new. It consists of four
steps.
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1Hence the results of Ellingsrud-Skjelbred and Landweber-Stong show that I[*'[V]Z/pS is Cohen-
Macaulay if and only if codimp(VZ/?°) < 2 or codimp(Vz/ps) < 2, because codimp (VZ/P°) =
codimp(Vz/ps )-
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(1) The first step is to construct a model ring A, which in the end will turn out
to be the desired ring of invariants. The model is a subalgebra of F[V]¢, and the
extension A C F[V]% is finite.

(2) T compute the degree ([7], section 5.5), deg(A), of A from its Poincaré series,
and then use the degree theorem ([7], Theorem 5.5.3) to conclude that A and F[V]%
have the same fields of fractions.

(3) Extending scalars from F to a larger field K T am able to show that K ®p A
is a unique factorization domain, and hence by a theorem? of Nagata [5] that A
itself is a unique factorization domain and therefore integrally closed.

(4) Since A C F[V]? is an integral extension, and both A and F[V]“ have the
same field of fractions, it follows that A = F[V], i.e. I have shown that the model
ring is the ring of invariants.

In the first part of this paper, I am going to handle the case of cyclic groups
of prime order p. The second part shows that for p odd these are the only such
examples, handles the case p = 2, and derives some corollaries for arbitrary finite
groups.

As a general reference for invariant theory of finite groups I recommend [7].

This work was done during my stay at the Mathematics Department of Yale
University in spring term 1995. I want to thank the members of the department
for the possibility to work at their institute and to enjoy the warm and friendly
atmosphere. I thank Larry Smith for his encouragement and help.

2. CYCLIC GROUPS OF PRIME ORDER

Theorem 2.1. Suppose F is a field of characteristic p and V. =F". Let p: G =
Z/p — GL(n,F) be a faithful representation of a cyclic group of prime order p,
and let codim]F(VG) = 2. Then the ring of polynomial invariants is a complete
intersection, more precisely

]F[V]Z/p = ]F[lla e 7ln—27 q,Cp,1, Cp72]/(/r2p)7

where deg(l;) =1,i=1,...,n—2, deg(q) = 2, deg(cp,;) =p, j = 1,2, deg(rep) =
2p. Moreover

FIV2P = Flwr, @2, 0y 615 ¢l /()

is also a complete intersection, where deg(q') = 2, deg(c, ;) = p, j =n—1, n,
deg(rs,) = 2p.

For the proof I need the following lemma:

Lemma 2.2. Let A = K[f1,..., fm]/(r1,...,71) be a complete intersection with
Krull dimension dim A = n where K is any field. Then?

[T, deg(r;)

deg(A) = =7~
12, deg(fi)
2Theorem (Nagata). Let K be a field. Let I be a homogeneous ideal of K[zx1,...,2xn]. If
there ezists a field K’ containing K such that K'[z1,...,xy]/I is a unique factorization ring, then
Klz1,...,zn]/I is also a unique factorization ring.

3For a definition of the degree of a graded algebra see [7], section 5.5.
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Proof. Since A is a complete intersection, (r1,...,7;) is a regular sequence, and
m — I = n. Hence the Poincaré series of A is given by
1

l __ ¢deg(ry) deg(r;)—1
(1 —toesls 1 (I 4+t+.. 4+ J
[T, (1 — tdea(fo)) (L—t)" ) Tl (L +t+ -+ tdes(f)—1)
Therefore since deg(A4) = (1 — t)"P(A,t)|t=1 the result follows. |

Remark 1. If A = K[f1,..., fm]/(r1,...,7) = K[V]€ is the ring of polynomial
invariants for some faithful representation p : G — GL(n,K) of a finite group G,
then this lemma leads to the formula

[T, deg(r;)  deg(A) ’

by [7], Theorem 5.5.3.

Remark 2. This lemma is sharp, in the sense that if A =K[f1,..., fm]/(r1,...,71)
is only Cohen-Macaulay this formula is not true: consider the representation p :
Z/k — GL(n,C) given by the matrix

T exp(2mi/k) 0
N 0 exp(27i/k)
for an integer k. Then the ring of polynomial invariants is

Cla, Y% = Clfo, -+, frl/(fofk — Fifiets- -y fofe = fafo—a);

where f; = 2'y*~%, i = 0,...,k, and o = 551, resp. £ for k = 1, resp. 0 mod 2.

Obviously

k
" d A kk-i—l
- HZZO eg(f) _ ( ) # k, fOI' ]€ 2 3
[Ti=, deg(fofx — fifk—i) (2k)>
By a theorem of Eagon-Hochster the ring of invariants, C[V]%/*, is Cohen-Macaulay
[7], Theorem 6.7.8.

Proof of the theorem. Since codimg(VZ/P) = 2, the image of a generator of Z/p
under the representation p has the form

(5 )
where M € GL(2,F), B€ M((n—2) x 2, F) is an (n — 2) X 2-matrix with entries
inF, I =id € GL(n — 2,F), and*
M?P =id and B+ BM +---+ BMP~! =0,
MP~' +£id or B+ BM + .-+ BMP~2 0.

The dual representation p* maps a generator of Z/p to the transposed matrix, and
similarly the relations are transposed.

I am going to distinguish two cases.

Case 1: M =id.

0 MF
to have order p.

L k—1
ATk = (I B+BM+. - +BM ), so the condition that follows is what is needed for T'
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First I consider the case of the representation p. If M = id, then
bi.1 bi,2
B = : : € M((n—2)x2,F),
bn—2,1 bn—2,2

with tk(B) = 2, n > 4, and without loss of generality I assume that the first two
rows are linearly independent. Let

A = F[lﬁ], e 7ln—27 xn—17x’l’bi (L Cp(x1)7 Cp(x2)]/(r2p)7

where ¢,(x1), resp. ¢p(x2), are the top orbit Chern classes of x1, resp. 2 (see [7],
section 3.2 for a discussion of orbit Chern classes),

q=x1(b2,1%n—1 + ba2xy) — x2(b1,18n—1 + b1 22p)

is a generator of degree 2,
l; = (bab12 — b11b22)(ba 12 — bi1xe) — (bi2ba1 — bi1b2.2)(ba 121 — b1 122)
are linear generators for : =3,...,n — 2 and
rop = Cp(21)(b2,1Tn—1 + b2,22n)P — cp(x2)(b112n—1 + b1,225)" — ¢°
+q(b11%n—1 + b1,270) P (b2, 1T0—1 + bapw, )Pt
is a relation of degree 2p satisfied by these polynomials. First, I am going to show
that A € F[V]%/? : Since A is generated by polynomials, which are invariant under
Z/p, and rop, is a relation satisfied by these, it follows that there is a map of algebras
Y : A— F[V]%/P,
Since F[V]%/P C F[V] it is equivalent to show that the composition
U : A — F[V)2? — F[V]
is monic. This is equivalent to showing that (rgp) is the kernel of
o A =TFls, ..., lh—2,Tn_1,Tn, q, cp(x1), cp(z2)] — F[V].

Since F[V] is an integral domain, (0) C F[V] is a prime ideal, hence ker(yp) C A’ is
a prime ideal, which contains rgp,, hence (rgp) C ker(p).

The image of ¢ has Krull dimension n = dim F[V], because it contains a system
of parameters, namely®

I3,y lnea, Tne1, Tn, cp(1), cp(x2).

Therefore the kernel has height 1. This means that ker(y) is a prime ideal lying
minimally over (rg,). In a unique factorization domain, such as A’, an isolated
prime of a principal ideal is itself principal, i.e.

(rap) C ker(p) = (h),

for some h € A’ (see e.g. [1], Proposition 3.11 b). Therefore h|rg,, and h is a
relation of degree < deg(rqp) = 2p. Since rg, is a relation of minimal degree
between I3, ..., ln—2, Tn_1,Tn,q, cp(x1), cp(x2), it follows that h = ry, and hence
ker(y) = (h) = (rgp). So, A C F[V].

513,...,ln—2,Tn—1,Tn span a subspace complementary to z1, 2 and cp(x1), cp(x2) are monic
polynomials of degree p in x1, resp. x2 with coefficients in I3,...,ln—2,Zn—1, Tn.
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Since A is a complete intersection, it follows from the above Lemma 2.2 that
2p 1 1
deg(A) = (1 —t)"P(A,t)|1=1 = =5 = — = — = deg(F[V]%).
cB(4) = (1 = " P(A, ) = 515 =+ = o = dea(FIVIC)
So from the degree theorem (loc. cit.) the fields of fractions of both rings are equal,
ie.,

F(A) = F(F[V]/P).

',z ¢ 1; then

DeﬁneK::F[lg,...,ln_g,zn_l,xn,q,lg_l,...,l ! T, 1,T,

A[l?,_la e 7lrzi2vx;i17$;17 q_l] = Klep(21), ep(22)]/ (r2p) = Klep(21)],

where the last equality holds, because rg), has become a linear relation (over K)
between the two generators ¢,(x1),cp(z2). Since a polynomial ring is a unique
factorization domain, A is also a unique factorization domain by Nagata’s theorem
(loc. cit.) so normal.
The extension A C IF[V]Z/ P is integral, both rings are normal, so they are equal.
In the case of the dual representation p*, define
A= ]F[il']_, sy Tn—2; ql7 clp(xn—l)u C;(l’n)]/(’f';p),

where c;,(z,,—1), resp. ¢, (z,), are the top orbit Chern classes of x,,_1, resp. y,
q' =ZTp_1fo—Tnf1
is of degree 2, where
n—2 n—2
fi= (Z bmxz‘) and fo:= (Z b@z%) ,
i=1 i=1
and
—1 pp—1
T/2p = C;(zn—l)fg - C;(xn)ff —q" + q/ff 5

is a relation satisfied by these polynomials. A = F[V*]¢ follows in the same way as
above.
Case 2: M # id.
If M # id, then p # 2 and M € Syl,(GL(2,F)), so without loss of generality I
assume that M has the form
1 1
M= (0 1) .

Since codimp(VZ/P) = 2 by assumption, it follows that without loss of generality
b1,1 # 0 € F. Define the model ring A by

A:=Flo,... . lh2,Tn,q, cp(x1), cp(Tn_1)]/(T2p),
where ¢p(21), resp. ¢p(zn—1), are the top orbit Chern classes of x1, resp. z,_1,
q=2x12, + (b1,1 — 2b1 2)Tp—12y, — b171x,21_1
is a generator of degree 2,

l; = 51,1171' - bz‘,1$1 - (bl,lbi,Q - bz‘,lbl,Q)J?n—l
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are linear generators for : =2,...,n — 2 and

p—1
Top = 2¢p(x1)x), — ¢° — br1cp(Tn )% — Z((—l)kblf 1a2k:z:2kqp )
k=1
p—1 1 -1
S (O O T R et
k=(p—1)/2
with @ = 222=bis ¢ F, is a relation of degree 2p satisfied by these polynomials. I

2611
postpone the unpleasant and lengthy verification of this relation to the appendix.

The argument used in Case 1 then shows that A = F[V]%/P.
In the dual case define
A:=F[z1,..., 20 2,¢, ) (Tn-1), ) (xn)]/(rh,),
where c;,(2,,—1), resp. ¢,(z,), are the top orbit Chern classes of x,,_1, resp. ,

/ / 2
q =2x,f1 —xpnal —x,_4

is of degree 2, where I’ = 2f5 — f1 is of degree 1 and fi, fo are defined as in Case 1,
and

lep = 20/( T =47 — (Cp(xn—l))2 — cp(Tn-1 I + cp(zn_1)l' 1~ Ly f2p q
I 2k p—1 B I —(p—-1) -1 -1 ~
Sl @) 50
k=(p—1)/2

is a relation satisfied by these polynomials. I leave the verification of this relation
also to the appendix. Again A = F[V*]%/P is obtained in the same way as above. [

For a cyclic p-group G codimF(VG) = codimp(V¢), so dualizing this proof leads
to:

Theorem 2.3. Suppose F is a field of characteristic p and V. =TF". Let p: G =
Z/p — GL(n,F) be a faithful representation of a cyclic group of prime order p, let
codimp(Vg) = 2. Then the ring of polynomial invariants is a complete intersection,
and
F[V*]Z/p = F[lla ceey ln—27 q,Cp,1, Cp,2]/(r2p)7
where deg(l;) =1,i=1,...,n—2, deg(q) = 2, deg(cp,;) =p, = 1,2, deg(ragp) =
2p. Moreover
FIVI*P = Flz1, .. 202,46 n1s Chal /(7))

is also a complete intersection, where deg(q') = 2, deg(c,, ;) = p, j = n —1,n,
deg(r5,) = 2p. d
3. COROLLARIES

I am going to derive some corollaries of the above theorems for more general
groups.

Corollary 3.1. Let G = Z/p® be a cyclic group of order p® with codim]F(VZ/pS) =
2 or codimp(Vz/ps) = 2. Then the rings of polynomial invariants F[V]Z/?" and
F[V*|2/P" are complete intersections.
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Proof. Since codimp VAP = 2, the image of a generator under a representation p

has the form
I B
(o )

with the notation as above. The 2 x 2-matrix M has prime power order, hence
M € Syl,(GL(2,F)). Since this Sylow-subgroup is elementary abelian, M has
order p. Moreover matrix multiplication shows that 7" has order p, if p is odd.
Therefore only the case s = 1 can occur for odd primes p. The rings of invariants
are complete intersections and the explicit structure is given by the above theorem.
If p = 2, then s < 2. For s = 1 again the theorems above apply. For s = 2,
M # id and assume without loss of generality that by ; = 1 (with the same notation
as in Case 2 above),
A:=Tla, ..., ln—2,%n,c,cp2(1), cp(@n-1)]/(T3p),
where
(1) = 8+ 03 a1 + 72+ 02 ) 15+ Tn102),
resp. cp(Tp_1) = ;v?l_l + Z,_1Z,, are the top orbit Chern classes of 1, resp. x,_1,
c= xi_l + x%xn + xlxi + xn_lxi
is a generator of degree 3, [;, i = 2,...,n — 2, are defined in Theorem 2.1, Case 2,
and
Tap = Cp2 (xl)xi + cg(xn_l) +c2+ cCp(Tn—1)Tn,
is a relation of degree 3p = 6 satisfied by these polynomials. (This is an easy, but
long, calculation.) A C F[V]%/4 is obtained in the same way as above. Using the
prime elements z,, ¢p(Tn—1), i, for i = 2,...,n — 2, as in the argument above
shows that A = F[V]%/4.
In the dual case define
A:=TFlr1,. .. xn2,¢ e (Tn1), 2 (T0)]/ (T3,),
where ¢, (1) = 22_| + @n_1f1, resp.
Cpe(n) = @y + ap(ap g + f3 + xnrfr + fifo + f7)
+ xn(flxi_l + f1f22 + f12xn—1 + f12f2)7
are the top orbit Chern classes of x,,_1, resp. z,,
=2 A anfi+ah i a1 fife+anfT + xS,
is a generator of degree 3, f; and f2 as in the dual of Case 2 of Theorem 2.1, and
Tap = Cho (z0)fE + 0;3(3:”_1) +c?+ d frcy,(zn_1)
+ fof1(fr + f2) + f3(f1 + f2)% ¢ (zn—1)

is a relation satisfied by these polynomials. Again this is a lengthy but easy cal-
culation, A C F[V*]¥ can be shown as above and equality is obtained in the same
way as above by inverting the linear generators and c,(z,—1), and using Nagata’s
theorem.

Dualizing leads to the corresponding results for codimy Vg = 2. O

The following corollary is a straightforward generalization for representations of
block form.
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Corollary 3.2. Let G be an abelian p-group of order p*. Suppose

B
G¢=Pa
=1

is a direct sum decomposition, and 1, ..., T, 15 a basis of the dual vector space V*,
which decomposes V* to a direct sum of submodules

B n
v (@vi)e v
i=1 i=B+1
If G; acts on V*; and trivial on V*; for i # i’ and codimF(ViGi) < 2, then the
ring of polynomial invariants is a complete intersection. The explicit formulae for
generators and relations may be derived from the theorems above. O

Since complete intersection rings are Cohen-Macaulay, and the ring of polynomial
invariants of any group G is Cohen-Macaulay when the ring of invariants of its
p-Sylow subgroup is, I get the following corollary, which is in part a result of
Ellingsrud-Skjelbred [2]:

Corollary 3.3. Let G — GL(n,F) be a faithful representation of any group whose
order is not prime to p, the characteristic of the field F. If the p-Sylow subgroup
of G has the form described in the above Corollary 3.2, then the ring of polynomial
invariants of G, FIV|® and the ring of invariants of the dual representation, F[V*]%,
are Cohen-Macaulay. O

APPENDIX

Recalling the notation of Theorem 2.1 I am going to verify the relations 73, and
74, mentioned in Case 2 of the proof.’

Lemma A1l. Consider an orbit of the form a + ib, for 0 < ¢ < p— 1. Then the
Chern classes cx, k=1,...,p, are given by

0 fork<p—1,

cp = —bp 1 fork=p—1,

aP —abP~!  for k=np.
Proof. The formula for the top orbit Chern class ¢, is well known. The reader might
be convinced after noticing that the polynomial a? —ab?~! has the right degree and
the same zeros as ¢, := Hf;ol (a +1ib). If k < p — 1, then Newton’s formula [7], p.

2, expresses the orbit Chern classes ¢ in terms of the orbit power sums, since they
are just the elementary symmetric functions in the orbit elements:

k
kep = Z(_1)j—1chk_j,
j=1
where cg := 1. Then
p—1 _ J j _ p—1
— . iy — oo e}
P Xty = Z(@) Y

6Tt ought to be possible to do the following calculations with the help of a computer algebra
program.
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By von Staudt’s theorem [3], p. 91,
pi:l_a —1 modp forp—1|a,
=
= 0 mod p otherwise.
Therefore
o . :'p -1,
0 otherwise,
and hence
0 for k <p—1,
Cr =
P! fork=p—1,
as required. O

Lemma A2. Consider an orbit of the form a + ib+i%c, for 0 < i <p—1. Then
for p # 2 the Chern classes cx,, k =1,...,p— 1, are given by

0 for k < 21,
ke, = (-1 1P, for % <k<p-1,
(234) P =Py fork=p—1,
2

where Py, := Zf;ol (a +ib+i%c)* are the orbit power sums. For p =2 they are

o — b+c for k=1,
kT a’*+alb+c) fork=2.

Proof. The formulae for p = 2 are routine. The case p # 2 can be obtained in the
same way as Lemma Al by computing the orbit power sums with the help of von
Staudt’s theorem and using Newton’s formula to get the orbit Chern classes. [

Lemma A3. Consider an orbit of the form (a + i¢)?, for i = 0,...,p — 1. Then
the orbit Chern classes are given by

0 fork;é%,k#p—landk#p,
= (1)~ Le* for k= ”2;1 ork=p—1,
(a? —aeP~1)2  for k =p,

forp#£ 2. For p=2 they are

o — o for k=1,
FTl@2@+ @) fork=2.

Proof. Again the formulae for p = 2 are obvious. The case p # 2 can be ob-
tained by Lemma A2 using once more von Staudt’s theorem to compute explicitly
the remaining orbit power sums. The top orbit Chern class can be derived by
Lemma Al. O
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Lemma A4. With the notation of Theorem 2.1

p—1
rop = 2¢p(21)2h, — ¢° — b1 1cp(wn_1)® — Z((—l)kbfla%xikqp_k)
k=1
p—1 p—1 -1
- ) b <(—1>k (T) azk‘(p‘l’zikqp"“> +ory e,
k=(p—1)/2

where a = % € F. Recall that by 1 # 0 and p # 2.

Proof. Observe that

2¢p(w1)7h, = ep(q+ braxs_y + (2012 — b1 1)zp_120)
p
=q¢"+ Y ¢" Fer(braz)_y + (2b12 — b11)Tn_120),
k=1

where the last equality holds, because ¢ is invariant and ¢y := 1. The next step is
to evaluate the orbit Chern classes c (b1, 122 _ 4 (2b1,2—b1.1)Tn_12n), k =1,...,p.
Since the top orbit Chern class is multiplicative one gets from Lemma Al

Cp(bl)lilii_l + (2b1)2 — bl)l)din_lilin)
= cp(@n—1)cp(b1,1Tn—1 + (2b1,2 — b11)Tp) = b11¢p(Tn-1)>

It remains to compute the other Chern classes cx(b1,12%_; + (2b1,2 — b1,1)Tn—12n)
for k=1,...,p— 1. In order to apply Lemma A3 note that

biaxs_q + (2b1o — b1 1)Tn_17n

2b12—b
2 1,2 — b1 2,2 2,2
=bia (zn—l T Tp_1Tp +a’x, —a’x;, |,
bi,1
2by 5 —b . .. .
where a = % Since a?2? is invariant, the Chern classes for k =1,...,p—1

are

cr(br1x2_1 + (2b12 — b11)Tn—120)

k
b (D e )

i=0
(—=1)%bf jaFa2F for k < 251,
b (—1)Fa?*22 + o (21 + azn)?)) for k = 5%,
bllcyl((_l)kGkaik + (_1)k—%azk—(p_l)xik—(p—l)c%l((xn_l —|—a:cn)2))

for 251 <k <p—1,

bf 1 ((—1)*a a3k + (_1)%101)_1552_1%_*1((%—1 + azn,)?)
, 2
+ cp1((Tn_1 4+ ax,)?) fork=p-—1,
0 for k < %,
p=l p1y—1 _ 2
(1) a2t g D) (%) Whaap™ for k = 23,
PO o () ot <k g,

—13p—1_2p—2 (p—1\~1 p—1_2p—2 _
aP=oby P (73 ) — b xt for k=p—1,
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where the last two equalities follow from Lemma A2, resp. A3. Combining these
results leads to the desired formula. O

In the same way one proves

Lemma A5. With the notation of Theorem 2.1

7'/2;) = 20;($n)ff —q7 - (Cp(xn—l))2 - Cp(zn—l)l/p + Cp(zn—l)l/ff_l + f12p_2q/

p—1 I 2k p—1 I 2k—(p—1) p—1 -1
S £ e O
2 2 2
k=1 k=(p—1)/2

where as above I = 2fs — f1 is of degree 1, and p # 2. O
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