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ABSTRACT. Let p > 2. Among other results, we prove that a Banach space X
has the property that every sequence (zy) € €5 (X) lies inside the range of an
X-valued measure if and only if, for all sequences (z}) in X* satisfying that
the operator z € X — ((z,z})) € {1 is 1-summing, the operator x € X —
((z,z})) € €4 is nuclear, being g the conjugate number for p. We also prove
that, if X is an infinite-dimensional £p-space for 1 < p < 2, then X can’t have
the above property for any s > 2.

INTRODUCTION

Let X be a Banach space and let p > 2. In [Pi2] it is proved that every sequence
(@) in X satisfying Y [(zn,2*)|P < 400 for all z* € X* lies inside the range of
an X-valued measure with bounded variation if and only if X is finite-dimensional.
On the other hand, in [AD] the authors proved that for every Banach space and
for every sequence (z,,) € ¢2(X) there is an X-valued countably additive measure
whose range contains (zp,).

The purpose of this paper is to characterize, given a real number p > 2, the
Banach spaces X in which every sequence (x,,) € ¢£(X) lies inside the range of an
X-valued countably additive measure.

NOTATION

We start by explaining some basic notation used in this paper. In general, our
operator and vector measure terminology and notation follow [T] and [DU]. We
only consider real Banach spaces. If X is a such space, Bx will denote its closed
unit ball. The phrase “range of an X-valued measure” always means a set of the
form rg(F) = {F(A) : A € £}, where ¥ is a o-algebra of subsets of a set Q and
F :¥ — X is countably additive. We denote by ||F|| its total semivariation

|F|l = sup{|z" o F|(2) : 2" € Bx~}.

Given p > 1, 2 (X)) will denote the vector space of all sequences (z,) in X such
that > 0% | [{z, 2*)|P < +o0 for all 2% € X*. It is easy to see that if (z,,) € (£, (X)
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then

‘d»—t

o0
ep((zy)) = sup{ Z T, T Pia* € By«} < 400

and (/£,(X),€,) is itself a Banach space.
IfZ = (z,) € 2(X) and P is a finite subset of N, Z(P) = (x,,(P)) is the sequence

defined by
0 (P) = Ty, form e P,
0, forng¢P

for all n € N. ¢2(X) will denote the subspace of ¢% (X) consisting of the sequences
T = (x,) such that the net (Z(P))per) converges to (z,) in /%, (X), where F(N) is
the set of all finite subsets of N. Recall that ¢%(X) is formed by the unconditionally
summable sequences in X. We need the following Proposition that lists some
privileges that membership in ¢2 (X) entails.

Proposition A. Let p > 1 and X a Banach space. The following statements are
equivalent:
(i) (@n) € 5,(X).
(i) The series > -, anty, converges unconditionally for every sequence (am,) €
Ly.
(iii) The map (o) € g — Z _ oy € X defines a bounded operator.

Recall that an operator 7' : X — Y is said to be co-nuclear if there are sequences
(z¥) in X* and (y,) in Y such that

Tx = Z(x,xz>yn (Vze X), lim z; =0 and €1((yn)) < +0o0.
n=1

A norm is then defined by taking the infimum of all admissible products
(sup [|lz7,[1) €1((yn))-

Noo(X,Y) will denote the Banach space of all co-nuclear operators from X into
Y.
THE SPACES R(X) AND R.(X)

We denote by R(X) the vector space of all sequences (z,) in X so that there
exists an X-valued measure F satisfying

(1) {zy, : n € N} C rg(F).

If (z,) belongs to R(X), we put ||(x,,)|| = inf || F||, where the infimum is taken over
all vector measures F' admissible in (1). Obviously, we have

(2) [(@n)lloe < [[(zn)] for all (z,) € R(X).

Using a direct sum of vector measures [KK, p.35], it is easy to prove that any
absolutely summable series in R(X) is convergent. So, (R(X),| - ||) is a Banach
space.

Next we are going to consider sequences in X that lie inside the range of a vector
measure with relatively compact range. We denote by R.(X) the vector space of all
such sequences (x,,) in X. By [PR, Proposition 1.4], if (x,) belongs to R.(X), there
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exists an unconditionally convergent series > vy, satisfying x, € Y [—Ym, Ym]
for all n. The set Y, [~¥m, ym] is the range of a vector measure F' for which

IF| <2 sup{z (Y, ™) : ¥ € Bx~}.

m=1

If (x,,) belongs to R.(X), we set

[(@n)lle = inf €1((ym)),

the infimum being taken over all unconditionally convergent series > v, such
that (z,) is contained in ), [~¥m, ym]. Obviously, we have

(3) [(@n)lloo < l[(zn)l| <2 [|(zn)lle for all (zn) € Re(X).

The next Proposition proves that R.(X) can be isometrically identified to
N (b1, X).

Proposition 1. The Banach spaces R.(X) and N (¢1,X) are isometric.

Proof. If () € Rc.(X), we define an operator T': {1 — X by T'(a,) = Y, anp
for all (a,) € ¢1. Given € > 0, choose an unconditionally summable sequence (ys,)
in X so that

Tn = Z amYn and e1((ym)) < e+ [[(zn)e,

m=1
where |}y | <1 for all n,m € N. Obviously, Ta =" (a,(al,)n) Ym-

Claim. There exist (Ap,) € Be, and (z,,) € £L(X), such that y,, = A2, for all
m € N and €1((zmm)) < €+ €1((ym))-
To prove the claim, choose p, € N so that

1
— < €.
p;o pQ

Since the sequence (yy,) is unconditionally summable, we have
o0
Tim sup{ 3" (g2 ¢ "] < 1} = 0.
k=m

So we can determine a strictly increasing sequence of integers (n,),, such that

* * 1
sup{ D [{ym, ") : ll2*[| < 1} < s

m>ny

for all p € N. Let (\,;,) the sequence defined by

- {11, for m < nyp,,

5, forny, <m <npyy.

and put 2, = (M) " Lym for all m € N. It is obvious that (\,,) € B.,. Hence, if we
prove the inequality €1((zm)) < € + €1((ym)), the claim will be established. Given
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z* € Bx+, we have
0 Npo Np+1
> lemal = Do loma + 30 S I
m=1 m=1 P=po k=np+1
oo MNp+1
<allpa)+ S0 S I
p=po k=np+1

<alpa)+ Y =

2
PZPo p
<ete((ym))

Now, using the claim we can write 7" in the form Ta = Y (o, A (af)n)Zm.
Then T € Ny (€1, X) and

voo(T) < (Sglp ”()‘m(afn)nHOO) e1((zm)) = €1((zm)) < e1((ym)) + € < 2e + [[(wn) e,

for all € > 0. Therefore, we have prove that v (1) < ||(24,)||. for all sequences (xy,)
belonging to R.(X).
Conversely, let (z,,) a sequence in X such that the operator

T: () €41 — Zanazn cX
n=1
is co-nuclear. Given e > 0, choose a null sequence (8,,) in fo and (yn,) € £L(X)
so that

Z s Bm)ym for all a € £y

and
(sup 18} €1(() < volT) + .

Since the sequence (||8m|oo Ym) is unconditionally summable, it follows easily that
(z5,) belongs to R.(X) and

[(@n)lle <€+ veo(T),

for all € > 0. This concludes the proof.

It is well-known that with the trace duality Noo (X, Y)* and II; (Y, X**) can be
isometrically identified, if X* has the approximation property. In fact, for any
S e I (Y, X**) the map ¢s : Noo(X,Y) — R defined by ¢s(T) = tr(SoT) is
a continuous linear form on No(X,Y) and every linear form on Ny (X,Y) can
be obtained in this way. Accordingly, R.(X)* and II; (X, ¢;*) are isometric. The
next Proposition shows that every operator T' € II; (X, ¢1) also defines a continuous
linear form on R(X).

Proposition 2. Let X be a Banach space. If (z}) is a sequence in X* so that
the operator S : x € X — ((z,z})) € £y is l-summing, then the linear map
g : R(X) — R defined by Ys((zn)) = >, (xn,xh) for all (xz,) € R(X) is well-
defined, continuous and ||g|| < m1(S).
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Proof. Let (z,,) € R(X). Given € > 0, choose a vector measure F': ¥ — X so that
{zn:n €N} Crg(F) and ||F| < e+ ||(zn)]]-
Let p a control measure for F' and consider the integration operator

I:fELOO(u)H/deEX.

The operator S o I is 1-summing and, hence, integral. Since ¢; has the Radon-
Nikodym property, it follows that S o I is nuclear and m1(S o I) = v1(S o I) (see
[DU, p. 174]). Sois (SoI)* : foo — L*(u). Then

(4) D S o I)*(en)]| < +oo,

n=1

where (e,,) is the unit basis of ¢,. On the other hand, we have

(SoI)f en) = (f,(SoI) (en))
Then

1S o )" (en) | = sup{[(f; (S o I)*(en))] : [ flloo <1}

- sup{|/fd<x;z o F)| < I1fllso < 1}-
This shows that (4) can be written in the form
(5) S supf| /fd(:zril o F)| [flloe < 1} < 0.
n=1

For every n € N, we choose A,, € ¥ such that F(A4,,) = z,. Then, it follows from
(5) that

©) >l = Y- | [, d(ar o P < 4o
n=1 n=1
So, the linear form g is well-defined. To conclude the proof we need to show that
sup{| > (@n, 23)| : [[(n)]| < 1} < m(S).
n=1
If B denotes the restriction map of (S o I)* to ¢,, we have

D (@ zi) < YIS e D) (en)ll = 1ni(B) <wni((So 1)) <wi(Sel)
n=1 n=1

= W:(SOI).

Since So F' is the representing measure of an 1-summing operator,So [, it follows
from [DU, p. 162] that m1(SoI) = |So F| (here, |S o F| denotes the total variation
of So F). Finally, we can deduce from (7) that

(7)

1Y (@@ < 1S 0 Fl < mi(S) | Fl < mu(S) (e + [l (@a)l),

n=1

for all € > 0. Therefore, ||1s|| < m1(S5). O



2078 CANDIDO PINEIRO
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Proposition 3. Let X be a Banach space and let p > 2. X has the property that
every sequence () € (2(X) lies inside the range of a vector measure if and only
if there exists a constant ¢ > 0 so that, for all finite sets {x1,..,xn} C X satisfying
ep((zi)7) < 1, there is a vector measure F' : ¥ — X satisfying

IF|| <c¢ and {z1,..,z,} C rg(F).

Proof. First, proceeding by contradiction, suppose ¢£(X) C R(X) but there isn’t a
such constant. Then there would exist a sequence (H,,) of finite subsets of X such
that for every n the conditions

H,  rg(F) and sup{( Y [(w,a")")" ¢ o*]| <1} <1
c€H,

would imply || F|| > n?. If H,, = {27, - Tp(n) > the sequence

1 1 1 1
{Q?%, ooy $]1€(1), 5{17%, ooy 5{17%(2), ooy EZE?’ ooy EZIJ’Z(,’I), }

belongs to £ (X). So, there exists a vector measure F' with (1/n)H, C rg(F)

for all n € N. Thus H,, C rg(nF') and this would yield ||F|| > n for every n, a

contradiction with the fact that F' has bounded semivariation since it is countably

additive.

Conversely, let ¢ > 0 be a constant such that, for every finite set {z1,..,2,} C X
satisfying €, ((x;)f=;) < 1, there exists a vector measure F with ||F'|| < ¢ and whose
range contains {zy,..,z,}. Then, the natural map from (XM ¢,) to (R(X),| - )
is linear and continuous. Therefore, it has a unique continuous linear extension to

P (X).

Now we are ready to face our main result. O

Theorem 4. Let X be a Banach space and let p > 2. The following are equivalent:

(i) Every sequence (xy,) € ¢2(X) lies inside the range of a vector measure.

(ii) For all sequence (x) in X* satisfying that x € X — ({(z,xk)) € £1 is 1-
summing, the operator x € X — ({z,xz})) € £, is nuclear.

(i) There exists a constant ¢ > 0 such that, for alln € N, for all {z1,...,z,} in
X and all {x7,..,25} in X*, we have

n n

Do lzial) <em(Q af @ei: X — 67) el(@i)isy)-

i=1 i

Proof. (i) = (ii) We have seen in the proof of Proposition 3 that the natural map

(X)) — R(X) is continuous. So, given a sequence (z7) in X* such that the map

zeX — ({x,z))) € by

is 1-summing, it follows from Proposition 2 that the linear form ¢ on 2 (X) defined
by ¢(xn) =Y, (Tn,z) is continuous. Then the linear map z € X — ((z,z})) € {4,
is integral [DU, p. 232]. Now recall that nuclear and integral operators into a
reflexive space are the same [DU].

(ii) = (iii) The linear map

T e Hl(X,El) —>Ilq OTGN(X,éq)
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has closed graph (here I3, is the inclusion map from ¢; into £;). So, it is continuous.
Then there is a constant ¢ > 0 such that

(®) vi(If, 0 T) < ¢ 7y (T)

for all n € N and all T' € L(X, (1), being I}, : /7 — £ the identity map. Now,
given {1, ..,z,} in X and {z7,..,2},} in X*, we consider the operators u : X — (g
and v : £; — X defined by

u(@) = (20, and v((an) = 3 @iz
i=1
Since tr(uov) = > 7 (z;, x}), we have

| e af) < v (uow) =vi(wow) < wifu) o,
i=1

being v{ the finite-nuclear norm [P]. Then, by (8) we obtain

n

1> wia) <m Y wf@ei: X —47) ol

i=1
This yields (iii) because of the equality ||v|| = e, ((z;)1,).
(ili) = (i) For every n € N, we define a linear map
Up: (X", 6p) = Noo (€7, X)

in the following way: Given T = (x;)7 € X™, we denote by T3 the operator from ¢}
into X defined by T%((e;)7) = >-7 aiz;. Then we put U, (Z) = T;. To show that
U,, is continuous, we are going to compute vo (1% ):

Voo (T%) = sup{|(T%, S)| : m(S) < 1,5 € II1 (X, 1)}

= 5up{|tr(SoT%)| : 7T1(S) <1,8e€ Hl(Xu”ll)}
= sup{| Y (i, $*(e)))] : m(S) < 1,S € I (X, £7)},
i=1

where (ef)7 is the unit basis of £7. By (iii), we obtain
VaolT3) < c ep(2)7).
So, we have
9) |U.|| <c¢ for every n € N.
Now we consider the linear map
U: (XM ) = Noo (£, X)

defined by U (%) = Tz with Tx((an)) = 3, @nn, for all 7 = (z,,) € X® and all
(o) € ¢5. From (9) it follows that |U]| < ¢. Finally, Proposition 1 implies that
¢P(X) is contained in R.(X).

Using the methods introduced in [Pi2], we can prove that an operator 7 : X — Y
takes every sequence (z,,) € ¢ (X) into a sequence (Tx,,) lying in the range of an
X-valued measure with bounded variation if and only if 7% : Y* — X* is (1,1, p)-
summing. The next Proposition shows the relationship between these ideas and
our problem. O
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Proposition 5. (2(X) is contained in R(X) if and only if T* : Y* — X* is
(1,1, p)-summing for all Banach space Y and for all T € TI;(X,Y).

Proof. Suppose X is a Banach space such that (£(X) C R(X). If T € II; (X,Y),
then T takes every sequence (x,,) € £ (X) into a sequence (T'z,,) lying in the range
of a vector measure of bounded variation. So, T* : Y* — X* is (1,1, p)-summing.

Conversely, let X be a Banach space with the property that, for all T € TI; (X, ¢1),
the operator T* is (1, 1, p)-summing. Take a sequence (x}) in X* such that T : z €
X — ((z,2%)) € 41 is 1-summing. By hypothesis, T* is (1,1, p)-summing. Now an
appeal to [Pi2, Theorem 1] yields the nuclearity of the operator

€X™ — (&, T"ey)) € 4.

Then z € X — ((z,2})) € {, is also nuclear. Now Theorem 4 tells us that
P (X) C R(X). O

EXAMPLES

If X is a Banach space, s(X) will denote the set of all real numbers s > 2 such
that every sequence (z,) € £5(X) lies inside the range of an X-valued measure.
Obviously, s(X) is an interval whose bounds are 2 and sup(s(X)). In this section
we find out the form of the set s(X) for any £,-space X (1 <p < +00).

a) If X is an L,-space for p > 2, then s(X) = (2, +00).

By [LR, Theorem III], X* is an £,-space. So X* is isomorphic to a subspace of
an Lj (p)-space for some measure p [LP, Corollary 7.2]. Hence, every null sequence
in X lies inside the range of an X-valued measure [PR].

Following [Ps2] we will say that a Banach space X satisfies Grothendieck’s The-
orem (in short, X is a G. T. space) if L(X,¥3) = II;(X,¢3). For some time
the L£i-spaces remained the only known G. T. spaces. We have just seen that
$(X) = (2,400) for every Banach space X whose dual X* is an £;-space. Never-
theless, there are spaces for which s(X) = 0 and X* is a G. T. space. Next we will
prove this assertion.

b) If X is an infinite-dimensional Banach space of cotype 2 and X* is a G. T.
space, then s(X) = 0.

Since X is a space of cotype 2 we have the identity II; (X, ¢1) = IIx(X, ¢;) [Ps2,
Theorem 5.16]. By [Ps2, Proposition 6.2] IIa(X, ¢1) = £(X, ¢1). So, it follows that

(10) m(u) < cllu|| for all u € L(X,¥4)

and for some constant ¢ > 0. Proceeding by contradiction, suppose p € s(X). Then
there exists a constant ¢/ > 0 so that

(1) Zm )| < dm (Zx ®ei: X%é“> D@y

for all {z;}?, in X and all {z}?, in X*. (10) and (11) yield

(12) Z' x“ 1>| < Ccep((xl)z 1)61(( 1)1 1)

i=1
for all {z;}" ; in X and all {z}}, in X*. This proves that the identity map Ix
is (1, p, 1)-summing [P]. Hence IX* is (1,1, p)-summing [P, Theorem 17.1.5]. Since
p > 2, from [Pi2] it follows that X* is finite-dimensional, a contradiction which
completes the proof.
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In [Ps1, Theorem 3.2], it is proved that any Banach space F of cotype 2 can be
imbedded isometrically into a Banach space X such that X and X* are both of
cotype 2 and both verify Grothendieck’s Theorem. So, if X is the Banach space
associated to E = {5 in [Psl, Theorem 3.2], for every p > 2 there are p-summable
sequences in X that do not lie inside the range of a X-valued vector measure.
Nevertheless, the closed unit ball of ¢5 is the range of a vector measure [AD].

c) s(t1) = 0.

In [AD] it is proved that the sequence (e, /v/n) does not lie inside the range of
a measure. Nevertheless, (e,,/+/n) belongs to £ (¢1) for any s > 2.

d) s(¢p) =0 for any 1 <p < 2.

Given s € (2,q), we choose a € (1/s —1/q,1/2 —1/q). We are going to prove
that the sequence (e, /n®) belongs to £5(¢,) but it isn’t in the range of a measure.
If z* = (2}) € £, with ||z*||; < 1, we have for all m € N:

o0 e o0 1 o0 1 g—s o0 s

q q
Sl =Y bl < (3 ) T (X 1)
n=m na-s n=m

n=m n=m

where we have applied Holder’s inequality. Then

sup{ Y- 1)+ 2l <13 < (Y =)
n=m n n=m %°
for all m € N. Since asq/(g — s) > 1, it follows that (e,/n®) is plainly in €5 (¢,).
The sequence (e,/n®) is an unconditional basis of £,; therefore, to prove that the
sequence (e, /n%) is not in the range of a measure it suffices to show that it does
not belong to £2,(¢,) [AD, Theorem 5]. For this, choose 3 > (1/q) and consider the
scalar sequence z* = (1/n). It is plain that 2* € £, and that viewed as a member
of (£,)*, z* satisfies:
o0

0 e 1
Dol I = X ey

Therefore, if we choose 8 € (1/¢,1/2—«), the last series is divergent and we deduce
that s ¢ s(¢p).

e) If X is an infinite-dimensional L,-space for 1 < p < 2, then s(X) = 0.

By [LP, Proposition 7.3], X has a complemented subspace H isomorphic to .
Then s(X) C s(H) = s(¢,) = 0.

In view of these results and [PR] a question arises: Are there Banach spaces X
such that s(X) # 0 but X* is not isomorphic to a subspace of an Li(u)-space for
some measure 7
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