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INNER DERIVATIONS

ON ULTRAPRIME NORMED ALGEBRAS
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(Communicated by Palle E. T. Jorgensen)

Abstract. We show that, for every ultraprime Banach algebra A, there exists
a positive number γ satisfying γ‖a+Z(A)‖ ≤ ‖Da‖ for all a in A, where Z(A)
denotes the centre of A and Da denotes the inner derivation on A induced by
a. Moreover, the number γ depends only on the “constant of ultraprimeness”
of A.

Introduction

Ultraprime normed associative algebras were introduced by M. Mathieu in [6]
as those normed associative complex algebras having a prime ultrapower with re-
spect to a countably incomplete ultrafilter. There these algebras were intrinsically
characterized by the existence of a positive number K such that

K‖a‖ ‖b‖ ≤ ‖Ma,b‖(1)

for all a, b in the algebra, where Ma,b denotes the linear operator defined by
Ma,b(x) = axb. Algebras of this type have received considerable attention in the
last years, undoubtedly justified by the simplicity and elegance of the characteri-
zation given by (1) and by the fact that relevant classes of Banach algebras (for
example, prime C∗-algebras [7, Proposition 2.3] and primitive Banach algebras with
non-zero socle and minimum topology [1]) are ultraprime.

A classical problem in C∗-algebras is the existence and determination of a posi-
tive constant γ such that for all A in a prefixed class of algebras the inequality

γ‖a+ Z(A)‖ ≤ ‖Da‖(2)

holds for all a in A, where Da is the inner derivation x → [a, x] = ax − xa and
‖a+Z(A)‖ is the distance from a to the centre Z(A) of A (see, for example, [10] and
[9]). As is well known, the fact that for a given Banach algebra there exists a positive
constant γ satisfying (2) is equivalent to the fact that the set of all inner derivations
of A is closed within all bounded derivations on A. J. G. Stampfli [11] showed that
γ = 2 (the maximum possible value) when A is a unital primitive C∗-algebra, and
in particular when A is the algebra of all bounded linear operators on a Hilbert
space. This result has been recently extended to unital prime C∗-algebras (see [3,
Proposition 2.23] or [10, Corollary 2.9]). For Banach algebras of all bounded linear
operators on a Banach space B. E. Johnson [4] showed that γ = 2 is not always
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possible, and J. Kyle [5] showed that the equality γ = 2 characterizes Hilbert spaces
among all uniformly convex Banach spaces. The main result (Theorem 2) in this
paper solves the existence problem of a positive constant γ for ultraprime Banach
algebras, thus extending the aforementioned result for unital prime C∗-algebras.
More precisely the following is shown: To every constant K > 0 there exists a
constant γ > 0 such that (2) is satisfied in every ultraprime normed algebra A with
constant of ultraprimeness greater than or equal to K provided A has a unit or its
norm is complete. The techniques used to obtain this result involve ultraproducts
as well as the fact that the unitization of every ultraprime Banach algebra without
unit is still ultraprime for the l1-norm (Theorem 1). Section 1 is devoted to proving
this result. The given proof does not involve ultraproducts and gives a bound for
the constant of ultraprimeness of the unitization algebra. In Section 3 we give an
example showing that the assumption of completeness in Theorem 1 as well as the
assumption of either existence of a unit or completeness in Theorem 2 cannot be
removed.

1. The unitization of an ultraprime normed algebra

In [6] M. Mathieu introduced ultraprime normed algebras and gave an equiv-
alent characterization without any reference to ultrapowers in the following way:
A normed associative complex algebra A is ultraprime if there exists a constant
K > 0 such that K‖a‖‖b‖ ≤ ‖Ma,b‖ holds for all a, b in A, where Ma,b denotes
the two-sided multiplication operator on A, that is Ma,b(x) := axb for all x in A.
The largest possible number K in the above inequality will be called the constant
of ultraprimeness of A and denoted by KA. As a consequence of the theory of the
normed symmetric Martindale algebra of quotients of an ultraprime normed alge-
bra as developed in [8] and taking into account some improvement in the direction
stated in [2, Theorem 1.4] we can state the following

Proposition 1. Let (A, ‖ · ‖) be an ultraprime normed algebra without unit. Then
the norm ‖ · ‖ can be extended to a unital algebra norm | · | on the unitization A1

of A in such a way that also (A1, | · |) is ultraprime. More precisely KA1 ≥ K5
A.

Our next goal is to prove an analogous result of the above proposition in the
complete case where the unitization A1 of A carries the l1-norm (the largest uni-
tal algebra norm extending the given norm on A). Later we will show that the
assumption of completeness cannot be removed, which in addition reveals an over-
sight in the formulation of [6, Proposition 3.7]. To realize this one has to note
that the completion of a non-unital (ultraprime) normed algebra can be a unital
(ultraprime) Banach algebra, the unitization of which cannot be ultraprime. The
following proposition states a purely algebraic result, which perhaps is well-known.
As usual, for an element a in an algebra A, La and Ra will denote respectively the
operators of left and right multiplication by a on A.

Proposition 2. Let A be an associative algebra. If there exists an element a in A
such that La and Ra are invertible in the algebra L(A) of all linear operators on A,
then A has unit and a is invertible in A.

Proof. Assume that La and Ra are invertible operators in A. Then there are
elements e and f in A such that ae = a = fa. Also, for every x in A there are
y and z in A such that ay = x = za, and so we have xe = zae = za = x and
fx = fay = ay = x. Thus, e is a right unit and f is a left unit for A; hence



INNER DERIVATIONS ON ULTRAPRIME NORMED ALGEBRAS 2035

e = fe = f and A has unit. Changing x by e in the above argument we obtain that
a is invertible.

Theorem 1. Let A be an ultraprime Banach algebra without unit. Then the uni-
tization algebra A1 of A is an ultraprime Banach algebra for the l1-norm. More
precisely, KA1 ≥ K5

A(1 + 2KA)−2 holds for the respective constants of ultraprime-
ness.

Proof. First we prove that

K2

1 + 2K
(1 + ‖a‖) ≤ ‖I − La‖

for all a in A and K = KA. For every a in A, by [8, Lemma 2.3] applied to
the bounded totally defined double centralizer (A, I − La, I − Ra), we obtain
K‖I − Ra‖ ≤ ‖I − La‖. Hence if ‖I − La‖ < K, then ‖I − Ra‖ < 1 and
‖I − La‖ < 1. Now, since in every Banach algebra with unit the open ball with
radius 1 about this unit consists of invertible elements, it follows: if ‖I −La‖ < K,
then La and Ra are invertible elements in the Banach algebra BL(A) of all bounded
linear operators on A, therefore they are invertible elements in the algebra L(A),
and by Proposition 2 A has a unit, which is a contradiction. Therefore

K ≤ ‖I − La‖.(3)

On the other hand, from the definition of ultraprimeness it follows easily that

K‖a‖ ≤ ‖La‖.(4)

Adding (3) and (4) we obtain

K(1 + ‖a‖) ≤ ‖I − La‖+ ‖La‖,
and taking into account

‖La‖ = ‖I − (I − La)‖ ≤ ‖I − La‖+ ‖I‖

= ‖I − La‖+
1

K
K ≤

(
1 +

1

K

)
‖I − La‖

(where (3) has been used for the last inequality), it follows that

K(1 + ‖a‖) ≤
(

2 +
1

K

)
‖I − La‖

as we claimed at the beginning of the proof.
Now we carry the above information to the action on A of the elements of A1.

From now on, for a + λ1 in A1 the restriction to A of the operator on A1, La+λ1
will be denoted by LAa+λ1. Given a + λ1 in A1 with λ 6= 0, from the equality

LAa+λ1 = λ(I − L(−λ−1a)) we obtain

‖LAa+λ1‖ = |λ|‖I − L(−λ−1a)‖ ≥ |λ| K2

1 + 2K
(1 + ‖ − λ−1a‖).

From this we derive as a consequence of (4) that

‖LAa+λ1‖ ≥
K2

1 + 2K
(|λ|+ ‖a‖)

holds for all a+ λ1 in A1.
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Finally we prove that A1 is ultraprime. By the last inequality, given a+λ1, b+µ1
in A1 and 0 < ε < 1 there are norm-one elements x, y in A such that

‖LAa+λ1(x)‖ ≥ ε
K2

1 + 2K
(|λ|+ ‖a‖) and ‖LAb+µ1(y)‖ ≥ ε

K2

1 + 2K
(|µ|+ ‖b‖).

Since from the equality MA
(a+λ1)x,(b+µ1)y = RA

yMa+λ1,b+µ1L
A
x it follows that

K‖(a+ λ1)x‖ ‖(b+ µ1)y‖ ≤ ‖MA
(a+λ1)x,(b+µ1)y‖

≤ ‖RA
y ‖ ‖Ma+λ1,b+µ1‖‖LAx ‖ ≤ ‖Ma+λ1,b+µ1‖,

we have

‖Ma+λ1,b+µ1‖ ≥ K‖(a+ λ1)x‖ ‖(b+ µ1)y‖

≥ Kε2
(

K2

1 + 2K

)2

(|λ|+ ‖a‖)(|µ|+ ‖b‖).

Passing to the limit as ε→ 1, we obtain the assertion.

Remark. An alternative proof of the above theorem without an estimate for the
constant of ultraprimeness of the unitization can be obtained using techniques of
ultrapowers via [6, Proposition 2.4] and [2, Proposition 2.6].

2. The main result

Given an element a in an algebra A, the inner derivation in A induced by a is
the linear operator Da on A defined by Da(x) := ax − xa for all x in A. If A is
a normed algebra it is clear that every inner derivation is continuous and a simple
application of the triangle inequality shows that ‖Da‖ ≤ 2‖a+Z(A)‖ for all a in A,
where Z(A) denotes the centre of A. The problems of existence and determination
of a positive constant γ such that for all A in a prefixed class of normed algebras
the inequality γ‖a + Z(A)‖ ≤ ‖Da‖ holds for all a in A, have been intensively
studied in the C∗-context (see, for example, [10] and [9]). In this section we solve
the existence problem in ultraprime context, extending the previously known case
of unital prime C∗-algebras. The techniques used involve ultraproducts, and so
they do not give bounds for γ.

An ultrafilter U on a set I is said to be countably incomplete if it is not closed
under countable intersections. Given a countably incomplete ultrafilter U on I and
a family (Ai)i∈I of normed algebras, we consider the normed algebra l∞-sum of
this family

∏
i∈I Ai and the closed ideal NU of

∏
i∈I Ai given by

NU :=

{
(ai)i∈I ∈

∏
i∈I

Ai : lim
U
‖ai‖ = 0

}
.

The (normed) ultraproduct of the family (Ai)i∈I with respect to the ultrafilter U
is defined as the quotient algebra (Ai)U :=

∏
i∈I Ai/NU . If by abuse of notation we

denote by (ai) the canonical projection in (Ai)U of (ai) ∈
∏

i∈I Ai, then it is easy
to verify that ‖(ai)‖ = limU ‖ai‖.
Theorem 2. Let K be a constant such that 0 < K ≤ 1. Then

(i) There exists a constant α(K) with 0 < α(K) ≤ 2 such that for every ultra-
prime normed algebra A with unit and with constant of ultraprimeness greater than
or equal to K, the inequality α(K)‖a+ Z(A)‖ ≤ ‖Da‖ holds for all a in A.
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(ii) There exists a constant β(K) with 0 < β(K) ≤ 2 such that for every ultra-
prime Banach algebra A with constant of ultraprimeness greater than or equal to
K, the inequality β(K)‖a+ Z(A)‖ ≤ ‖Da‖ holds for all a in A.

Proof. (i) Assume that (i) is not true. Then for each natural number n there is
an ultraprime normed algebra An with unit and with constant of ultraprimeness
greater than or equal to K and there is an in An such that

‖Dan‖ <
1

n
‖an + Z(An)‖.(5)

In addition we can suppose that ‖an‖ = ‖an + Z(An)‖ = 1. Indeed, since (5)
implies ‖an + Z(An)‖ 6= 0, replacing an by ‖an + Z(An)‖−1an we can assume
‖an + Z(An)‖ = 1. Taking into account that Z(An) = C1 [6, Proposition 3.4] we
get the existence of a complex number λn such that 1 = ‖an+Z(An)‖ = ‖an+λn1‖.
The claim is obtained replacing again an by an + λn1.

Let U be a countably incomplete ultrafilter on N containing the Fréchet filter,
and let A denote the ultraprime normed algebra with unit and with constant of
ultraprimeness greater than or equal to K obtained via the ultraproduct of the
family (An)n∈N with respect to U . The sequence (an) is a norm-one element in A
such that ‖D(an)‖ = limU ‖Dan‖ = 0. Therefore (an) is a (norm-one) element in
Z(A) = C1 [6, Proposition 3.4], and so there exists a (non-zero) complex number
µ such that (an) = µ1. Now, we have 0 = limU ‖an − µ1‖ and ‖an − µ1‖ ≥
‖an + Z(An)‖ = 1, a contradiction.

(ii) By Theorem 1 and (i), there exists a constant α(K5/(1+2K)2) such that for
every ultraprime Banach algebra A without unit and with constant of ultraprime-
ness KA ≥ K, the inequality α(K5/(1+2K)2)‖a+Z(A1)‖ ≤ ‖D1

a‖ holds for all a in
A, where D1

a denotes the inner derivation in A1 induced by a. Since such an algebra
A does not have a unit we have Z(A) = {0} and Z(A1) = C1 [6, Proposition 3.4].
Therefore ‖a + Z(A1)‖ = ‖a‖ = ‖a + Z(A)‖. On the other hand, it is clear that
‖D1

a‖ = ‖Da‖, and so we have α(K5/(1 + 2K)2)‖a+ Z(A)‖ ≤ ‖Da‖ for all a in A.
Finally, for ultraprime Banach algebras with unit and constant of ultraprimeness
greater than or equal to K, it follows from (i) that α(K)‖a+ Z(A)‖ ≤ ‖Da‖. The
proof concludes taking β(K) := Min{α(K), α(K5/(1 + 2K)2)}.

3. An example

In this section we give an example of an ultraprime non-complete normed algebra
without unit whose unitization for the l1-norm is not ultraprime. This shows that
the assumption of completeness in Theorem 1 cannot be removed. The example
also allows an analysis of Theorem 2, showing that the assumption of existence of
a unit in the assertion (i) and the assumption of completeness in the assertion (ii)
cannot be removed.

We recall that an element a in an associative algebra A is called algebraic if the
subalgebra of A generated by a has finite dimension, equivalently, if there exists
a non-zero polynomial p with coefficients in the base field such that p(a) = 0. It
is clear that zero is the only algebraic element in the subalgebra generated by a
non-algebraic element. Also note that if the algebra A has a unit 1 and a is an
algebraic element in A, then a+ α1 is algebraic for every scalar α.

Proposition 3. Let H be an infinite-dimensional complex Hilbert space, and let
A be the (C∗-)subalgebra of BL(H) generated by the identity operator IdH and
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KL(H), the ideal of all compact operators on H. Fix a non-algebraic operator T
in KL(H) (for example a compact operator T with infinite spectrum) and let B
denote the subalgebra of A generated by T + IdH . If FL(H) denotes the ideal of
BL(H) of all finite range operators, then C := FL(H) + B is a dense non-unital
subalgebra of the unital prime C∗-algebra A. C is an ultraprime normed algebra
without unit whose unitization for the l1-norm is not ultraprime, and there is no
positive constant γ such that γ‖c+ Z(C)‖ ≤ ‖Dc‖ for all c in C.

Proof. Clearly C is a subalgebra of A. Moreover C is dense in A because FL(H)
is dense in KL(H) and if {Fn} is a sequence in FL(H) convergent to T , then
{−Fn + (T + IdH)} is a sequence in C that converges to IdH . Moreover we have
IdH 6∈ C. Indeed, if IdH ∈ C, then there exists F ∈ FL(H) such that IdH −F ∈ B,
therefore IdH −F = 0 because zero is the only algebraic element in B, and so
IdH = F ∈ FL(H), a contradiction. Now, as C is dense in A and IdH is the
unit of A, it follows that C cannot have a unit. By [7, Proposition 2.3] every
prime C∗-algebra is ultraprime and by [6, Proposition 3.5] every dense subalgebra
of an ultraprime algebra is still ultraprime, hence we have that C is an ultraprime
algebra. Now we will prove that the unitization algebra C1 of C is not ultraprime.
Since the unitization of a prime algebra with unit is not prime, it follows that A1

is not prime. On the other hand, the fact that C is dense in A yields an isometric
isomorphism from the completion of C1 onto A1, therefore the completion of C1 is
a non-ultraprime (in fact non-prime) algebra, and so C1 is a non-ultraprime algebra
[6, Proposition 3.5]. Finally, given a sequence {Tn} in C that converges to IdH , we
have that the sequences of multiplication operators {LTn} and {RTn} converge to
IdC . Therefore {DTn} = {LTn − RTn} → 0, and so there is no positive constant γ
with (γ‖Tn‖ =)γ‖Tn + Z(C)‖ ≤ ‖DTn‖ for all n in N.
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