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ABSTRACT. This paper is devoted to the study of modular inequality

@y ( / o %(a(w)Kf(r))w(w)d:v) <o ( / o <1>1<0f(x>>v<x>dx)

where &1 < ®2 and K is a class of Volterra convolution operators restricted
to the monotone functions. When @1 (z) = zP /p, ®2(z) = 2%/q with 1 < p <
q < +oo and the kernel k(x) = 1, our results will extend those for the Hardy
operator on monotone functions on Lebesgue spaces.

1. INTRODUCTION

Let K be a class of Volterra convolution operators given by

Kf(z) = / " k(e — 1) (1),

where the kernel k satisfies the following conditions:

(a) k(x) > 0 is nondecreasing on (0, +00);

(b) k(z+y) < D(k(z) + k(y)) for all z,y € (0, +00).

Consider the problem of characterizing the weights a, w, v for which the modular
inequality of the form

o' ([ - na(ek fo)ute)r) <o ( | - B (CTw)o(ae)

holds for all nonnegative monotone functions f. This sort of problem on Lebesgue
spaces for the Hardy operator has been widely studied in [ES], [VS] and [HS]. In
this paper, we will characterize the weights w, v for the above modular inequality
when ®; < ®5 and the operator K is restricted to the monotone functions. The
results are even new on Orlicz spaces when K is the Hardy operator.

It is worth mentioning that when ®; € A,, the above inequality is equivalent to

ot </O+OO <I>2(aKf)w> <Ccort (/O+OO <I>1(f)v) .

We begin with a brief summary of the notations on the Orlicz space setting.
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An N-function ® is a continuous Young’s function such that

t>=/0t¢,

where ¢(t) is a nondecreasing right continuous function defined on [0, +o00) with
#(0+) = 0, ¢p(+00) = +00. Let ¢! be the right continuous inverse function of ¢;

then
0=[ &

is called the complementary function of ®(t).

Definition 1. a) An N-function ® is said to satisfy the Ay condition (we write
® € Ay) if there is a constant B > 0, such that

®(2t) < BO(t) vt > 0.
b) We write ®; < P if there is a constant Ly > 0, such that

> @500 (i) < Loz 0 @7 (3 i)

holds for every sequence {a;} with a; > 0.

c¢) Let w be a nonnegative, measurable weight function and ® an N-function. The
Orlicz space Lg(w) consists of all nonnegative measurable functions f (modulo the
equivalence relation almost everywhere) such that

+oo
| £ g = inf{A >0 / B(f/N) w< 1)

is finite. We call || - [|¢(w) the Luxemburg norm.

For more standard theory of Orlicz spaces, see [KR] and [RR].

For the proofs of our coming theorems, we need the following special results from
Chapter 2 of [JS].

Proposition 1. Let &1 <« @5, and let a,b, w,v be weight functions. Then there
exists a constant C' such that

a5 ( / "y (ak h) w) <ot ( / ” @1(be>@)

holds for all nonnegative functions f if and only if there exists a constant B such

that both
w(z)dr | < o7 <1)
Uy (ev) €

—+oo
- ( / o, <ag>
+oo
o ([ e (1) R
2 </T 2< B evb

hold for all e,r > 0.

k(’f’ - ')X(O,r)
evb

and

We define the dual operator of

x —+oo
Kf(x)= /0 k(x —t)f(t)dt by K*g(t) = /t k(x —t)g(z) dx.
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For the operator K*, we have

Proposition 2. Let &1 < 5. Then there exists a constant C such that

o5 ( / ", (ak*g) w) <ot ( / - <I>1<Cbg>v)

holds for all nonnegative measurable functions g if and only if there exists a constant

B such that both
_ " t) k('aT)X(r +00) _ 1
o1 i} i _ t <oyl =
? </o 2( B H evb Uy (e0) widt ) < 0 £

_ " t) X (r,400) — 1
o1 o alt) || X(rotoo) k(r.t t <o (=
? </0 2< B H evb ‘wav) (r )) w()dt>_ ! (6)

hold for any e, > 0.

Throughout this paper, we use C' to denote constants which may be different at
different places, although in some instances we write C, Co, - - - to indicate different
constants. Also, we write

V(z)—/ozv and v*(@:/;mv.

2. THE MAIN RESULTS

and

We have the following main results.

Theorem 1. Let both &1 and its complementary function ¥y satisfy the Ao con-
dition and suppose that 1 < ®5. If K is a class of Volterra convolution operators,
then

1) o ([ - wa(ar o) <ot ([ ” B.(C10)

holds for all nonnegative, nonincreasing functions f if and only if there is a constant
B such that all of the following inequalities hold for all e, > 0:

@ ot ([ o () [k dr) wyde) < 07 @BV )

3) 5t </T+OO o, (a(g) %(sv)) w(z) dx) <ot G) ;
4)  ®;! (/;OO o, (% H% G r)) w() d;v) < ot G) :

o e ([, Jees) <o ().

Here go(s) = s and g1(s) = [ k(t)dt.

gok (1 — )X (0,r)
eV
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For the next theorem, we need the following additional condition on the kernel
k. There is a constant D’ such that

k(z +y) < D' (k(z) + k(y)),

where k(z) = 2

Theorem 2. Let both ®, and its complementary function V1 satisfy the Ay con-
dition and suppose ®1 K ®o. If K is a Volterra convolution operator whose kernel
k satisfies the above condition, then (1) holds for all nonnegative, nondecreasing
functions f if and only if there is a constant B such that

6) ;! /;OO@Q a(g) w(z) de §<1>;1<§>

k(T - ')X(OJ‘)
eV*

W (ev)

and

G > ( / e (C‘S)@f (Evi(m) Ha ’")> v dz) o <§>

hold for any e,r > 0.

There are similar conclusions for the dual operator K*; we leave it to the reader
as an easy exercise. In Theorems 1 and 2, when k(x) = 1, K is the Hardy operator
Hf(z)= [, fand [j k=s. Then we have

Corollary 1. Let both ®1 and its complementary function ¥, satisfy the Ao con-
dition, ®1 <« ®5. Then

o' ([ " (a i) <ot ([ ” #(Cho)

holds for all nonnegative nonincreasing functions f if and only if there exists a
constant B such that both

5! (/o P, (eza(x)) w(xW) < @ (S1(B)V (1))

+oo 1
@—1 P CL(ZI;) H gOX(07T) < @—1 -
2 </T 2 < B eV lw (e wiz)de | < & €

hold for all e,r > 0.

There is a similar result when H is restricted to nondecreasing functions by our
Theorem 2. We omit the details.

When a(z) = 1/z, a(z)Hf(z) = 1 [ f, it is the Hardy averaging operator.
Moreover, if ®1(z) = 2P /p, P3(z) = 2/q with 1 < p < ¢ < 400, then Corollary 1
recovers some of the results in [ES], [VS] and [HS].

and

3. PROOF OF THEOREM 1
We need the following results from Chapter 3 of [JS].
Lemma 1. Let &1 <« ®o; then

o ([ - Ba(ate)f@ola)ds ) < o7 ( [ - B (CI)ula)is )



TWO WEIGHT INEQUALITIES 2297

holds for all nonincreasing f if and only if there is a constant B such that

P, (/o ‘I’z(m(f))w(f)dx) <& (91(Be)V(r)
holds for any e,r > 0.

Lemma 2. Suppose f is a nonnegative, nondecreasing function on (0,+00). Then
there exists a sequence {h,}, of nonnegative functions, each compactly supported in
(0,+00), such that for almost each x >0, [} hy increases to f(x) as n — +oc.

Also if f is a nonnegative, nonincreasing function on (0,+00), then there exists
a sequence {h,}, of nonnegative functions, each compactly supported in (0,+00),
such that for almost each x > 0, f;oo hy, increases to f(x) as n — +o0.

For the proofs of these two lemmas, see [JS], pages 39-41 and page 48 respectively.
We also need the following lemmas from Chapter 4 of [JS].

Lemma 3. Let ® and its complementary function W be in Ay. Then

ot </O+oo o (W) U(x)dx) <@t (/0+oo @(Cf(x))v(x)dx)

holds for any f > 0 with the constant C independent of f.

The proof of the lemma can be found either in [HK] or [JS], pages 60-61. It can
also be deduced from Proposition 1 with k(z) = 1.

Lemma 4. Let ® and its complementary function ¥ be in As. Then

ot </O+OO ) </:OO f(‘?égt) dt) U(m)dm) <ot (/;Oo @(Cf(x))v(x)dx)

holds for any f > 0 with the constant C' independent of f.

Proof. By Proposition 2, it is easy to see that the inequality in the lemma is valid
provided that there exists a constant B such that

_ " 1 X(r,+00) -1 1
! o —Hi‘ ndt) <o (=
(/0 <B eV llwi(ew) v - 5

holds for all e, > 0. This can be proved by the similar technique used in [HK]. O

3.1 Proof of sufficiency. Lemma 2 shows that without loss of generality, we may
suppose f(z) = f;m h, with h compactly supported in (0, +00) and f0+°° Dy (flv <

+00. We have

K@) = [ k- ( / i dt) dy
[ ([ sa=nan) sy as+ s6a) [kt an

= K1 —|—K2

For K3, apply Lemma 1 with a(x) replaced by a(x) foz k(t) dt and use condition (2)
to get

;! < /O s, <a(x) /0 "kt dt f(a:)) w(z) d:c)

<o7! (/;OO Q1 (Crf())v(x) de) :
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Since V(s)™t = V(z)™' + [T V(t)"2v(t) dt and [ h(s)V (s)ds < [ f(s)v(s)ds,

we have

Ky = /0 Osk(x—y) dy> h(s)V (s) (V(z)_l +/:V(t)_2v(t) dt) ds
<V [Cra =) [ avi sy
([ e e [veioa
o [ sty ittt
[ t ([ #lo = dy) mov ) asvio 2oy a
o [ sttt
([ e)
Ky R,

where we have used the property (a) of the kernel k for the last inequality.
Since [ f(s)v(s) ds/V () is also a nonincreasing function, Lemma 1 again shows
that for Kg,

N ’ Jy f(s)v(s)ds
oyt (/0 D, (a(x)/o k(y) dyOTx)) w(x) da:)
< <I>1_1 (/04'00 P, <Clm$;§s)ds> v(x) da:) .

Now, according to Lemma 3, we see that

o7t (/0+°0 ool <€(£;}> v(x) dx) <ot (/0+°0 D1 (Cof (z))v(z) d:zc)

which completes the estimate for K3.
For K4, notice that

t t
/k(x—y)dy<D<k(x—t)t+/k(y)dy), for0<y<t<ux.
0 0

We have

Ki<D (/Omk(x - t)%v(t) dt + /Om (/O k(y) dy> ‘J;)(tf;v(t) dt)

= D(K5 + Kﬁ).
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For K5, consider the inequality

oyt </O+OO Dy (a(x) /Om k(z — s)g(s) ds) w(z) dx)
(8) <ot (/O+Oo By (Csg(t)b(t)) v(t) dt) ,

where g(t) = tv(t)V (t) =2 fot fv and b(t) = V(t)/(tv(t)). Proposition 1 shows that
(8) holds for any g>0 provided conditions (3) and (4) hold.

Since g(t fo $)ds/V (t), Lemma 3 again shows that the right hand
side of (8) is bounded by

o7t </O+OO O, (Cf(x))v(x) dx) .

For Kg, consider the inequality

oy ( /O s, (a(a:) /O e dt) w(z) dz)

+oo
©) <ot ( [ e o dt) ,

where G(t fo y) dy fot fv)/V(t)? and b(t) = fo dy). Ap-
plying Proposmon 1 once more for the Hardy operator we see that (9 ) holds for
G(t) > 0 provided condition (5) holds.
Combining all of the above and using the convexity of @1, the result follows.
Sufficiency is proved.

3.2 Proof of necessity. Since K f(x (fo ) x) for any nonincreasing
function f, we may obtain condition (2 ) by takmg f =e€X(o,r) for each g,7 > 0.

Noticing the Orlicz norm dominates the Luxemburg norm (see [KR], page 80),
we have, for any fixed €, > 0,

y)d h
/ fo y )ds
\Pl(sv) jqn h)€v<1

Ty k(s —1) dth(s)v(s)
=  sup
[ ®1(h)ev<1JO V(s)

= [ e 0t a

< e [oren (7S )

Then for any 1 < 1, we can choose a function h such that f0+oo Dy (h(s))ev(s)ds <1
and

‘ giX(o,r)
eV

ds

H giX(o,r)

g/o k(r — t)f(t) dt,

T (ev)

with f(t) = f+oo Mz U(w) dzx.
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Let Cy be a constant to be determined later. Then we have

o ([ e (D | 2202 uie)as)
<oyt </T+OO ®, <%ﬁ) /O E(r —t)f(t) dt) w(x) da:)
< ;! </O+OO s <a(az) /O k(o — t)%? dt) w(z) da:) .

Since f/Cy is nonincreasing, the hypothesis of the theorem shows that the right
hand side is not greater than

o7 (/O+°° B, <C£0f(3:)) o(z) d:c) .

Now by Lemma 4, we see that

o7t </O+OO ®, </:oo %)ZS) ds) v(x) d;v)
<ot (/O+OO @y ((CCy/Co)h(z)) v(z) dx)

holds for all A > 0. For Cj sufficiently large, CC2/C1 < 1, so this is dominated by
o1 /e).

This proves the necessity of condition (5).

It remains to prove the necessity of conditions (3) and (4).

Let go(s) = s. We have

Since s = fos dt, the right hand side is equal to

Lo ([ )

< e [eeo ([T ) @

Here we have used the fact that k(r — s) < k(r — t) for any s > ¢ > 0. Now using
the inequality (1) and proceeding as in the proof of the necessity of condition (5),
we can prove the necessity of condition (3). Similarly, we can prove (4).

Thus we have proved the theorem.

gok (T — )X (0,r)
eV

T k _
< sup / Sk = 9) b yo(s) ds.
Wy (ev) J ®1(h)ev<1J0 V(S)

4. PROOF OF THEOREM 2
Before the proof, we state a few lemmas from Chapter 4 of [JS].
Lemma 5. Let @1, D5 € As. Then there is a constant Cy such that for alle,r > 0,

‘ X(0,r)
eV*

1
<Ot ().
Vi(er) © 01 <€V*(T)>
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On the other hand, if V*(0) = +o0, then there is a constant Cy such that
1
> o7t
Uy (ev) 1 <€V*(T)>

The detailed proof of the first inequality can be found in [HK]. The second one
can be proved similarly.

H X(0,r)
eV*

for any e,r > 0.

Lemma 6. Let ®1 and its complementary function W1 € Agy; then there is a con-
stant C such that

ot ([ ([ B2 )Y e} <o ([ @it
holds for all g > 0.

The proof can be found in [HK]. In fact, by applying Proposition 1 to the Hardy
operator, the inequality is valid provided there exists a constant B such that

+oo
_ X(0,r) 11
o1 ® H dr) < Bo~! (=
! (/r ' ( % ﬁlﬂsv)) v(e) m) - (5>

holds for all €, > 0. Now this inequality follows from Lemma 5 easily.

Lemma 7. Let & and its complementary function W1 € Ao; then there is a con-
stant C' such that

(LT aw)v(y)dy Y
o (/0 P, <V*—(x)>v(fr)dx>§¢1 (/O ‘Pl(Cg(y))v(y)dy)

holds for all g > 0.

Proof. Proposition 2 shows that the inequality is valid provided there is a constant

B such that
1
dt) < BT =
‘1’1(51))) v(®) >_ ! (5)

" 1
o ([
1 ) Ve

holds for any ¢, > 0. The validity of this inequality is proved in [JS], page 54. O

X (r,400) )
€

Lemma 8. Let &1,V € Ay. If (7) in Theorem 2 holds, then

o ([ ions (k)] o) 2o (2

holds for all € > 0.

Proof. Suppose V*(0) < +o00; otherwise it is obvious. Since V*(r) < V*(0) for any
r > 0, we have

o5 </T+°° B, <ag)¢l—1 <5V1(0)> (e - T)) w(x)dw) < ;! (%) .

Since the left hand side increases as r tends to 0, the lemma follows easily from the
Monotone Convergence Theorem. O

Now we begin to prove Theorem 2.
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4.1 Proof of suﬂ"ic1ency By Lemma 2, it is enough to prove (1) for functions f

of the form f(z) = [ h with h nonnegative and compactly supported in (0, +00).
Thus we have

ki) = [wa—9 ([ n) ds=/(fh<y>/;k<x—s>dsdy
-/ ( e ds) BV &)V ) dy.

Since V*(y)~t = V*(0)~ + [/ V*(t)"2v(t) dt and k(z —y) = Jo ¥ k(s) ds, we get

K f(x) < V*(0 /k ds/+ooh( W (y) dy

+ [ inev o ([ o) a

< V0 / k(s) ds / T b (s)(s) ds
v ( / o = )V )y ) V(0 2o(t)
<V (0 / k(s) ds / T b (sy(s) ds

+ [Ha-o / ool ds) V) ety at
=1+ Is.

By Lemma 5, condition (7) implies

(10) &' (/ ( ‘XE&:) . (x—r)) w(x)dx) < 7t (%)

For I, if we apply Proposition 1 with k(z) replaced by k(z), b(z) = V*(z)/v(z)
and g(t) = v(t) [[7° f(s)v(s) ds/(V*(t))2, we see that the inequality

t

oy ( / s, <a(x) / e — D) dt) w(z) d:c)

(11) ( {(CugObO)e(a) do )

holds provided condltlons (6) and (10) are valid.
Since ¢(t)b(t) ( ) /V*, Lemma 7 shows

+o0 oo fo +ee
o1 (/O o, <ny* )v(y) dy) < o7! (/0 ©1(Cf(y))v(y) dy) ;

which completes the estimate for I5.
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For I, take € > 0 such that [ ®;(f)ev = 1. Then [fllg, 0y = 1 and

oy ( / < / k(s) dsV* (0 / h f(t)v(t)dt) w(z)dz)

<o ( /0+°O<1>2( o) [ VO Ul 11/l o) ) ).

Since [|1/¢llw,(e0) = 1/(¥7'(1/(eV*(0)))), the right hand side is not greater than

. Foo 2a(z) fow k(s)ds
(0] P w(x)dx
2 /0 v 0w () .

Noticing that t < &7 () (¢) in [KR], page 230, it is bounded by

ot </O+OO ®, <2a(x) /Om k(s)ds®* <f(o)>) w(z) d;v) .

Replacing f by Cpf with some constant Cp, and using ®; € Ay and Lemma 8, it
is easy to see that the above estimate is bounded by

ot (L) e (| " b (Cor@)el) i)

by the choice of . This completes the proof of sufficiency.

4.2 Proof of necessity. For the necessity of condition (6), fix any r,e > 0. Since
the Orlicz norm dominates the Luxemburg norm, we have

SR SO

For any n < 1, take a function g such that f0+°° Dy (g)ev < 1, and

SRl

ol

7 9(y)vly)
)= /0 CoV*(y) W,

where Cj is a constant to be determined later. Then by (1), we have

Foo a(x
ot (/ D, (UCEO) ) w(z) da:)
" U (ev)

7%(T - ')X(O,r)
eV*

‘I’1 (E’U)

k( )X(O )
eV*

Take

%(T - ')X(OJ‘)
eV*
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On taking C sufficiently large and by Lemma 6, the right hand side is bounded by

a7 ( / " b)) dy) < o7 (é) |

The Monotone Convergence Theorem allows us to replace n above by its limiting
value of 1 and thus condition (6) is proved.
Similarly, for fixed r,e > 0 and any n < 1, we can choose a function g with

J7 @1 (g)ev < 1 and
e /0 % W
Let Cy be a constant to be determined later. Then
([ (22 [ e o))
[ e [ 250 0] ) )

By hypothesis (1), the right hand side is not greater than

ot </O+Oo d, (C% /Ow %dy) v(a:)da:) :

Again, on taking Cj sufficiently large and using Lemma 6, we have

[t (1
ot (/ ®1(g(y))v(y) dy) < o7 <g) :
0
Replacing 7 by its limiting value of 1 as before, we have
+oo - 1
H-1 & @‘M E(r — de) < a1 2).
ST e (S e, R0 u ) <o (4

When V*(0) = +o0, (7) follows from Lemma 5 easily. Otherwise, suppose V*(0) <
+o0. For any 6 > 0, replacing v by v + §/2? in (1), (7) is still valid. Since

‘ X(0,r)
eV*

IN

0

N

< @yt

+oo
/0 (v(z) + 6/2%) dx = +oo,

by the above argument, we have

o ([ o (50 (G o) e ) weore) <7 (2).

Letting 6 tend to 0, the Monotone Convergence Theorem shows that (7) is valid.
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