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ABSTRACT. The purpose of the present account is to sharpen Heinz’s inequal-
ity, and to investigate the equality and the bound of the inequality. As a
consequence of this we present a Bernstein type inequality for nonselfadjoint
operators. The Heinz inequality can be naturally extended to a more general
case, and from which we obtain in particular Bessel’s equality and inequality.
Finally, Bernstein’s inequality is extended to n eigenvectors, and shows that
the bound of the inequality is preserved.

The well-known Heinz inequality is as follows: The relation
(%) (Tz,y)? < (TP, 2) (|71, y)

holds for any bounded linear operator 1" on a complex Hilbert space H,z,y € H,
and any real number o with 0 < « < 1, where |T| is the positive square root of
the operator T*T. It is possible to sharpen the inequality (x) if T*y is orthogonal
to a vector z with Tz # 0. The new inequality is naturally extended to a more
general case when T™*y is orthogonal to a set of vectors in which the bound of
the inequality is retained. In particular we obtain Bessel’s equality. By a similar
method we present a Bernstein type inequality for nonselfadjoint operators. Finally,
Bernstein’s inequality is generalized to n eigenvectors for a selfadjoint operator and
shows that the bound is preserved.

Theorem 1. Let T be a bounded linear operator on a complex Hilbert space H and
0#y e H. If T*y is orthogonal to a vector z € H with Tz # 0, then

(TP, (T2, 2)[*
(ITPez, 2)

(T2, y)” + < (1T, 2)(|T* POy, y)
for every x € H and « € [0,1]. The equality holds if and only if the two vectors
T*y and |T|2a$_ (|T|2amaz)‘T‘2az

T[22,z
(|T|%*z,2)T= o )
(IT?*2,2)

are proportional, equivalently, the two vectors T'x—

and |T*[>?X=)y are proportional for 0 < o < 1.
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Proof. Let us define a vector u = x — m}—fz’z’z, and write a = (|T'|**2,2). Then
(u, |T|**2) = 0, so that
(T2, 2) = (IT*u + (T2, 2)| TPz, u + L (IT1* 2, 2)2)
= (ITPu,w) + g [(1T]*x, 2)|*.
Also,
(Tz,y) = (Tu+ (T2, 2)Tz,y) = (Tu,y)
since T*y and z are orthogonal by assumption. Hence,
(T Pz, 2)(|IT* Py, y) = (T, y)?
= [(ITPu, w) + 2|71, 2) PIT POy, y) = [(Tu,y)?
= (T POy, ) |(1T)* 2, 2)
+ (T Pou, w) (T Py, y) — |(Tu, y)[]

> LT POy ) |(IT P, 2))
by (x), and the inequality is proved. For 0 < a < 1 the equality holds if and
only if |(Tu,y)|? = (|T)?u,w)(|T*|?=y,y), equivalently, |T|**u and T*y are
proportional, or, Tu and |T*|>(*=®)y are proportional by [2, p. 91], where u =

(IT*%x,2)z O

T Tz

Let us rewrite the inequality in Theorem 1 in a different form when T is positive
and Ty # O:

(T2, 2)] _ (T2, 2) (T2 Vy,y) — |[(Tz,y)P [Tl Tyl — (T, y)?
(T%0z,2) — (T2 =y, y) [T =ey|? '
We will show next that the bound in the above inequality is indeed the best of the

bounds that can be obtained from a class of squares of ratios of shifted norm of
vectors to the number shifted by the same amount. More precisely, we have

Theorem 2. Under the hypothesis of Theorem 1, if T is positive and Ty # 0, then

TP T ey~ |(Tw ) _ Ty = T
R =Ty

for any real number v # 0.
Proof. Let f be a function of v defined by
FO) =TT =y = T = 2Tl T~y |* = [(Tz, y)P]
= Ty IP[IT = yl* — 2y Re(Ta, y) + | T|*]
= UTe2?| T yl? ~ (T2, y)?]
=Tz, y)|* — 2y Re(Tz,y) [T y[I* + |7 ~y* = 0,
since Re(Tz,y) < |(Tz,y)| and f(0) > 0. O

Remark that in Theorem 2 if (T'z,y) is real, then equality holds if and only if

S R ))
7= (Tz,y)y -
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Bernstein’s inequality [1, p. 319] which is used in testing convergence of eigen-
vector calculations is as follows: if e is a unit eigenvector corresponding to an
eigenvalue \ of a selfadjoint operator S, then

2 _ lel?152] - (z, Se)?
15— Al

for every x € H for which Sz # Azx. The bound of the inequality is the best in the

lel® IS ]®~(x,52)* - [(S=De|?
sense that IEESYEIE < A=)

|(z, €)]

for any real number vy # A.

Recall that a complex number A # 0 is a normal eigenvalue for an operator T if
Te = de and T*e = Xe associated with the same eigenvector e # 0. For example,
if A is an eigenvalue for a hyponormal operator, then A is a normal eigenvalue. By
a similar method as in Theorem 1 we have the following Bernstein type inequality
for nonselfadjoint operators.

Theorem 3. If T is a bounded linear operator on a complex Hilbert space H which
has a normal eigenvalue A associated with a unit eigenvector e, and if 0 #y € H,
e and y are orthogonal, and T*y # 0, then

T2 T*y|* — |(Tz, T*y)?
1Tyl

A2[(z,e)]* = [(Tz,e)]* <
for every x € H. Equality holds if and only if the two vectors Tx — A x,e)e and
T*y are proportional. The bound of the inequality is as follows:

(TP T yl* - |(Tz, T*y)|* _ || Ty — BTx|®
IT*yll? - 3

for any real number G # 0.

Proof. Set u = z — (v,e)e; then (u,e) = 0. It follows that ||[Tz|? = ||Tul?® +
IN?|(z,€)|?, and (Tz, T*y) = (Tu, T*y). Thus,

1Tl * 1Ty ||* = [(Tw, T"y)[*
= A1, ) PIT I + (T ull? | Ty [1* = [(Tu, T*y) ).

Hence, the inequality follows. The bound is clear by Theorem 2. O

The next result is an extension of Theorem 1. We see that the bound of the
inequality is retained as in Theorem 1.

Theorem 4. Under the hypotheses of Theorem 1, if T*y is orthogonal to a set of
vectors {z1,...,2n} C H with Tz; #0,i=1,...,n, then

n

(T, ) + (TR0, ) 3 L
=1

< (IT)P*@, ) (|72 =¥y, y)

T *ui—1, 2;)|?
(I T2z, 2;)

TP ui—1,2i) 2

(IT*>zi,2:) 7
case 0 < a < 1, equality holds if and only if |T|**u,, and T*y are proportional, or
Tu, and |T*|?=y are proportional.

for every x € H, where u; = u;—1 — 1=1,...,n, with ug = x. In
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Proof. Proceeding as in Theorem 1 we obtain

(TP, 2)(|T* Py, y) — [(Tz,y)|?
— (1T POy, )| (1T >, 21)[?
(|T %21, 21)

(71?2, 21) 21
(IT]2%21,21)

(1T Pus, ) (|T* PNy, y) — [(Tui, y))?
_ (T POy, )| (IT1P i, 2i41) 2
(1722541, 2it1)
+ (TP U1, wi ) (| TPy, y) — [(Tuirr, y) |

(T|>*ui—1,2i)2: i=9
(IT[**%i,2:)

(TP, 2) (T~ Yy,y) — (T, y)|*

+ (TP ur, w)(IT* Py, y) — [(Tur, y)[?]

fu =x— and

if u; = w1 — .,n. Therefore,

20 2 n—1 200, . 2
— (IT* 0=y, y) (TP, 21 | Z| (TP *us, zi41)

(| T[22, 21) = (|1T**2i41, 2i1)

+ (TP ) (1T POy, ) — I(Tun, y)l*

2

(1T [* ui1, 2:)|
T+ 20-a) TP, 2) 2
> (T Py, y Z (T )

For 0 < a < 1, equality holds if and only if
(TP, un) (T POy, ) = [(Tun, y)
and the desired result follows. |

As an application of Theorem 4 we shall show that Bessel’s equality can be
derived directly from it, but let us state the next results which may be of some
interest in themselves.

Corollary 1. If y is a unit vector which is orthogonal to a set {z1,z2,...,2n} of
unit vectors, then

(D) )P+ 0 (i, 202 + a2 — (s ) = [,

(@) (@, )2 + 200 wi-1,20)]* < 2],
for every x € H, where u; = uj—1 — (wi—1,2:)2i, . = 1, ..., n, with ug = x. Equality
in (2) holds if and only if u, and y are proportional.

Proof. In the proof of Theorem 4 let T be the identity operator. O

Corollary 2 (Bessel’s equality and inequality). If {z1,...,2,} C H is a set of or-
thonormal vectors, then, for every x € H,

@) Nl = 30 (2, 20) 201 = Nl=))? = 0Ly (=, 20)1%,

hence
(2) 35 [z, 2i) P < ]l
Proof. In Corollary 1 if {y, z1,...,2,} is a set of orthonormal vectors, then

(u’ivzi-'rl):(z?zi-‘rl)a izlv"'an_la
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and so
Uy = T — Z(x, 2i)Zi-
i=1
Thus, (1) follows by (1) in Corollary 1, since (un,y) = (z,y). O

Similarly to Theorem 4, Theorem 3 can be generalized as follows.

Corollary 3. IfT is a bounded linear operator on a complex Hilbert space H which

has a set {\1,..., \n} of normal eigenvalues associated with a set {ei,...,e,} of
unit eigenvectors, and if 0 #y € H,e; and y are orthogonal for i =1,...,n, and
T*y #£0, then

n n

Tx|?|T*y||?2 — |(Tx, T*y)|?

Z |)\i|2|(ui—laei)|2 — Z |(Tui_1,ei)|2 < ” ” || y” - |2( y)l

- - 173
for every x € H, where u; = uj—1 — (ui—1,€;)e;, 1 = 1,...,n, with ug = z. FEquality

holds if and only if Tu, and T*y are proportional.
Proof. 1If i = 1, from the proof in Theorem 3 we have
1Tz || T*y|* — (T, T*y)|?
= | T*ylP (T, e0) P + (| Tua PN TyI1* — |(Tur, Ty) ).
For i =2,...,n we have
[ Twn—1 P17yl = ((Tun—1,T"y)?
= 1Ty /(T un—1, en)* + (I Tunl® 1Tyl = [(Tun, T*y)|?].
It follows that
1T T*y|* — [(Tz, T*y)?

= T*yl1> > 1(Tui—1, )] + I Tunl PN Tyl = |(Tun, T*y)|?],
i=1
and we have the desired conclusion. O

Corollary 4. Besides the hypotheses of Corollary 3, if {e1,...,en} is a set of
orthonormal vectors, then

S el et < ITRPITIP = (T2, Ty)P
P R FRAE

for every x € H. Equality holds if and only if the two vectors Tz — > 1| Niei(x, e;)
and T*y are proportional.

Proof. If {e1,...,e,} is a set of orthonormal vectors, then
(ui—laei):(xaei)u i1=1,...,n,
since u; = uwj—1 — (ui—1,€;)e;, © = 1,...,n, with ug = . Hence, inequality holds

by Corollary 3. As in the proof of Corollary 2 we have u,, =z — Y, (z, e;)e;, and
so Tu,, =Tz — Z?:l Xi(z,e;)e;. Thus, by Corollary 3 again we have the case of
equality. O

Finally, we give a straightforward generalization of Bernstein’s inequality to n
eigenvectors. Firstly, we require the next lemma which can be easily proved.
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Lemma ([1, p. 319]). Let S be a selfadjoint operator on a complex Hilbert space
H, x € H, and let v be real. Then

| *[S2l* = (z, S2)* = 2|*[I(S = AD)al|* — (x, (S — vD)a)*.

Theorem 5. Let S be a selfadjoint operator on a complex Hilbert space H. If
{e1,...,en} is a set of unit eigenvectors corresponding to a set {Ai,...,An} of
eigenvalues of S, then

(1) 1S = XDuia|*(wi-1, €0)|* < [luia [P Sutial|* = (wimr, Sui-1)?,

Sz|>—(z,S

(2) S0y (i, eq)? < Ll lorl oo
for every x € H for which St # \jz, where u; = u;—1 — (ui—1,€;)e;, 1 =1,...,n,
with uwg = z, and j € {1,...,n}. FEquality in (1) holds if and only if u; is an
eigenvector of S, and equality in (2) holds if and only if u, is an eigenvector of S.

Proof. This can be proved by the analogous methods as in [1, Theorem 1] and our
Theorem 3.

Clearly, (uj,e;) =0,i=1,...,n, and so ||u;—1|* = [Ju;]|®> + |(wi-1,€:)|?

(1) By the Lemma we may replace S — A\;I by S, which allows us to assume
without loss of generality A; = 0, so that Su; = Sz, and hence (u;—1, Sx) = (u;, Sz),
i=1,...,n. Therefore,

i |2 1Swi-1||* = (i1, Sui—1)®
= [Jlel|® + (i1, €) P Suia|I” = (wis Sui—1)?
= [|Swi—1|1*[(wiz1, €q) |* + [l 2| Swil|* = (i, Sui)?]
> (| Suia|* (uiz1, €0)[?

forn=1,...,n.
(2) We proceed as follows: In the above proof if i = 1 (recall that Su;, = Sz,
i=1,...,n), then

)21z )1* = (z, S2)* = [|Sz]|*|(z, e1)]* + [lur|*| Sz — (w1, Sz)?],
otherwise
it |*][S2)|* = (wi-1, Sz)?
= [|S2|1?|(ui-1, €:)[* + [[lusl*|S2|* = (us, Sx)?]
for i = 2,...,n. It follows as in Theorem 3 that

l[*Sz* — (2, Sz)?
= 152> Y (imrs e0) P + [l *1Suall* = (un, Sun)?).
i=1

By applying the Lemma once more, we have the required result. O

Corollary 5. Besides the hypotheses of Theorem 5, if {e1,...,en} is a set of or-
thonormal vectors, then

- 2||8z||? — (x, Sx)?
o < el |
D R WIFE

for every x € H for which Sz # Ajx, j € {1,....n}. Equality holds if and only if
xr — Z?:l(x, ei)ei s an eigenvector of S.

Proof. See the proofs of Corollary 4 and Theorem 5. O
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