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Abstract. Two famous counterexamples in algebra and number theory are
Wang’s counterexample to Grunwald’s Theorem and Amitsur’s noncrossed
product division algebra. In this paper we use Wang’s counterexample to
construct a noncrossed product division algebra.

In the 30’s, Grunwald’s Theorem was used in the proof of a major result
of class field theory, that all division algebras over number fields are (cyclic)
crossed products. It is ironic that now Grunwald-Wang’s Theorem is the de-
cisive factor in a noncrossed product construction.

0. Introduction

Two famous counterexamples in algebra and number theory are Wang’s coun-
terexample to Grunwald’s Theorem (see [W]) and Amitsur’s noncrossed product
division algebra ([A]). In this paper we use Wang’s counterexample to construct a
noncrossed product division algebra.

In the 30’s, Grunwald’s Theorem was used in the proof of a major result of
class field theory, that all division algebras over number fields are (cyclic) crossed
products. It is ironic that now Grunwald-Wang’s Theorem is the decisive factor in
a noncrossed product construction.

Our construction exploits the same insight as did the one in [B], although the
obstruction that produces the result is qualitatively different.

1. Background and notation

Let “F -division algebra” mean a division ring whose center is a field F and whose
F -dimension is finite. Call the square root of the F -dimension the index . Call A
a central simple F -algebra if A is a simple F -algebra, that is, a simple ring whose
center is F and whose F -dimension is finite. By Wedderburn’s Theorem, A is a
matrix ring over some F -division algebra; denote it by ∆(A). Define the index and
degree of A to be the index of ∆(A) and the square root of dimF (A), respectively.

Say a field extension L/F splits A if the scalar extension A ⊗F L is isomorphic
to a matrix ring over L. Call an embedded F -field extension a subfield of A. Then
all maximal subfields of ∆(A) (obvious meaning) split A.
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Let the classical Brauer group Br(F ) be the set of equivalence classes of central
simple F -algebrasA defined by A ∼ A′ ⇔ ∆(A) ∼= ∆(A′) (F -isomorphism). Define
the group structure of Br(F ) by the F -algebra tensor product. If L/F is a finite
Galois extension, the set of classes of Br(F ) split by L form a subgroup Br(L/F );
call it the relative (classical) Brauer group.

Let cohomological Brauer group mean the 2-dimensional Galois cohomology group
H2(GF , F

•
sep) = lim−→H2(G,L•), where L and G = Gal(L/F ) vary over all finite Ga-

lois extensions of F , and GF is the absolute Galois group of F . Let the relative
(cohomological) Brauer group be H2(G,L•).

The Crossed Product Construction. An isomorphism between the classical and co-
homological Brauer groups is achieved via the crossed product construction ([R]).
This construction yields presentations of central simple F -algebras directly from
relative 2-cocycles (also called factor sets). The original crossed product construc-
tion (given by Dickson) was defined ad hoc, as a means for effectively constructing
division algebras. Remarkably, this construction is also the bridge (discovered by
Noether) between the classical and cohomological Brauer groups. Following is a
brief sketch.

If L/F is a Galois extension, and A/F is a crossed product via some 2-cocycle
f ∈ Z2(G,L•), then it is immediate from the construction that L is a maximal
subfield of A of degree equal to deg(A). Conversely, if L is a Galois maximal
subfield A, then it has degree deg(A), and A is a crossed product via some factor
set f ∈ Z2(G,L•). This shows that if A is a central simple F -algebra, then

A is a crossed product ⇐⇒ A has a Galois maximal subfield.

Every division algebra has a separable maximal subfield (this is classical), hence is
split by a finite Galois extension. Thus for every division algebra D, it is possible
to adjust n so that the matrix ring Mn(D) is a crossed product via this Galois
extension. This correspondence produces the isomorphism Br(F ) ∼= H2(GF , F

•
sep).

The Noncrossed Product Question. The above correspondence is between classes of
central simple algebras and classes of factor sets. As every classical Brauer class has
a distinguished representative (the division algebra), it is natural to ask whether
every cohomological Brauer class also has one, corresponding to the division algebra.
In other words, do there exist noncrossed product division algebras?

It is easy to find noncrossed product central simple algebras. For example, take
any nontrivial matrix ring over an algebraically closed field. It is much harder to
find noncrossed product division algebras; after their existence was postulated, it
took almost 40 years to find one! In spite of this, the constructions in [B] could
have been carried out in the 30’s. The following construction, however, could not
have appeared until after Wang’s paper.

The Set-Up. Let k be a number field, and let k(t) and k((t)) be the rational function
field over k and the field of formal power series with coefficients in k, respectively.
By [S], Ch. XII, there is a noncanonically split exact sequence

1 −→ Br(k) −→ Br(k((t))) −→ X(k) −→ 1(1.0.1)

where X(k) is the character group Hom(Gal(ksep/k),Q/Z). Thus there is associated
to a character χ a k((t))-division algebra X := ∆((χ, t)). By [P], §19.5, there is a
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noncanonical split injection

σ : Br(k((t))) ↪→ Br(k(t)).(1.0.2)

By (1.0.1), any construction over k((t)) can be made over k(t), since the defining
components exist over k. The map σ can be defined so that the resulting k(t)-
Brauer element is the image under σ of the original k((t))-construction. By [B],
Lemma 4, the index computations are the same. Thus the constructions over k((t))
“remain intact” when mapped to k(t) via σ.

From now on, let F = k(t) or k((t)). The standard set-up consists of a k-division
algebra A, a character χ ∈ X(k) with associated F -division algebra X , and an
F -division algebra D ∼= ∆(A ⊗F X), as per (1.0.1). Associated to χ is a cyclic
extension of degree |χ|, which will be denoted throughout by K/k.

The following result was proved by Nakayama in the 30’s. For proof, see [B],
Lemma 4.

Index Formula 1.1. In the above set-up,

ind(D) = |χ| · ind(A⊗K).

Grunwald-Wang’s Theorem. Grunwald-Wang’s Theorem is critical in the following
constructions, and it is presented here in order to fix notation. See Chapter 10 of
[AT] for a full treatment.

Let k be a number field, C its idèle class group, and G its absolute Galois group.
By the Existence Theorem, the Artin map induces an isomorphism X(k)

∼−→ X(C).

Similarly, by local class field theory, X(kp)
∼−→ Hom(k•p,Q/Z).

Let µm denote the group of mth roots of unity. Let r and s be maximal such
that µ2r ⊂ k• and µ2s ⊂ k(µ2r+1)•. For all a ∈ N, fix a primitive 2a-th root of
unity ζ2a , and set ηa = ζ2a + ζ−1

2a . Note that |ηa| = |2 cos 2π
2a |, η2

a+1 = ηa + 2, and

η3 = 2 cos π
4 =

√
2.

Grunwald-Wang’s Theorem 1.2. Let k be a number field, let S be a finite set
of primes of k , and for each p ∈ S let ψp be a character of k•p of order mp. Let
S0 = {p | kp(ζ2s+1)/kp is noncyclic}. Then there exists a global character ψ with
restrictions the ψp. Furthermore, there is one of order m := lcm {mp } if and only
if S0 6⊆ S, or 2s+1 6 ∣∣m, or∑

p∈S0

ψp(η
m
s+1) = 0 in Q/Z.(1.2.1)

There is always one of order 2m.

Remarks 1.2.2. (i) If a global character of order m exists, say that the set {ψp | p ∈
S} has a Grunwald lift. If not, say that {ψp | p ∈ S} gives a Wang counterexample.
Refer to the case where 2s+1|m and S0 ⊆ S as the Special Case. When k has a
Special Case with S0 nonempty, say k has a nonempty Special Case.

(ii) If 2s+1 divides m, ηms+1 = (1 + ζ2s)
m. The argument of 1 + ζ2s is one half

the argument of ζ2s , which in turn is 2π
2s . Thus ηms+1 is always a real number, and

ηms+1 = |ηs+1|m = (2 cos 2π
2s+1 )m.

(iii) By definition, ηs + 2 ∈ k•p ∀p ∈ S0. Consequently, in the sum (1.2.1),

ψp(η
m
s+1) = ψp((ηs + 2)

m
2 ) = (m2 · ψp)(ηs + 2). The character m

2 · ψp has order
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dividing 2, and is nontrivial if and only if m
mp

is odd. Thus∑
p∈S0

ψp(η
m
s+1) =

∑
p∈S0,

m
mp

odd

χp(ηs + 2) ,

where for each p ∈ S0, χp is character of order 2 that extends to the character ψp

of order mp.

2. The crossed product theorem

The main theorem in [B] will now be stated in a way that distinguishes between
two constructions of noncrossed products over k(t) and k((t)). First, some notation
is needed, from Neukirch (p.47, [N]).

Let Γ be a fixed finite group. The homomorphisms of arbitrary profinite groups G
into Γ are the objects of a category, with morphisms ψ the homomorphisms G → G
that commute with the respective maps to Γ. Two morphisms ψ, ψ′ G → G are
defined to be equivalent if their images are pointwise conjugate by a fixed element
in ker(G → Γ). The equivalence classes are denoted by [ψ], and the set of all
equivalence classes is denoted by HomΓ(G, G). The set of all surjective morphisms
is denoted by HomΓ(G, G)sur.

When k is a number field, G = Gal(ksep/k), G is a finite group, and the
defining homomorphisms G → Γ and G → Γ are surjective, an element [ψ] of
HomΓ(G, G) corresponds to the solution of an embedding problem in the following
sense: The map G → Γ corresponds to a (finite) Galois extension K/k with group
Γ. Any representative of [ψ] corresponds to a Galois extension L/K/k with group
Gal(L/k) = ψ(G) ⊆ G. If ψ is surjective, then Gal(L/k) = G. Thus HomΓ(G, G)sur

is non-empty if and only if there exists a solution to the problem of embedding a
Γ-Galois extension K/k into a G-Galois extension L/k, in a manner consistent with
G→ Γ.

If k is a number field, and if [ψ] is an element of HomΓ(G, G), then corre-
sponding to every prime q of k is an element [ψq] ∈ HomΓ(Gq, G), where Gq

is the decomposition group of G at q. Thus there is obtained a canonical map
HomΓ(G, G) −→ ∏

HomΓ(Gq, G), corresponding to the fact that the solution
of a global embedding problem produces solutions of local embedding problems
involving the decomposition groups of G, G, and Γ.

Theorem 2.1. Let k be a number field, let F = k(t) or k((t)), let D ∼= ∆(A⊗X)
be an F -division algebra, and let Γ = Gal(K/k) (notation as in §1). Then D is a
crossed product if and only if

I. For some group G of order ind(D) and surjection G → Γ, there exists for
each prime q of k an element [ψq] ∈ HomΓ(Gq, G) that splits Aq.

II. For the same group G, there exists an element [ψ] ∈ HomΓ(G, G) whose local
images are the [ψq].

Condition (I) asks for compatible local constructions. Condition (II) asks for a
lift of these local constructions. A noncrossed product construction must obstruct
one or the other. If condition (I) is obstructed, say the construction is of “type I”.
Otherwise, say that it is of “type II”. All of the constructions in [B] are of type I.
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3. Wang counterexamples

A dissection of the Special Case is now performed, in order to control the ap-
pearance of Wang counterexamples.

Lemma 3.1. Let k be a number field. Then there exists a Wang counterexample
if and only if k has a nonempty Special Case. Equivalently, for some p ∈ S0 there
exists a character χp of k•p of order 2, such that χp(−1) = 0 and χp(ηs + 2) 6= 0.
Such a χp extends to a character ψp of any order mp divisible by 2. For every such
extension, ψp(η

mp

s+1) 6= 0.

Proof. If there exists a Wang counterexample, then by Theorem 1.2 there must
be a nonempty Special Case. Moreover, any character ψp as in the lemma with
mp = |ψp| divisible by 2s+1 easily gives a Wang counterexample: Set mp = m, and
consider the set consisting of ψp and the trivial characters for each q ∈ S0\{p}.
Then the sum (1.2.1) equals the value ψp(η

m
s+1), which is nonzero by hypothesis.

This proves the first statement.
To prove the rest of the lemma it will be shown first that every χp extends to

a ψp as in the lemma, and that all ψp have the stated property. It will then be
enough to show that k has a Special Case only if the χp exist.

Lemma 3.2. Let µn be the group of roots of unity in k•p. Then a character χ of k•p
of order m extends to one of order `m if and only if µz ⊂ ker(χ), where z = n(`,n)

(`m,n) .

Proof. (⇒): Suppose that ψ is a character of order `m extending χ. Assume `ψ = χ.
If µj ⊆ ker(ψ) for some j, then χ(µ(j`,n)) = ψ(µ`(j`,n)) = 0, since µ`(j`,n) ⊆ µj . Thus

µ(j`,n) ⊆ ker(χ). Since ψ is a homomorphism onto 1
`mZ/Z, µ n

(`m,n)
⊆ ker(ψ).

Setting j = n
(`m,n) yields (j`, n) = n

(`m,n) (`, (`m, n)) = z; hence µz ⊆ ker(χ), as

desired.
(⇐): Suppose µz ⊆ ker(χ). There is a decomposition k•p = 〈π〉 × µn × (Zp)

N ,

where π is a uniformizer for kp, p = char(k̄p), Zp is the ring of p-adic integers,
and N = [kp : Qp] ([S], Ch. XIV, §4, Prop.10). Let g1, ..., gN+2 be (topological)
generators of the respective direct summands. Define a map ψ : k•p −→ 1

`mZ/Z via

ψ(gi) = 1
`χ(gi) if i 6= 2, and ψ(g2) = ψ(ζn) = 1

(`,n)χ(ζ ′n), where ζ′n is a `
(`,n)

th
root

of ζn (note 〈ζ′n〉 = 〈ζn〉). Claim: This is a surjective homomorphism. The lemma
follows at once, since clearly ψ is continuous, and `ψ = χ. Surjectivity is immediate,
since for some i, χ(〈gi〉) = 1

mZ/Z. It remains to prove ψ is a homomorphism on
each summand. For all but the second summand, there is nothing to prove, since
they are free. For the second summand, it suffices to check that the order of the
group ψ(µn) divides the order n of the group µn. If µn ⊆ ker(χ), then by definition
µn ⊆ ker(ψ), and so |ψ(µn)| = 1, which divides n. If µn 6⊆ ker(χ), then by
inspection |ψ(µn)| = (`, n) · |χ(µn)|. But by hypothesis, µ(`,n) ⊆ µz ⊆ ker(χ), and
so (`, n) · |χ(µn)| divides | ker(χ|µn)||χ(µn)| = n. Therefore |ψ(µn)| divides n. This
proves the claim, and hence the lemma.

Continue proof of Lemma 3.1. By Lemma 3.2, a character χp of order 2 extends
to a character ψp of any order mp divisible by 2 if and only if µz ⊆ ker(χp),

where z =
n(mp/2,n)

(mp,n) . Let v2 denote the additive 2-adic valuation on Z. It is

easy to check that v2(z) = v2(n) − 1 if v2(n) ≥ v2(mp), and v2(z) = v2(n) if
v2(n) < v2(mp). Since |χp| = 2, already µz/2 ⊆ ker(χp), and so µz ⊆ ker(χp)
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if and only if χp(ζ2v2(z)) = 0. In the Special Case, v2(n) = 1. If in addition mp

is divisible by 2s+1, then 2 < s + 1 ≤ v2(mp). Then v2(z) = v2(n) = 1, and so
µz ⊆ ker(χp) ⇔ χp(−1) = 0.

Suppose that k has a Special Case. It has been shown that for every p ∈ S0, the
set of characters ψp of order mp such that ψp(η

mp

s+1) 6= 0 is the set of extensions of
ordermp of the set of characters χp of order 2 such that χp(ηs+2) 6= 0. Furthermore,
it has been shown that there exist such ψp extending χp if and only if χp(−1) = 0.
To finish the proof, it remains to produce for some p ∈ S0 a character χp of order
2, such that χp(−1) = 0 and χp(ηs + 2) 6= 0.

For i = 1, . . . , N+2, let Gi ⊂ k•p be the open (and closed) subgroup 〈g2
i , gj | j 6= i〉

of index 2 (notation as in the proof of Lemma 3.2). Recall that g2 generates
the group of roots of unity in k•p. Since this is the Special Case, −1, ηs + 2, and

−(ηs + 2) are all non-squares in k•p. Hence none of these elements are contained
in every Gi; indeed then they would be contained in the intersection subgroup
〈g2

1 , . . . , g
2
N+2〉 = k•2p . If i 6= 2, then −1 ∈ Gi, since −1 ∈ k•p, and −1 6∈ G2, since

−1 is not a square. If ηs+2 is not contained in some Gi, i 6= 2, then this Gi defines
the character via the natural projection, done. If ηs + 2 ∈ Gi for all i 6= 2, then
ηs + 2 6∈ G2, since ηs + 2 is not a square. Since the index of each Gi in k•p is 2, this
implies that −(ηs + 2) ∈ Gi for all i. This is a contradiction, since −(ηs + 2) is not
a square. This completes the proof.

Remarks 3.2.1. (i) If there is a Wang counterexample for k, then Lemma 3.1 shows
that there is one such that lcm {mq } = 2s+1.

(ii) If k = Q, then s = 2, and ηs+2 = 2. It is well known that for the character χ2

corresponding to either the unramified quadratic extension Q2(
√−3) or the totally

ramified extension Q2(
√

6), χ2(−1) = 0 and χ2(2) 6= 0. Thus any cyclic extension of
Q2 of degree divisible by 2s+1 = 8 that contains either of these quadratic extensions
gives a Wang counterexample.

Lemma 3.3. Let k be a number field and let p 6= char(k) be a prime of Q. Let r
and s be maximal such that µpr ⊂ k• and µps ⊂ k(ζpr+1)•. Then

k(ζpN+1)/k(ζpN ) is nontrivial ⇐⇒ N ∈ {r} ∪ [s,∞) ⊆ N.

Proof. Exercise.

4. Wang counterexamples lead to noncrossed products

A type II noncrossed product satisfies condition (I) of Theorem 2.1, i.e., there
exists a group G of order ind(D) such that for each prime q of k there exists a
Galois extension Mq/Kq/kq of degree divisible by ind(Aq) with Galois group Gq a
subgroup of G, and such that there is a normal subgroup N ⊆ G of index |χ| such
that N ∩ Gq = Gal(Mq/Kq) for each q. Condition (II) is not satisfied, so for any
such G there are no G-Galois extensions M/K/k with N = Gal(M/K) and with
completions the Mq.

Wang’s counterexamples will provide this final obstruction. Consequently, these
type II examples only exist over number fields with nonempty Special Case.

Theorem 4.1. Let k be a number field that has a nonempty Special Case, and let
F = k(t) or k((t)). Let s be maximal such that µ2s ⊂ k(i)•. Then there exist
noncrossed product F -division algebras of type II, of all indexes divisible by 2s+2.
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Proof. Fix a number 2am where m is odd and a ≥ s + 2. As usual, let S0 be the
(nonempty) set of primes of k for which kp(ζ2s+1)/kp is noncyclic.

Since k has a Special Case, by Lemma 3.1 there is a prime q0 ∈ S0 and a character
χq0 of k•q0

of order 2 such that χq0(ηs + 2) 6= 0 and χq0(−1) = 0. For every p 6= q0

of S0, let χp be the trivial character. By Cebotarev’s Density Theorem and Lemma
3.3, there exist primes q1, q2, and q3 not in S0 and not dividing 2m such that

q1 splits completely in k(ζ2am);

q2 does not split completely in k(ζ22);

q3 splits completely in k(ζ2a−1) but not in k(ζ2a).

Let A be the k-division algebra whose nontrivial invariants are

invq0(A) = invq1(A) = −invq2(A) = −invq3(A) =
1

2am
.

Let χq0 and {χp | p ∈ S0\{q0} } be as above, and let χq1 , χq2 , and χq3 be unramified,
unramified, and totally ramified characters of each k•qi , of order 2. By Grunwald-
Wang’s Theorem, there exists a global character χ of order 2 with all of the above
characters as completions. Let X be the F -division algebra corresponding to χ in
(1.0.1), and as usual, let K be the associated extension.

Let D be the division algebra ∆(A⊗X). By direct computation, ind(D) =
|χ|ind(A⊗K) = 2am.

First it will be shown that D satisfies condition (I). Here, that means finding a
single group G of order 2am for Galois extensions Mqi/kqi (i = 0, 1, 2, 3) of degree
2am such that the Kqi are the fixed fields of a unique subgroup of G.

Since µ2am ⊂ k•q1
, Gmust be abelian, by local class field theory (see [B2], Albert’s

Theorem 1.3). Therefore, assume that m = 1: For G ∼= P ⊕Q, where |P | = 2a and
|Q| = m. The quotient G/Q ∼= P is the group for a Galois extension of degree 2a

that contains K, and has local degrees equal to 2a at the primes qi.
Since µ2 ⊂ k•q2

and µ22 6⊂ k•q2
, the largest totally ramified Galois 2-extension

of kq2 has degree 2. Therefore, G ∼= c(2a) or c(2) ⊕ c(2a−1). Similarly, since
µ2a−1 ⊂ k•q3

, but µ2a 6⊂ k•q3
, the largest totally ramified Galois 2-extension of kq3

has degree 2a−1. Since already Kq3 is totally ramified, this means G cannot be
cyclic, and so G ∼= c(2)⊕ c(2a−1).

Claim. At each qi (i = 0, 1, 2, 3) there exists aG-Galois extensionMqi that contains
Kqi and at q2, this extension necessarily contains Kq2 in a cyclic subextension of
degree 2a−1. For at q1 and q2, Kq1 and Kq2 are unramified and hence embed in
the unique unramified extensions of degree 2a−1. Moreover, since µ22 6⊂ kq2 , this is
forced at q2. Since µ2a−1 ⊂ k•q3

, Kq3 embeds in a totally ramified cyclic extension

of degree 2a−1. Since χq0(−1) = 0, Kq0 embeds in a cyclic extension of degree 2a−1

by Lemma 3.1. Thus each Kqi is embedded in a cyclic extension, as desired. By
composing this cyclic extension with any quadratic extension disjoint from Kqi , a
Galois extension Mqi with group G ∼= c(2) ⊕ c(2a−1) is constructed, proving the
claim. Clearly, the normal subgroups of each Gqi fixing each Kqi may be identified
in G. Thus G satisfies condition (I), and no other group does.

To finish, it is enough to show that this noncyclic G cannot satisfy condition
(II), i.e., that there is no G-Galois extension M/K/k of degree 2a with full degree
at the qi. By the proof of the claim above, any such M must contain K in a cyclic
subextension of degree 2a−1.
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Let {ψp | p ∈ S0} be any set of local characters of order mp that extend the char-
acters {χp} above (including χq0) by a fixed amount, such that mq0 is divisible by
2s+1. If p 6= q0, then since χp is trivial, |χq0 ||ψp| = 2mp divides mq0 . Consequently,

mp

∣∣mq0/2, and
mq0

2 ·ψp is trivial. By Lemma 3.1, ψq0(η
mq0

s+1 ) = χq0(ηs+2) 6= 0. By
Remark 1.2.2(iii), ψp(ηms+1) = m

2 · ψp(ηs + 2). Therefore if m = lcm {mp } ≡ mq0 ,∑
p∈S0

ψp(η
m
s+1) =

∑
p∈S0

(
mq0

2
· ψp)(ηs + 2) = χq0(ηs + 2) 6= 0.

Thus the set {ψp} gives a Wang counterexample. This means that any cyclic
extension Z/k that contains K and whose completion at q0 has degree divisible by
2a−1 (a ≥ s+ 2) must have degree [Z : k] divisible by 2a.

Since M must have full degree at q0 and must contain K in a cyclic subextension
of degree 2a−1, M must have a cyclic subextension of degree 2a. This is a contra-
diction, since M is noncyclic of degree 2a. Conclude that condition (II) cannot be
satisfied, and therefore D is a noncrossed product of type II.

Remark 4.1.1. If k = Q, then s = 2. Therefore the lowest index achieved for these
type II noncrossed products is 24 = 16.
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