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ABSTRACT. We construct a smoothly bounded pseudoconvex domain whose
boundary contains no complex analytic variety such that some boundary point
admits no holomorphic peak function.

1. INTRODUCTION AND RESULTS

Let © be a domain in C™. Denote by A(2) the Banach algebra of continuous
functions on  which are holomorphic in 2. We say that a boundary point p is a
peak point for Q2 if there is a function f € A(Q) such that: f(p) =1 and |f(z)| <1
on Q\ {p}. The function f is called a peaking function.

A basic problem concerning peak points is to determine a necessary and sufficient
condition for a boundary point of a pseudoconvex domain to be a peak point. There
are several known sufficient conditions [1, 5, 6, 7, 12, 13, 17, 27]. For example, if
p € b§Y is strongly pseudoconvex point [20] or more generally if p is h-extendible
[5, 27], then it is peak point. On the other hand, the maximum principle implies that
if p € b2 is a peak point, then the boundary of 2 cannot contain any nontrivial
complex analytic variety containing p as an interior point. However, it is still
unknown what kind of non-existence of analytic structures is necessary. Sibony
constructed an example in [22] for which some boundary point is a local peak point
but not a global one. Nevertheless, the boundary of his example contains complex
discs. In this note, we would like to provide an example whose boundary contains
no complex analytic variety, but not every boundary point is a peak point, not
even a local peak point. As a matter of fact, our example domain will be B-regular
which means roughly that there is no potential theory in the boundary [23]. As far
as smooth peak functions are concerned, there are already many counterexamples,
see [8, 14, 18].

Recall that a domain Q) is B-regular [22, 23, 4] at p € bQ if there is a plurisub-
harmonic (psh) function u on © continuous on Q such that u(p) = 0 and u < 0
on Q\ {p}. This is equivalent to saying that there is no nontrivial Jensen measure
for p supported on b2 (see [23]). Clearly, a peak point is necessarily B-regular.
Moreover, the maximum principle excludes the existence of any analytic variety in
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the boundary around a B-regular point. B-regular domains are an important class
of weakly pseudoconvex domains on which the -Neumann operator is well behaved
(satisfies the compactness estimates) [4].

Our main result is

Theorem. There are a smoothly bounded B-reqular pseudoconver domain in C3
and a point p € bS) such that p is not a peak point for QN U for any neighborhood

U of p.

2. THE CONSTRUCTION OF THE EXAMPLE

First of all, we fix some notations. Let K be a compact subset of C™. As usual,
C(K) is the Banach algebra of continuous functions on K. O(K) is the (uniform)
closure in C'(K) of the functions holomorphic in some neighborhood of K. PSH(K)
is the closure in C'(K) of continuous psh functions in some neighborhood of K.
P(K) is the closure in C(K) of the set of polynomials in C", and R(K) stands for
the closure in C(K) of the set of rational functions which have no poles in K.

The example desired will be made from the well-known “Swiss cheese” con-
structed by McKissick [16]. First we claim that

Lemma 1. There are a polynomially convexr compact subset K in C? and zy € K
satisfying
(i) K is B-regular, i.e. every point is a peak point for PSH(K);
(ii) There is a nontrivial representing measure for zo for O(K) with support in
an arbitrarily small neighborhood of zo in K.

Here and below, “nontrivial” means “not a point mass”.

In order to construct such a compact set, we first choose a compact set X in C so
that R(X) is normal but R(X) # C(X). Here “normal” means that for every pair
of disjoint closed subsets Ey, E1 of X, there is a function r € R(X) such that r = ¢
on E;, i =0,1. Such a compact planar set was first found by McKissick [16] using
a special “Swiss cheese” of the form A \ UA;, where each A; is a small open disc
inside the unit disc A. In particular, X C A. By a theorem of Rossi [20] (see also
[25, 26]), R(X) is a doubly generated Banach algebra. More precisely, there are
r1,72 € R(X), such that R(X) = Clrq, re]. In fact, one can even choose r1(¢) = .

Now define amap ® : X — C2 by ®(¢) = (r1(¢),72(¢)). Then @ is a holomorphic
embedding of X in C2?. Denote its image by K = ®(X). We will show that such K
satisfies the conditions in Lemma 1. Observe that the compact set K is polynomially
convex, i.e., for any z ¢ K, there is a polynomial P such that [P(z)| > ||P||lc(x)-
This follows from the fact that the joint spectrum of a set of generators for a
commutative Banach algebra with identity is always polynomially convex and the
fact that the spectrum of R(X) is X itself (see, e.g., [25] for details).

We first verify that K is B-regular. Suppose not. Then in light of an equivalent
condition for B-regularity given in [23], there are a point zp € K and a nontrivial
Jensen measure p for zg on K for PSH(K). That is, the measure p is a probability
measure on K that satisfies

(1) u(zg) < /Ku(z) du, Yu e PSH(K).

Since p is not a point mass, there must be two disjoint closed subsets Fy, F1 of K
such that p(F;) > 0, i = 0,1. Set E; = ®~1(F;) N X. Then Ey, E; are disjoint
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and compact. It follows from the normality of R(X) that there exists r € R(X)
such that » = ¢ on E; for ¢ = 0,1. On the other hand, since R(X) is generated
as a Banach algebra by rq, 7o, there exist polynomials g, in C? such that r(¢) =
limy,— 00 gn(11(€), 72(¢)), uniformly on X. For any integers m,n > 1, the function
Umn = log(|gn| + 1/m) is continuous and psh in C2. Applying (1) to Umn, we
obtain

8(lgn 0] + 1) = [ 108190 ()] + ) d
K

If we set o = po®, then o is a probability measure on X such that o(E;) = pu(F;) > 0
for i = 0,1. Let {y = ® *(20). A simple change of variables (see e.g. [11]) yields

o5 (9n(B(G0)| + 1) < | Log(lgn (@(O)] + ) do
X

Letting n — oo in the above inequality, we obtain

log ()| + ) < [ 1og(r(C)] + o) dov
X

Observe that the integrand in the above integral is bounded from above by the
constant log(||r||x + 1) and is non-increasing with respect to m. The monotone
convergence theorem (see [11]) implies that

log [r(¢o)| < /X log [r(¢)] do.

The right hand side of the above inequality is —oo due to the fact that r(Ey) = {0}
and o(Ep) > 0. Thus we have r((p) = 0. On the other hand, if we replace g, by
1 — gn in the above arguments, we will also have 1 — r({y) = 0. This is clearly
impossible. Consequently, K must be B-regular.

In order to verify (ii) in Lemma 1, we recall that for a compact planar set Y,
R(Y) = C(Y) if and only if almost all points (in the Lebesgue measure) of Y are
peak points for R(Y) (see [25]). Since for our X, R(X) # C(X), it follows that
there exists at least one point {; € X that is not a peak point for R(X). Necessarily
Co € A. We may assume that X > (o = 0 by a simple Md&bius transform.

Let X, ={C e X :|(| <t} for ¢t > 0. Since 0 = (p is not a peak point for R(X),
we claim that it is not a peak point for R(X}) either, for any ¢ > 0. Assume the
contrary. Then there is a function g € R(Xy,) for some 0 < ¢y < 1 such that g peaks
at 0. Choose t1,t2 such that 0 < to < t; < tg. Set E; = X3, and Ey = X \ Xy,.
The normality of the algebra R(X) yields a function r € R(X) with r(E;) = {i}
for ¢ = 0,1. Define a function h by setting h = rg on X;, and h = 0 otherwise. It
follows from the localization theorem for R(X) (see e.g. Corollary 10.3 in [10] or
Theorem 26.1 in [25]) that h € R(X). Since h = g on Xy,, h is also a local peak
function for 0. Then by the local maximum modulus principle of Rossi [21], we
know that 0 is also a peak point for R(X), which is a contradiction.

As a consequence of a theorem of Bishop [2] (see also [9]), there is a nontrivial
representing measure o; for 0 on X; for the algebra R(X;), for any ¢ > 0.

That is,

3) 4(0) = /X 9(Q)do, Vg € R(X).



2388 JIYE YU

Set puy = oy 0o @1, Then p; is a well defined nontrivial probability measure on
K; = ®(X;). For any f € P(K:),let g = fo® € R(X;). A simple application of
change of coordinates for measurable mapping [11] to (3) yields

f(2(0)) = . f(@(Q)doe = | fdp.

Ky
It follows that

(4) f(z0) = - fdpe,  Vf€P(Ky).
Here zp = ®(0). It remains to observe that P(K;) = O(K;) by the Oka-Weil
theorem (see e.g. [19, 15]). Since t > 0 is arbitrary, therefore, y; satisfies (ii) in
Lemma 1. This finishes the proof of Lemma 1.

Next, we construct our domains in C3 to meet the requirement of the Theorem.
The construction follows from a theorem of Catlin [3]:

Proposition 2. Let K be any compact polynomially convex set in C™. Then there
exists a C* smooth psh exhaustion function ¢ in C™ such that ¢ >0, ¢~1(0) = K
and ¢ is strictly psh exactly in C"\ K.

Let ¢ be the function obtained by applying Proposition 2 to our compact set K
in C2. Define a family of domains s for 6 > 0 in C? by

Qs = {(z,w) € C?* x C: |w|* + ¢(2) < 6%}.

By Sard’s theorem, for almost all 6 > 0, the domain s has C*° boundary. Choose
such a §. By replacing ¢ by ¢/6% and w by w/§, we may assume that § = 1 and
thenset Q =Q; and T={CeC:|(|=1}.

Lemma 3. The domain § thus constructed is a smoothly bounded pseudoconvex
B-regular domain in C3. Moreover, A(Q)|xxt C O(K x T).

Indeed, by Proposition 2, the set of weakly pseudoconvex boundary points of
Q is exactly K x T which is B-regular by Lemma 1. It then follows that 2 is
B-regular [23, 24]. Next, for any f € A(Q), define a sequence of functions f,, by
fn(z,w) = f(z,nw/(n + 1)), n > 1. Then f, — f uniformly on Q and f, is
holomorphic on the domain

{(z,w) eC* x C: 2|w|2+¢(z)<1}3§2,

n
(n+1)
which contains some open neighborhood of K x T. Thus Lemma 3 follows.

We are now in a position to finish the proof of the Theorem. Let py = (29,1) €
b2, where zg is given in Lemma 1. We claim that pg is not a peak point for Q N U
for any neighborhood U of pg. Suppose it is a peak point for some Q@ N U. Then
there isa f € A(QNU), such that f(pg) =1 and |f| <1on (QNU)\{po} If we
set fo(z) = f(z,1), it follows that

(5) folzo) =1, |fo(2)] <1 Vze Ki\ {2}, forsomet > 0.

In view of Lemma 1 (ii), there is a nontrivial probability measure u; on K; such
that

(6) l9(z0)] < /K 9()| due, Vg € O(KY).
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On the other hand, from the proof of Lemma 3, we see that fy can be approximated
by the functions f,(z) =: f(z ) in O(K;). Therefore, it follows from (6) that

T
(7) [fo(z0)] < / [fo(2)| dpr < 1.
Ky

Since p; is not a point mass, (7) contradicts (5). This completes the proof of the
Theorem.
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