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ABSTRACT. We characterize spectral properties of operator cosine functions
in Banach spaces in terms of the Césaro summability of two series associated
to the resolvent of the corresponding infinitesimal generator.

1. INTRODUCTION

Given a strongly continuous cosine family of linear and bounded operators
(C(t))ter acting on a complex Banach space X with generator A, the following
spectral inclusion

coshtr/o(A) C o(C(t)), teR,

was obtained by B. Nagy; he also proved that the reverse inclusion may fail quite
drastically (see [9]). In particular —NZ C p(A) is implied by 1 € p(C(27)) but not
conversely.

In the case of a Hilbert space, I. Cioranescu and C. Lizama [1] proved the fol-
lowing result:

(*) 1€ p(C(2r)) if and only if — NZ C p(A) and Sup||kR(—k*; A)|| < oo;
keZ

however, the problem of the validity of (x) in general Banach spaces was left open.

Results of this type for Cy- semigroups, as well as applications, were obtained by
different authors (see [8], [6] and the references therein). Recently, G. Greiner and
M. Schwarz [4] (see also G. Greiner [3] ) have proved a spectral mapping theorem
for Cp- semigroups in the Banach space setting involving the Césaro summability
of the series ), R(ik; A). Their approach is based on the following vector valued
version of the classical result due to Fejer [5].

Theorem 1.1. Let X be a Banach space, [ : [0,2n] — X a continuous function

L2 —iks £(s)ds its k-th Fourier coefficient; then the Fourier series of

and zp := s=Jo €
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f is Césaro summable to f(t) in every point t € (0,27). Moreover, one has

1 N—-1 n

. 0)+ f(2r
Cl—sz::A}lmN sz:w.
keZ T D0 k=—n

The aim of this work is to characterize the property “1 € p(C(27))” in terms of
the Césaro summability of the series >, R(—k?; A) and ), AR?*(—k?; A). We also
show, in section 3, that our main theorem reduces to () in the Hilbert space case.

We remark that for operator cosine functions the behaviour of the single spectral
value 1 of C'(27) fails to characterize o(C(t)) since the usual rescaling procedure,
from the theory of Cyp-semigroups (see [4], [8]), doesn’t work.

Finally, in the last section, applications are made to prove the existence of so-
lutions of some second order differential equations in Banach spaces with Dirichlet
or Cauchy conditions.

2. MAIN RESULT

The main result in this section is the following:

Theorem 2.1. Let (C(t)) be an operator cosine function on the Banach space X,
A its generator and (S(t)) the associated sine function; then the following assertions
are equivalent:

a) 1lep(C(2n)).
b)  —Ng C p(A) and the sequences
Ry =+ SN IS R(—K%A) and

n

N-1
Sy = % > > AR (k% A)

n=0 k=—n

are bounded in L(X).
¢) —NZ C p(A) and the limits

Rx = lim Ryx and Sx = lim Syz
N—oo N—oo
exist for every x € X.

Proof. a) = b) In [9] the following formula was proved:

t
(a® — A)/ sinh a(t — $)C(s)xds
0
= al(coshat)r — C(t)z], z€X, aeC, tcR.

(1)

Integrating by parts and then taking the derivative with respect to t we obtain
the following identity:

(2) (a® — A)/O cosha(t — s)S(s)xds = (coshat)x — C(t)z

for every z € X and a € C.
We now take ¢t = 27 and a? = \ to obtain

@) (- A) / 7 coshv/A(s — 2m)S(s)zds = (cosh 2mv/ Rz — C(2m)a.
0
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Assuming that cosh 2mv/\ € p (C(27)), we have
(4) R\ A) = { / " cosh V(s — 277)5(3)613] [cosh 2mV/A — C(2m)] L.
0

For the strongly continuous operator-valued function K on [0, 27|, we denote

27 27
by / K (s)ds the linear and continuous operator defined by ( / K (s)ds) x =
0 0

2
K(s)xds, x € X.

0
From (4) one easily obtains
—R*(\ A) = iR(A-A)
) - d)\ )

1 2 ) ‘ .
-5 /O (5 — 2) sinh V/A(s — 27)S(s)[cosh 27v/A — C(2r)]~1ds

7 sinh 270/ A
VA
If 1 € p(C(27)), then by the spectral mapping theorem for operator cosine
functions [9] we have —NZ C p(A). Then for A= —k? ke€Z, (4) and (5)
respectively yield

(5) _ / 7 cosh V(s — 21)5(s) [cosh 2mv/x — C(2r)]~2ds.
0

2
(6) R(—k* A) = </0 cos ksS(s)ds) [I—C@2n)]™!
and
2
SRk A) = % </0 (5 — 27 sin ksS(s)ds) 1 — C(2m) .

It follows that (on D(A) and therefore on all X') we have

— AR*(—k* A) = % </O2F(s —2m) sinksAS(S)d8> [1—C@2m)!
_ % < /0 s 2m)sin ksC’(s)ds) 1 - C@mn)
= —% [/0277 k(s — 27) cos ksC(s)ds + /O27r sin ksC(s)dS} [1—C@2mn)!
-1 [ /O 7 (5 — 2) cos ksC(s)ds + /O " Sir}f‘s S’(s)ds} [ - C@n)] !
_ _% [/02”(3 — 21) cos ksC(s)ds — /0% cos ksS(s)ds] [ — @)

So that we finally obtain

(7)  AR*(—k* A) = % (/0 7Tcos ks[(s —2m)C(s) — S(s)]ds) [I—C@2m)]
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By (6) we have

1 N—-1 n 1 N—-1 n 2
_ 2, -1
Ry = N Z Z R(—k* A = Z /0 cosksS(s)[I — C(2m)]""ds
n=0 k=—n n=0 k=—
1 N—-1 n 2
== > / e~k S(s)[I — C(2m)] tds
n=0 k=—n 0
so that
2
(8) Ry z/ on(s)S(s)[I —C(2m)] 'ds
0
where oy (s) = 4 SN Sremiks = LlzeosNs 5 g apq fo% on(s)ds = 2.

Once again by (7) we obtain

N—-1 n
Sy = % > AR (—k%A

(9) 2n:O k=—n
_ /O o (s) = 2”)02(5) =96 1 o(om)tas.

Now (8) and (9) yield
|Rx|| < 20M|[I = C(2m)] | and [|Sw|| < 27Ma|[I - C(2m)] ||

with
= Sup{[|S(s)[[;0 < s < 27}

and

by = 5 { Lo =200 = S|

5 ;0§s§27r}.

b) = ¢) Let —Ng C p(A); then by the spectral mapping theorem for the residual
spectrum for operator cosine functions (see [9]) it follows that 1 ¢ o, (C'(27)); this
implies that (I — C(27))X is a dense subset of X. For y € X, let z = (I — C(27))y;
then by the same arguments that led to (8) and (9) we have

n

N-1
Ryr= 3 30 ROK AT - C2m)y

n=0 k=—n

1 N—-1 n 2
(10) == / e~ S(s)yds

N 7;0 k=—n"0 ( )
and

Sy = ;] Z S AR -k A)(I - C(2m)y
n=0 k=—n
N—-1 n 27
1 _ips (8 —2m)C(s) — S(s)

11 == ihs :
() s> [ e X yis
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By Fejer’s theorem, it follows that the limits Rz = limy_ . Ryx and Sz =
limy_oo Sy exist for x in a dense subset of X. Since the sequences (Ry) and
(Sn) are bounded in £(X), the limits exist for every z € X.

¢) = a) Using again Fejer’s theorem and letting N — oo, then from
(10) and (11) we obtain

R(I — C(2m)) = wS(27) and 2S(I — C(2n)) = —27°T — 7S(27).

Now, it follows that (R + 2S)(I — C(2w)) = —2r?I. Hence —55 (R +25) is
the inverse of I — C'(27). (We notice that R + 25 commutes with I — C(27).) O

In [2] the following class of operators was considered in connection with second
order differential equations of elliptic type

Definition 2.2. A linear operator A defined in a Banach space X is called a-
positive (a > 0) if

—m2 N2 w2k
¢ Cp(4) and SUPkeZHkQR(—?;

= A)|] < co.

Proposition 2.3. If A is w-positive then the sequences
1 N—-1 n 1 N—-1 n
_ 2. _ 20 1.2,
N= Ol D REFSA) and Sy=530 Y ARY(-E A)
n=0 k=—n n=0 k=—n
are bounded in L(X).

Proof. We observe that by hypothesis there is a constant M > 0 such that

M
IRk D) < 5. kEZ, k#0,

from which the boundedness of Ry = + Zg;ol S R(—k?% A) follows. On the
other hand, we may write

N—-1 n 1 N—-1 n
2 2.4\ _ 2,
T2 Y AR A =LY YR AR(=F?; A)
n=0 k=—n n=0 k=—n
where ||AR(—k?%;a)|| = || — I + k>R(—k?* A)| < 1+ M. So we also obtain the
boundedness of Sy. O

3. THE HILBERT SPACE CASE

We shall show that in the case of a Hilbert space we can derive from Theorem
2.1 the spectral mapping theorem from [1] (see also [7]) in which the summability
conditions stated in (c¢) can be replaced by some boundedness conditions on the
resolvents. For this purpose we shall need the following lemma which can be proved
as for scalar-valued functions.

Lemma 3.1. Let H be a Hilbert space. Assume f : [0,27] — H is continuous

square integrable). Then the Fourier coefficients z, = = T f(s)e~*sds are
27 JO
square summable; more precisely,

& 27
> IIzk||2=%/O I1£(s)][2ds.

k=—oc0
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Conversely, if {2} is a sequence in H and f,, :== > ,__ zxe'*s, then

n 1 21
S el =g [ I
T Jo

k=—n

Theorem 3.2. Let (C(t)) be an operator cosine function on the Hilbert space H, A
its generator and (S(t)) the associated sine function. Then the following assertions
are equivalent:

(i) 1lep(C@n).

(i)  —N§ C p(A) and Suprez||kR(—k* A)|| < 0.

Proof. (i)=-(ii) It is an easy consequence of formula (1).
(ii)=(i) Suppose A € C is such that cos2wv/\ € p(C(2r)). Then replacing in
formula (2) t = 27, a = 7 := VA + ik and T := [cosh 27V A — C(27)]~'  we have

R(t%; A)x = (/0% cosh 7i,(s — 27r)S(s)ds> Tx

1 27 . 1 27 .
= 5/ eZkSeﬁ(s_z’r)S(s)Txds + 5/ e_ZkSe_‘/X(S_QW)S(s)Txds
0 0

2 2m
/ e*S P (s)xds + / e~ kG (s)xds
0 0

where F(s) = %eﬁ(s_g’r)S(s)T, G(s) = %e‘ﬁ(s_%)S( )T and z is fixed in H .
Then by Lemma 3.1, the sequence {uy} := {R(72; A) x}kez is square summa-
ble.
We also have from (1) with ¢ = 27, a = 73, and T as above that

2
T R(1i; A)x = / sinh 7 (2 — 5)C(s)Txds
0

2
2r 2m )
:/ eZkSH(S)xds—/ e~ L(s)xds
0 0

1 2 X 1 2
= —/ ks VAT O(5) Trds — 5/ e~ ks VART=) O (5) T ds
0 0

where H(s) = %eﬁ@”_S)C’(s)T, L(s) = %e“/x(z’r_s)C’(s)T

It follows that the sequence {vy} := {7, R(1%; A)z} is square summable.

Let z; := kR(72; A)x = i(v/ Mug — vy); then it is clear that {z;} is also square
summable.

From the resolvent equation we have

(12) R(—k?* A) = R(r2; A)[I + (A + 2ikvVA)R(—k?; A)]

so that R(—k%A)x = [I + (A + 2ikvVA)R(—k? A)jux and kR(—k* Az =
[T+ (X + 2ikvVA)R(—k%; A)] 2k
Since by hypothesis Supkez ||[(N+ Zik\/X)R(—kQ;A)H < o0 , it follows that the
sequences {R(—k%; A)z} and {kR(—k*; A)z} are square summable. Finally we get
that the sequence {wk}k where wy, = ()\ + 2ikv/A\)R(—k?; A)z is square summable.
We shall prove that the conditions of the Theorem 2.1 (b) are satisfied.
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Using (12) we have

¥ 3 A= 3 S Reties X Y Redd

n=0 k=—n n=0 k=—n n:O k=—

N-1

We estimate the norm of the first term in the above sum:

IFZZRmWﬂFZZ/lwx%MQW%

n=0 k=—n n=0 k=—n

—I1 [ on() e + Glo)as]
sA NP ()3 + Gs)x||ds

27
< Supsepo, 2q) || F(s)w + G(s)az”/ on(s)ds < o0.
0

For the second term we have

27
Z / (e F(s)wy, + e *G(s)wy)ds

n

Z R(Tk )

k=—n k=—n
27 1/2 27 n 1/2
<([Tirepa) (71X et
0 0 k=—n
27 1/2 27 n 1/2
+(/|m@ww) (/ |§jfmwww> |
0 0 k=—n

Using Lemma 3.1 we obtain that the second term is also bounded.
From (12) we also have that

AR*(—k% A) = AR (72, A)[I 4+ (X + 2ikVA)R(—k?; A)]?
= [—R(72; A) + 2 R%(77; A[I + (A + 2ikvVA) R(—k?; A)]?
= —R(12; A) — R(7; A)[2(\ + ikVA)R(—k2; A) + (A + 2ikV A2 R (—k>; A)]

+ 1 R(72; A{mR(E: A)[I 4+ (X + 2ikvVA)R(—k?; A)]2Y.
Denote
2 = 200 + ikVA)R(—k%; A)z + [(A + 2ikVA)R(—k%; A2,
yp = e R(1. % AT + (A + 2ikVA)R(—E?; A)) 2.

Then {z} and {yx} are square summable.



2360 IOANA CIORANESCU AND CARLOS LIZAMA
We have

AR?*(—k?; A)x = —R(1.%; A)x — R(1?%; Ay + 1 R(11%; Ay

so that
1 N—-1 n 1 N—-1 n 1 N—-1 n
LS S . D JDWLLLRIERRS 3 S LY
n=0 k=—n n=0 —n 0 —n
N—-1 n

ZZTkR Tk ,

The first sum was estimated above; the second one can be exactly worked as was
done previously and for the third one we have practically the same, since

IS R Al =3 / (" H(s) + e~ L(s)yuds|

k=-n k=—n

21 1/2 27 n 1/2
<( / ||H<s>||2ds) (/ H Ze"%?ds)
0 0 k——n
27 1/2 27 n 1/2
+(/ ||L<s>||2ds) (/ ||Ze‘““yk|2ds> < .
0 0 ke—n

4. APPLICATIONS

In this section, we first consider the following Dirichlet problem
u' (t) = Au(t), 0<t<m,

(4.1) (O)
u(m)

where z,y € D(A), A is a linear densely defined closed operator on a Banach space
X and u: (0,m) — D(A) is a twice continuously differentiable function.

_ya

Theorem 4.1. Let A be the generator of an operator cosine function (C(t)) on
the Banach space X, and let (S(t)) be the associated sine function. Suppose that
—Ng C p(A) and that both limits

Rx = ]\;gnoo Ryx and Sx = ]&Enm SNz

exist for every x € X.

Then, there is a unique solution of the Dirichlet Problem (4.1). Moreover, there
is a constant ¢ such that

(13) Sup{[lu(s)[| : 0 < s <} < e(u(0)] + [Ju(m)])-
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Proof. From Theorem 2.1 it follows, under our hypothesis, that the operator
(I — C(2m)) is invertible. Next, from the identity (see [10] Prop. 2.2)
Ct+s)—C(t—s)=2AS(t)S(s)
taking t = s = m we obtain that S(r) is an invertible operator. Define
u(t) = St)S(m) "y + S(x —1)S(n) a.
Then u(t) is the (unique) solution of (4.1) and the result follows. |

Corollary 4.2. If A is m-positive and generates an operator cosine function, then
the Dirichlet Problem (4.1) has a unique solution satisfying (13).

Finally, we consider the second order abstract Cauchy problem

u’ (t) = Au(t) + f(¢), teR,
4.2) { w(0) =z,
u’'(0) = y.

We remark that if f € C*(R,X) and (z,y) € D(A) x E , where
E ={z € X/t — C(t)z is once continuously differentiable },

then the classical solutions of (4.2) are given by the formula
t
(14) u(t) = C(t)e + S(t)y + / S(t— ) f(s)ds, t€R.
0

If (z,y) € X x X and f € L} (R, X), we call (14) a mild solution of (4.2). It is

clear that this mild solution is of class C! if and only if (z,y) € E x X.
The following result was proved in [1].

Theorem 4.3. Let A be the generator of a strongly continuous cosine function
(C(t)) in the Banach space X ; then 1 € p(C(2m)) if and only if for any 2w-periodic
function f € L? (R, X), the equation (4.2) has a unique 2m-periodic mild solution
of class C*.

Combining Theorems 2.1 and 4.3 we obtain the following

Corollary 4.4. Let X be a Banach space and A the generator of a strongly con-
tinuous cosine function (C(t)) in X; the following assertions are equivalent:

i) The equation (4.2) has a unique 27-periodic mild solution of class C* for any
21 - periodic function f € L? (R, X).

ii) —Ng C p(A) and both limits

Rxr = lim Ryx and Sz = lim Syz
N—oo N—oo
exist for every x € X.
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