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ABSTRACT. The “bounded closure of the range” of an operator between two
normed spaces is a linear subspace lying between the range and its closure.
The induced concept of “almost onto” is a sort of first draft of the concept of
“almost open”.

If T € BL(X,Y) is bounded and linear between normed spaces then the range
of T is a linear subspace of Y:

(0.1) T(X)={Tz:z € X}.

Since T'(X) may or may not be closed we must also consider its closure:

(0.2) dd T(X) = {lim Tz, : x € XN with Tz € ¢1(Y)}.

Here we write ¢1(Y) for the convergent sequences in Y, and ¢y(Y) for the null
sequences:

(0.3) CO(X)Ccl(X)géoo(X)z{xeXN:s%p||xn||<m}.

1. Definition. If T € BL(X,Y) is bounded and linear between normed spaces
then the bounded closure, or almost closure, of its range is the set

(1.1) d™(T, X) = {ligLnTxn 12 € Loo(X) with Tz € ¢1(Y)}.

We shall describe T' as having bounded closure, or being relatively almost onto, if
there is equality

(1.2) (T, X) =cl T(X),

and as being boundedly closed, or almost closed, if there is equality

(1.3) T(X) =™ (T, X).

Evidently the bounded closure is a linear subspace, with

(1.4) T(X)Ccl™(T,X) Cc T(X).

Like the range and its closure, the bounded closure is unchanged when the operator

is made to be one-one:
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2. Theorem. If T € BL(X,Y) there is equality

(2.1) d™(T", X/T71(0)) = cl™ (T, X).

Proof. Inclusion one way is obvious: if T'z,, — y with sup,, ||z, || < oo then certainly

(2.2) Tz, — y with sup,,dist(z,, T~*(0)) < oo;

conversely if (2.2) holds we may find (z,) with

(2.3) z! —x, € T7H0) and ||} || < dist(z,, T71(0)) 4+ 1 :

but now y = lim,Tx), with 2’ € £o(X). O
We shall describe T' € BL(X,Y) as almost onto if there is equality

(2.4) V(T X)=Y :

3. Theorem. If T € BL(X,Y) there is implication

(3.1) T onto = T almost onto = T dense,

(3.2) T almost open = T almost onto = T dense,

and hence also

(3.3) T relatively almost open = T has bounded closure.

Proof. The common second implication is clear. If T'€ BL(X,Y) is onto then
(3.4) y€eY = y=Tz=1im,Tx, with z,, =2 (n € N),

finishing the proof of (3.1). If T' € BL(X,Y) is almost open then there is k > 0 for
which

(3.5) yeY = yec{Tz: ||| <klyll},

giving the condition (1.1) . This proves (3.2); for (3.3) we apply (3.2) with ¥
replaced by ¢l T'(X), noting that if TV : X — T'(X) is almost open then so is the
related operator TVY : X — cl T(X). To make this last observation note that if
Z CY is a linear subspace and y € ¢l Z then ([5]; [6] Theorem 1.5.1) there is (z,)
in Z for which

(3.6) zn — y with [|z,|| < [Jy]]-
O

For example if T is bounded below then it has bounded closure; in particular
the “bounded closure” of a subspace X C Y is just the closure.

It is familiar that the first implications of neither (3.1) nor (3.2) can be reversed:
if for example T : X — Y is the embedding of a dense proper subspace then ([5]
Theorem 2.1; [6] Theorem 4.7.2) T is almost open but not onto, whileif 7' : X — Y
presides over the change of norm from a complete space X to the same space with
a strictly weaker norm then ([5] Theorem 2.2; [6] Theorem 4.7.3) T is onto but
not almost open. For an example in which T is dense but not almost onto take
X=Y=cand T =W : (z,) — (z,/n): then if y, = 1/y/n we find

1
(3.7) ly = Tall € = =5 Vit = 1 < aaa] < VA +1,
n

so that ||z, || > v/n—1and z = (z,,) & foo(co). More generally, the first implication
in (3.1) cannot be reversed, even when the space X is complete:
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4. Example. If e = (e;,) € cp and T : X — Y is given by setting

(4.1) X =Y =c¢yand (Tz), = ez, (n €N, x € cp),
then

(4.2) T(X) = {(enun) : u= (un) € co},

(4.3) (T, X) = {(enun) : u= (un) € loo}

and

(4.4) cd(TX)={y€co:YneN,e, =0=y, =0}.

Proof. Equality (4.2) is clear, and trivial. For inclusion one way in (4.3) suppose
Yn = enly, With u = (uy,) € o and define © = (2,,,) = (Tmyn) by setting

(4.5) Tin = Un — = if [up| > =, = 0if |u,| < L :

then

(4.6) ltn| = & = |yn — enTmn| = len(tn — Tmn)| = lenl < &|lel]oo,
while

(4.7) ] < & = It — nmn| = lentin] < Elleloc

in both cases
(4.8) |Zmn| < Jun| < [|ulfoc-
Conversely if x = (2y,) = (Xmn) exists for which

(49) Supn|yn - enxmn| < % with Supm,n|xmn| =k<oo

then |y, | < kle,| 4+ L for all m,n and hence |y,| < kle,| for all n, giving
(4.10) Yn = enuy, for all n with ||ul|e < k.
Inclusion one way in (4.4) follows from the continuity of the functionals z —

Ty on co; conversely if e, = 0 = y, = 0 then y — Py — 0 with PLy =
(y1,92,--- ,Ym,0,...) € T(X). O

As soon as we have found an operator for which T'(X) # 1™ (T, X) we have an
operator which is almost onto but not onto:

5. Theorem. If T = W™ : ¢y — cl™(W,¢y) is induced by the weight operator
W: (zn) = (L2,) on co then T is almost onto but not onto.

Proof. By construction T' = W™ is almost onto; it fails to be onto because the
sequence (1) is in Y = cl™ (W, ¢o) and not in the range W (cy). |

The first implication of (3.2) does reverse when the space Y is complete. It is
tempting to try a Baire theorem argument with sets of the form

(5.1) Ry(T) ={yeY :yecTu: ]| <Kllyl[}}:

this appears to founder on the lack of additivity among the Ry (T"). However the
uniform boundedness principle and the Hahn-Banach theorem are available:

6. Theorem. IfT € BL(X,Y) there is implication
(6.1) Y complete, T almost onto = T almost open.
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Proof. If T': X — Y is almost onto then

(6.2) {9(y) : ||gT|| <1} is bounded for all y € Y :
for if y € Y there is © € {oo(X) with T'z,, — y, giving

(6.3) 9(y)| = limp[gTzn| < [|gT]||2[]co-

By uniform boundedness ([6] Theorem 4.9.1), using the completeness of Y, there is
k > 0 for which

(6.4) 1Tl <1 =gl <k,

so that ||g|| < k||gT||. This makes the dual operator 77 : YT — X bounded below,
and hence by Hahn-Banach separation ([6] Theorem 5.5.2) T : X — Y almost
open. O

The bounded closure of the range can be obtained from the range of the “en-
largement”:

7. Theorem. IfT € BL(X,Y) then

(7.1) d™(T, X) ={y €Y :q(y) € QT)QX)}.
Proof. Here ([5]; [6] Definition 1.9.2)
(7.2) Q(X) = loo(X)/co(X),

with q : X — Q(X) the natural embedding and Q(T') the operator induced natu-
rally by T'; then, abusing notation,

(7.3) yecd (I X) <= yeTlo(X)+ ) <= q(y) € QTQ(X). O
From Theorem 7 it follows that if M C Y is a linear subspace then
(7.4) MCd™(T,X)<= M CTl(X)+co(Y):

this contrasts with the result of Harte and Shannon [8] that, if the spaces are
complete,

(7.5) M CT(X) <= l(M) CTl(X);
in the special case M = T'X Albrecht and Mehta [1] find
(7.6) M CT(X) <= loo(M) CTl(X)+ co(Y).

The Albrecht/Mehta argument ([6] Theorem 5.7.1) solves Problem (4.1.3) of [5],
possibly more directly than the argument of Harte and Mathieu [7]:

8. Theorem. If T € BL(X,Y) there is implication

(8.1) boo(Y) CTloo(X) 4+ co(Y) < T almost open.
Proof. We claim, in the notation of (7.2), that

(8.2) Q(T) dense = T almost open = Q(T') open.

The second implication is straightforward ([5] Theorem 4.1; [6] Theorem 3.4.5); for
the first we need the Hahn-Banach theorem. If T': X — Y is not almost open then
the dual TT : YT — XT is not bounded below, and hence there is g = (g,) in YT
for which

(8.3) llgn|l =1 and ||gnT[| — 0,
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and then y = (y,,) in Y for which

(8.4) lynll = 1 and [gn(yn)| > 5 :
we claim that there is implication
(8.5) T € lo(X) => dist(y — Tz, co(Y)) > 3.

Indeed if z = (z,,) is bounded then

lyn = Tanll = llgnllllyn — Tanll 2 |gn(yn — Tan)| = % = lgnT||[|zn || — %7
and hence limsup,, ||y, — Tz,|| > 1. This proves (8.2), and hence (8.1), if we note
that the left-hand side is the condition that Q(T") is onto. (]

The bounded closure of the range intervenes ([4] Theorem 11.3.2(c)) in the theory
of compact operators:

9. Theorem. If T is upper semi-Fredholm in the sense that
(9.1 2z €lo(X), Tx e mi(Y) = 2z € mi(X),

where my(X) is the space of sequences x € €oo(X) of which every subsequence has
a convergent subsequence, then

(9.2) T(X) = ™(T,X) =l T(X).

Proof. To verify the second equality in (9.2) we may by Theorem 2 replace T by
its one-one part 7" : X/T~1(0) — Y, and hence assume that T is one-one: we
need to check that if (9.1) holds for T then it also holds for T". We claim that if
lly — Txy|| — 0 then the condition (9.1) forces (z,) to be bounded: for if ' = (7))
were a subsequence of x = (z,) for which ||z/,|| — oo then

x Tz,
(9.3) 17 _ [[Taa]

) = —
[EA] [EA]

and hence by (9.1) there would be a subsequence '/ = (2!/) of 2/ and an element
Zoo € X for which

x//
9.4 —n — 0.
But now ||Tzeo|| = 0 while ||2z0|| = 1, a contradiction.

To verify the first equality in (9.2) suppose y = lim,, Tx,, with bounded = = (z,):
then

(9.5) Treca(Y)Cm(Y),
and hence by (9.1)
(9.6) z € my(X).

Now if 2’ < z is a convergent subsequence of z, with z, — =/, € X, then
y = lim, Tz, = Tz, € T(X).
|
The “upper semi-Fredholm condition” (9.1) agrees with more traditional condi-
tions ([3] Theorem 1.3.2; [2] Theorem 2), even for incomplete spaces ([6] Theorem

6.9.2): indeed when (9.1) holds then (1.2) can be replaced by the stronger condition,
that T is relatively open.
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