PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 125, Number 8, August 1997, Pages 2485-2491
S 0002-9939(97)03869-0

DECOMPOSITION OF A VECTOR FIELD
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ABSTRACT. The projective method of decomposing of a vector field is applied
to constructing a parallelized Lie group action in the framework of Chrono-
metric Theory. An example is considered.

1. INTRODUCTION

The problem of parallelization arises in the framework of Chronometric Theory
from considerations of simplifying the mathematical formulas, but seems to be of
interest itself from a mathematical point of view and, from the point of view of
physics, for a comparison of different models of the universe.

The general construction of a (“parallelized”) induced bundle given in [1] in-
cludes:

e a Lie subgroup NNV of the Lie group G;
e a (local) C*-action ¢ of G on N which satisfies

o(x)y = zy, for z,y € N

and
e a finite-dimensional representation R of the subgroup G, wich fixes a given point
zg € N.

Suppose we have a bundle (G, H, F) over H with the group G, acting via R on
a finite-dimensional fibre F. Denote by B the space of C'**-sections of this bundle.
We can define the action U of G on B by the formula:

U(g) : ®(z) — S(g,2)¥((¢(9) ")),
where W is an arbitrary element of B, S(g, z) is the C*°-smooth operator function
on G x N:
S(g,2) : F(é(g~")x) — F(z),

F(x) is the fibre over the point z € H.

We can also define the space B of “parallelized” sections B = {#(z)}, where
Y(x) = (S(zzyt, ) ' ¥(z) and ¢ (x) € F(wxp) for all z € N.

Theorem 1 below is a variant of Theorem 4.1 of [1] which is adapted to our
present purposes.
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Theorem 1. The action U(g) of the group G on B is given by
U(g9)¥)(x) = R(g")(¢(g™z),  ¢° =zox ™ g(d(g™")(x))z5 ",
and the action of its Lie algebra G on B is given by
dU(L) = —L + dR(int(L)),

where L is the horizontal (tangent to N) component of the vector field on G cor-
responding to the generator L of G, restricted to the group N, and int(L) is the
vertical one. O

Thus, if we know both horizontal and vertical components of a vector field &
corresponding to the generator L of the Lie group G, we can construct the “paral-
lelized” action of this generator on B.

2. ALGORITHM

Let N be a Lie subgroup of a Lie group G, let ¢ be a C'°-action of G on N
such that ¢(z)y = zy for z,y € N, and let H = G, be an isotropy subgroup of the
identity element e € N.

Denote by NV, G, H the Lie algebras of N, G and H respectively, let I1,... 1 be
the generators of Lie group IV, and let hq, ... , h,_x be the generators of Lie group
H.

Suppose we are given a vector field £(g) on G. Consider its restriction £(x), x €
N, on the subgroup N. We have

dl,-1(&(x)) € G,
where £,-1 is the operator of left-multiplying by =~

yr Tty
on the group G.
Write a linear combination of(z)l;,i = 1,... , k, where o € C°°(N) are arbitrary
smooth functions on N, and demand that
(1) dL,1(&(x)) — o' (x)l; € H, = € N.
Theorem 2. The condition (1) determines the functions o(x), i =1,... , k, and
o' (x)l;

is the horizontal component of a vector field £(x) and
dL,1&(z) — ai(x)l;, x € N,
is the vertical one.

Proof. The proof is based on the evident fact, that the Lie algebra G (as a vector
space) is a direct sum of A and H:

G=NaoH.
Let Iy,...,1; be a basis of N, and let hi,... ,h,_; be a basis of H. Since
dl,-1¢&(z) € G,
there exist functions aq(x),... ,ar(z), b1, .. , Bn—r(z) such that
dL,-1&(z) = o' (2)l; + F(2)hj, i=1,... ,k,j=1,...,n—k,

and this decomposition is unique. O
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3. APPLICATION TO CHRONOMETRIC THEORY

In this section we define the “oscillator parallelization” of an induced bundle via
the following construction.

The Oscillator Lie group Sc can be defined as a topologically isomorphic to R4
with the following (nonzero) brackets in its Lie algebra:

[lo,13] = 11,
(2) [l2, 4] = I3,
[13,14] = —Is.

Consider the following matrices:

20 0 0 22 0O 0 -1 0
I — 0 0 0 0 I 0O 0 O 0
1 o o0 o [ | -10 0 -1
-2t 0 0 —2¢ 0O 0 1 0
0O 0 = 0
0O 0 O 0 1, .
I3 = 0 o0 -l ly = dzagz(z, i,—31,1)
0O 0 —2 O

which belong to su(2,2). It’s easy to see that their brackets satisfy (2), and hence
they generate a Lie subgroup Sc¢ < SU(2,2) which is isomorphic to the oscillator
group.

Define an element X of this subgroup as

X = exp(zoll + x1ls + 1?213) exp(argl4)

1+« 0 —e @3 (xy —ixy) «
_mn| 01 0 0
—x1 —1try 0 ‘ e s —T] — 129
—« 0 e (x1 —ixa) -«

where o = 3 (23 +23)+2iz0, and consider the orbit of the identity element 1 € U(2)
under the action ¢ restricted to Sc¢ < SU(2,2):

07° = {x = ¢(z)1 = (A1 + B)(C1 + D)~ '}
where A, B, C, D are 2 x 2-blocks of the matrix X:

(4 5)

oSc=U(2>\{( i §>7—w<t<w}a

and the mapping J : S¢ — U(2) defined by
J(z) = ¢(x)1

is the one-to-one diffeomorphism between Sc and O7¢. (The proofs of these facts
are given in the work [2].) Evidently, J(e) = 1.

This orbit is
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For the action ¢g = J~1¢J (where it is defined) we have:
do()y = T~ ¢(x)J (y)
= J 7 (¢(=)e(y)1)
= J 7 (¢(ay)1)
= J " (zy)
=y

(since J~1(z) is the solution y € Sc of the equation J(y) = x if it exists).
Notice that, if h € SU(2 2)1 for the action ¢, then

go(h)e = T~ ¢(h)Je = T (p(h)1) = T~ (1) =,

and h € SU(2,2), for the action ¢y.
Now we can apply the method described in Section 1 to the following model:

G =S5U(2,2), N=Sc¢, H=(-1)P(-1),
where P is the scale-extended Poincaré group (being the isotropy subgroup of the

point (—1) € U(2) in relation to the action ¢, so that (—14)P(—14) with —14 =

0
In this case:

( -1 (1) > is the isotropy subgroup of the identity element 1 € U(2).

£(x) = 5 leco (exp(L)X) = L,
dl,-1(&(x)) = X 'LX.

Lemma 1. If a matriz

3) <:<ZZ)

satisfies the condition
(4) a+b=c+d,
where a, b, ¢, d are its (2 x 2)-blocks, then ¢ € Ge.

g ZB; > belongs to P if its (2 x 2)-blocks A, B,C, D

satisfy the condition A — B = C' — D, or, in other words, the matrix Q~!g{), where
0= ( 1 _11 ), has the form

Proof. A matrix g = <

1
Y
(4 2)
Let the matrix ( satisfies the condition (4). Then the matrix
Q7 (=1)¢(-1)Q
has the form (5), and the matrix
exp(QH(=1)¢(-1)Q)
has the same form and, consequently, belongs to P, and ¢ € G.. O



In Table 1 the vector fields on the Lie group Sc corresponding to the generators

DECOMPOSITION OF A VECTOR FIELD

APPENDIX

of SU(2,2) via the action ¢ are listed. We denote s = sinxs, ¢ = coszs.

We don'’t list the internal parts of the generators since their formulas are overly

bulky.

TABLE 1
Generator of | Vector field on Sc
SU(2,2) L = aly + asls + agls + ayly
ay = % + 5 (@] 4 23)* + 23
L_1o g = (a1 + 23)(wac + 218) + 2x0 (210 — 225 — 1)
az = —1+ (2} + 23)(z2s — z1c + 1) + 220 (220 + 215)
ay=2— (23 +23) + 2(z1c — 228)
ay = —ga1 + g (af + 23)* — 213
L1 o =2w0(1 — z1c — 228) + (1 — 21 — 23) (z2c + 215)
—3(x2 +3)
a3 =114z +¢)+ 3(1+x2s — 210)(1 — 23 — 23)
—2xo(x18 — T20C)
ag =—1— (22 +22) — c+ 2(z1¢c — 228)
o] = %xz —z0
L_12 Qg = 5((1 —xl)(1+0)+$28)
a3 =—1(z2(1+¢) + (z1 — 1)s)
Qg = —S8
o1 = —5 4+ 1(1—21)(2] + 23) — zox2
L_ 3 ay = (1 = ¢)xg + 3(1 — z1)(z10 + 225)
—3(32% —a8)s + %
ag =2 n 1(@} 4 23) + (321 — 23)c
—5(r1c— w25+ 1) — (W0 + T172)58
ag = (c— 1)1+ x1) — xas
a; = xo(ry — 1) — 1w2(2 + 23)
L 14 ap = (@ +23) — 3(x1(1 + ¢) — z28) + 1 (23 — 323)c
+(zo — z122)8
a3 =z — 3(z2(1 +¢) + z15)
— (20 — z122)c + F(2% — 323)s
4 = —Tog — S+ X185+ ZoC
o] = 11132 + X9
Lo1 az = 5((1 +21)(c—1) — x25)
a3 = —%(3:2 — 85— x18 — TacC)
g = —S8
ar = —g(ef +23)* + 4(af + 23) — 205 + 321
Loz az = 1(22(c— 1) + (w1 — 1)s) + 3 (23 + 23)(v2c — 215)
+2x0(x2s — x1c+ 1)
az=1-1c—(z1(c+1) — z25)
+3 (2% + 23)(z1c — 225 — 1) — 2z0(2C + 215)
ay=s—1— (23 +23) + 2(z10 — 228)
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Generator of

Vector field on Sc

SU(2,2) L =aqly + asly + asls + ayly
o = —xo(1 + 1) + g22(a + 23)
Los oy = 3(2? +23) — 3(z1c— w25 — x1) — F(2% — 3zd)c
—(xo — x112)8
o3 = T9 — %(xgc — 18— x3)
—1(x1 = 323)s + (zo — z122)cC
oy =Ty —C+ X218+ x2C
o) = %(xi + x§)2 — (@7 + 23) + 220
Lo Qg = %(3:1 + a5 — 2)(xac + x18) + 2x0(x1¢ — X285 — 1)
az = 3(zf 4+ 23)(1 — z1c + 228)
+x1c — x98 + 2x0(T2C + T19)
ay = (23 + 23) — 2w1c+ 21958
oy = 1 (2] +23) — qa1(ad + 23 — 2) — o2
Los OZQZZZ?()—F%(.T,Q—FS)—F%(.T,QC—F.T,lS)
—(z0 + w122)C — (30} — 23)s
a3 = —1(a +23) — (1 + z1)c — 25 — 21) + 1(32F — 23)c
—(xo — x112)8
ag=(1+z1)(c—1)— a5
o] = —x0 — %1‘2 + il‘g(l‘% +a3) — a1
L3 ay = %(1 + 29 — 210+ T28) + %(31‘% —a22)e — (2o — 2172)8
+3 (2 +a3)
a3 = x9 — %(xgc—i—xls — T2+ 9)
+1(323 — 23)s + (zo — 122)C
a4 =S+ X2+ 218+ x2C
o = % — %(1 +x1) (2% + 23) — ToT2
Lo 09 = —Tg — %(xg(c — 1)+ x15)
— (w0 + 122)c — 1(32% — 23)s
az = 1(23 +23) + F(z1(c— 1) — w5 — 1)
+1(32% — 23)c — (wo + w122)s
ag=1+c—(z1(c+1) —x25)
o = (a1 + 23) + o1 (2] + 23 — 2) + zow2
Ly Q9 = Tg + %(1‘2(0 — 1) + (1‘1 — 1)8)
+1(32% — 23)s + (zo + z122)C
a3 =11+ z1 4 (1 — 21)c + 229)
—1(3z% — 23)c + (wo + 2132)s
ag=—-1—c+x(c—1)—x9s
a1 = —To + ToT1 — i:zrg(x% + a3 —2)
Loy ar =3(1—21) + 2@} 4+ 23) + (23 — 323 + 2)c+
(xo — x122)8 — %(xlc — T98)
a3 =z — 3(z2(c+ 1) + (z1 — 1)s)
+% (2 — 323)s — (zo — w172)C
ay =xz9(c—1)+ (x1 — 1)s
ar = —5 + 5(27 +23)
L3y Q9 = ToC+ X188
az=1—x1c+ 238

a4=0
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Note. From the equations

d
liZIJj = a |t:0 Zj (exp(tli)X)v

1=1,...,4,
we can find the action of the vector fields Iy,...,l4 on the coordinate functions
Tg,...,xr3 and, consequently, represent them as the linear combinations of the
basic vector fields dy, ... ,03. We'll have:
l1 = 0o,

ly = — 52280 + 01,
I3 = 32100 + o,
ly = —x901 + 2105 + 05,

and, for example,
1
L3y = 5(—1 + o1+ (22 + 22)(1 — ¢))9 + (zoc + 218)01 + (1 — 21+ 225)0a.
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