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Abstract. If f and g are analytic functions in the unit disk and ‖ · ‖ is the
Bergman norm, conditions are studied under which there exists an absolute
constant c such that |f(z)| ≥ |g(z)| for c ≤ |z| < 1 implies ‖f‖ ≥ ‖g‖.

In [1] Korenblum proved the following theorem:
Consider f, g ∈ A2(D) such that each zero of g is a zero of f (according to the

multiplicity) and |f(z)| ≥ |g(z)| for e−2/2 ≤ |z| < 1. Then∫
D
|f(z)|2dm2 ≥

∫
D
|g(z)|2dm2.

In the same paper and in [3] he stated the conjecture:
There exists an absolute constant c with 0 < c < 1 such that for functions

f, g ∈ A2(D)

(|f(z)| ≥ |g(z)| for c ≤ |z| < 1) ⇒
∫

D
|f(z)|2dm2 ≥

∫
D
|g(z)|2dm2.(∗)

That means that the conjecture could be proved for c = e−2/2 under an ad-
ditional assumption on the zeroes of f and g. In this paper other conditions are
formulated such that (∗) holds and the conjecture is reduced to a weaker one.
We make use of the following notation: for a meromorphic function h in D define
N (r, h) as the set of poles of h in {|z| < r} and n(r, h) as the number of poles of h
in {|z| < r} (according to the multiplicity). We prove:

Theorem 1. For 0 < ε < 1
2 a constant cε > 0 exists such that for any pair

f, g ∈ A2(D)(
|f(z)| ≥ |g(z)| for cε ≤ |z| < 1 and N

(
1− ε,

f

g

)
\N

(
ε,
f

g

)
6= ∅
)

⇒
∫

D
|f(z)|2dm2 ≥

∫
D
|g(z)|2dm2.
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Theorem 2. For 0 < ε < 1
2 a constant cε > 0 exists such that for any pair

f, g ∈ A2(D)(
|f(z)| ≥ |g(z)| for cε ≤ |z| < 1 and n

(
1− ε,

1

f

)
6= n

(
1− ε,

1

g

))
⇒
∫

D
|f(z)|2dm2 ≥

∫
D
|g(z)|2dm2.

This means that the conjecture holds if we consider functions f and g such that
g has at least one zero in the annulus {ε0 < |z| < 1 − ε0} which is not a zero of f
according to the multiplicity (Theorem 1), or if the number of zeroes of f and g in
a circle {|z| < 1− ε0} does not coincide (Theorem 2).

Theorem 3. There exists a constant c > 0 such that for any pair f, g ∈ A2(D)(
|f(z)| ≥ |g(z)| for c ≤ |z| < 1 and n

(
1,
g

f

)
= n

(
1,
f

g

)
= 1

)
⇒
∫

D
|f(z)|2dm2 ≥

∫
D
|g(z)|2dm2.

Theorem 4. For α ∈ D let Aα2 (D) = {h ∈ A2(D)|h(α) = 0}. If 0 < r1 <
1
2 and

|a| < r1
4 , then

Ta : A0
2(D) → Aa2(D)

h 7→ (Tah)(z) :=
h(z)

z
· z − a

1− āz
· 1 + |a|r1

1 + |a|
r1

defines a contractive operator.

Proof of Theorem 1. Let 0 < ε < 1
2 be given, and assume that fn, gn ∈ A2(D) exist

with

|fn(z)| ≥ |gn(z)| for cn ≤ |z| < 1 (cn ↘ 0)

and ∫
D
|f(z)|2dm2 <

∫
D
|gn(z)|2dm2.

Define

ϕn(z) =
gn(z)

fn(z)
, z ∈ D.

Then ϕn is meromorphic in D and |ϕn(z)| ≤ 1 for cn ≤ |z| < 1. Therefore (ϕn)n∈N
is normal in {0 < |z| < 1} and w.l.o.g. we may assume that ϕn tends to a limit
function ϕ locally uniformly in {0 < |z| < 1}. ϕ is analytic in 0 < |z| < 1 and the
singularity in 0 is removable. Hence we have |ϕ(z)| ≤ 1 in {|z| < 1}. Then the
condition

N
(

1− ε,
fn
gn

)
\N

(
ε,
fn
gn

)
6= ∅

implies that each ϕn has at least one zero in ε ≤ |z| < 1−ε. Hence we have |ϕ(z)| < 1
in |z| < 1. If R := { 1

2 ≤ |z| ≤ 3
4}, η0 > 0 exists such that |ϕ(z)| ≤ 1 − 2η0 for

z ∈ R. Then n0 ∈ N exists with n0 · η0 ≥ 1. Choose n1 ≥ n0 with cn ≤ 1
n0

and

|gn(z)

fn(z)
| = |ϕn(z)| ≤

√
1− η0 for z ∈ R,
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if n ≥ n1. For h ∈ A2(D) with h(z) =
∑∞
k=0 akz

k the function

J(r, h) :=

∫
|z|<r

|h(z)|2dm2 = π ·
∞∑
k=0

|ak|2
k + 1

r2k+2 (0 ≤ r < 1)

satisfies the inequality

J(r + ρ, h)− J(r, h) ≤ J(R + ρ, h)− J(R, h)

for 0 ≤ r < R < 1 and R + ρ < 1, since the same estimate holds for the powers
r2k+2. For n ≥ n1 we get∫

R

|fn(z)|2 − |gn(z)|2dm2 ≥
∫
R

1

1− η0
|gn(z)|2 − |gn(z)|2dm2

>

∫
R

η0|gn(z)|2dm2 = η0 ·
n0−1∑
j=0

∫
1
2 + j

n0
<|z|< 1

2+ j+1
n0

|gn(z)|2dm2

≥ n0 · η0 ·
∫

1
2<|z|< 1

2+ 1
n0

|gn(z)|2dm2 ≥
∫
|z|<cn

|gn(z)|2dm2

and therefore ∫
D
|fn(z)|2 − |gn(z)|2dm2 > 0.

This is a contradiction and proves Theorem 1.

Proof of Theorem 2. We start with sequences fn, gn as in the proof of Theorem 1.
Then the result follows as above, if we are able to show that |ϕ(z)| < 1 for |z| < 1
holds for the limit function ϕ.

Suppose |ϕ(z)| ≡ 1. It follows that for n ≥ n0 all zeroes and poles of ϕn lie
in {|z| < ε} ∪ {1 − ε < |z| < 1}. We also have n(ε, ϕn) = n(ε, 1

ϕn
) for all, but

finitely many n ∈ N. To see this let a
(n)
µ (µ = 1, . . . , n(ε, 1

ϕn
)) be the zeroes and

b
(n)
ν (ν = 1, . . . , n(ε, ϕn)) be the poles of ϕn in |z| < ε (n ≥ n0). W.l.o.g. we have
ϕn(0) 6= 0, ∞ (n ∈ N). Otherwise choose |z0| < ε

2 with ϕn(z0) 6= 0, ∞ for n ∈ N
and prove n( ε2 , ϕ̃n) = n( ε2 ,

1
ϕ̃n

) for ϕ̃n(z) = ϕn(z+z0). The Poisson-Jensen formula

implies

log |ϕn(0)| = 1

2π

∫ 2π

0

log |ϕn(rjeit)| dt−
n(ε, 1

ϕn
)∑

µ=1

log
rj

|a(n)
µ |

+

n(ε,ϕn)∑
ν=1

log
rj

|b(n)
ν |

for ε < r1 < r2 < 1− ε. Then

1

2π

∫ 2π

0

log |ϕn(r2eit)| − log |ϕn(r1eit)| dt =

[
n

(
ε,

1

ϕn

)
− n(ε, ϕn)

]
· log

r2
r1

and the assertion follows, since the left-hand side tends to 0. The proposition

n(1− ε,
1

fn
) 6= n

(
1− ε,

1

gn

)
implies that the number of zeroes of fn and gn in ε ≤ |z| < 1− ε does not coincide,
if n is sufficiently large. Then |ϕ(z)| < 1 follows as in Theorem 1. This is a
contradiction and proves Theorem 2.



2584 WILHELM SCHWICK

If we want to prove the existence of an absolute constant c such that (∗) holds
under Korenblum’s additional assumption on the zeroes of f and g (compare [1]),
it is a consequence of the classical maximum principle that we only have to study
the case that f/g has at least one zero in |z| < c. Then the assertion follows from
Theorem 2.

In the following we want to reduce conjecture (∗). We suppose that it does not
hold and consider fn, gn ∈ A2(D) with

|fn(z)| ≥ |gn(z)| for cn ≤ |z| < 1 (cn ↘ 0)

and ∫
D
|fn(z)|2dm2 <

∫
D
|gn(z)|2dm2.

If ϕn and ϕ are defined as above, the proof of Theorem 1 implies |ϕ(z)| ≡ 1. W.l.o.g.
we may assume that fn and gn are bounded and that all zeroes and poles of ϕn lie
in {|z| < 1

4} or even in a smaller circle. Otherwise replace fn and gn by

f̃n(z) := fn(z/2), g̃n(z) := gn(z/2).

It is a consequence of Theorem 2 that n(1
4 , ϕn) = n(1

4 ,
1
ϕn

) for n sufficiently large.

Define a
(n)
µ , b

(n)
ν as above. If we consider

fn

(
a
(n)
1 − b

(n)
1

|a(n)
1 − b

(n)
1 |

· z + b
(n)
1

)
and gn

(
a
(n)
1 − b

(n)
1

|a(n)
1 − b

(n)
1 |

· z + b
(n)
1

)
instead of fn and gn, we can assume that each gn has a positive zero and that 0 is
a zero of each fn. For m(n) = n( 1

4 , ϕn) and

An(z) =

m(n)∏
µ=1

z − a
(n)
µ

1− ā
(n)
µ z

, Bn(z) =

m(n)∏
ν=1

z − b
(n)
ν

1− b̄
(n)
ν z

we have the representations

gn(z) = hn(z) ·An(z), fn(z) = hn(z) · Bn(z) · eψn(z),

where hn and ψn are analytic in D. W.l.o.g. we may suppose |a(n)
µ | < cn, |b(n)

ν | < cn
for µ, ν = 1, . . . ,m(n). The proposition gives∣∣∣∣Bn(z)

An(z)

∣∣∣∣ · eRe ψn(z) ≥ 1

for cn ≤ |z| < 1 and the maximum principle implies Re ψn(z) > 0 in |z| < 1, since

|Bn(z)
An(z) | → 1 for |z| → 1. Then we have (compare [4], p. 140)

Re ψn(0) · 1 + |z|
1− |z| ≥ Re ψn(z) ≥ Re ψn(0) · 1− |z|

1 + |z|
for |z| < 1 and therefore

Re ψn(0) ≥ 1− cn
1 + cn

· log max
|ζ|=cn

∣∣∣∣An(ζ)Bn(ζ)

∣∣∣∣ .
This implies the estimate

Re ψn(z) ≥ 1− cn
1 + cn

· log max
|ζ|=cn

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣ · 1− |z|
1 + |z|
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for |z| < 1. The method in the proof of Theorem 2 to show that the numbers of
zeroes and poles of ϕn coincide applied to the quotient An/Bn with r1 = r < 1 and
r2 = 1 gives

1

2π

∫ 2π

0

log

∣∣∣∣AnBn (reit)

∣∣∣∣ dt = 0

and therefore

max
|ζ|=r

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣ > 1

for cn ≤ r < 1. Hence

|fn(z)| = |hn(z)| · |Bn(z)| · eRe ψn(z)

≥ |hn(z)| · |Bn(z)| · max
|ζ|=cn

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣
1−cn
1+cn

· 1−|z|1+|z|

≥ |hn(z)| · |Bn(z)| · max
|ζ|=cn

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣ 13 ·
1−cn
1+cn

for |z| ≤ 1
2 . If 0 < r0 <

1
2 is a fixed radius and cn < r0 Hadamard’s three circle

theorem implies

max
|ζ|=cn

∣∣∣∣An(ζ)Bn(ζ)

∣∣∣∣ ≥ max
|ζ|=r0

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣
log(1/cn)
log(1/r0)

.

If n is sufficiently large, we then have

|fn(z)| ≥ |hn(z)| · |Bn(z)| · max
|ζ|=r0

∣∣∣∣An(ζ)Bn(ζ)

∣∣∣∣
for |z| ≤ 1

2 and

|hn(z)| · |Bn(z)| · max
|ζ|=r0

∣∣∣∣An(ζ)Bn(ζ)

∣∣∣∣ ≥ |gn(z)|

for r0 ≤ |z| ≤ 1
2 . Define

f̃n(z) = hn

(z
2

)
· Bn

(z
2

)
· max
|ζ|=r0

∣∣∣∣An(1
2ζ)

Bn(
1
2 ζ)

∣∣∣∣ and g̃n(z) = gn

(z
2

)
for |z| < 1 and 0 < r0 < 1. Then |f̃n(z)| ≥ |g̃n(z)| for r0 ≤ |z| < 1 (n sufficiently
large) and

∫
D
|f̃n(z)|2dm2 =

∫
D
|hn(z

2
)Bn(

z

2
)|2 · max

|ζ|= r0
2

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣2 dm2

= 4

∫
|z|< 1

2

|hn(z)Bn(z)|2 · max
|ζ|= r0

2

∣∣∣∣An(ζ)

Bn(ζ)

∣∣∣∣2 dm2

≤ 4

∫
|z|< 1

2

|fn(z)|2dm2 < 4

∫
|z|< 1

2

|gn(z)|2dm2 =

∫
D
|g̃n(z)|2dm2.

Therefore (∗) follows, if we are able to prove the following conjecture:
There exists an absolute constant 0 < r0 <

1
2 such that the following holds: Let

h(z) be a bounded analytic function in D and A(z) and B(z) be finite Blaschke
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products. If A(z) and B(z) have the same number of zeroes in D and if each zero
of A(z) or B(z) lies in {|z| < r0}, then∫

|z|< 1
2

|h(z) · B(z)|2 · max
|ζ|=r0

∣∣∣∣A(ζ)

B(ζ)

∣∣∣∣2 dm2 ≥
∫
|z|< 1

2

|h(z) ·A(z)|2dm2.(∗∗)

The proof of Theorem 2 yields that the zeroes of the Blaschke products may
even be assumed to be contained in a smaller circle.

Proof of Theorem 3. The above considerations starting with sequences fn and gn
such that (∗) does not hold and ending with conjecture (∗∗) show that Theorem 3
follows, if we are able to solve (∗∗) in the case A(z) = z−a

1−āz (a > 0) and B(z) = z.

Then we have to show the existence of 0 < r0 <
1
2 such that∫

|z|< 1
2

|h(z)|2|z|2 · max
|ζ|=r0

∣∣∣∣ ζ − a

(1 − āζ)ζ

∣∣∣∣2 dm2 ≥
∫
|z|< 1

2

|h(z)|2
∣∣∣∣ z − a

1− āz

∣∣∣∣2 dm2

for all h analytic in D, respectively∫
|z|< 1

2

|h(z)|2|z|2
∣∣∣∣ 1− āz

1− 4āz

∣∣∣∣2 · max
|ζ|=r0

∣∣∣∣ ζ − a

(1 − āζ)ζ

∣∣∣∣2 dm2

≥
∫
|z|< 1

2

|h(z)|2
∣∣∣∣ z − a

1− 4āz

∣∣∣∣2 dm2.

For |z| ≤ 1
2 and 0 < r0 <

1
8 we get∣∣∣∣ 1− āz

1− 4āz

∣∣∣∣ · max
|ζ|=r0

∣∣∣∣ ζ − a

(1− āζ)ζ

∣∣∣∣ ≥ max|ζ|=r0
∣∣∣ ζ−a
(1−āζ)ζ

∣∣∣
max|ζ|= 1

2

∣∣∣ ζ−a
(1−āζ)ζ

∣∣∣
=

1 + |a|
r0

1 + |a|r0 ·
1 + |a|

2

1 + 2|a| ≥
1 + |a|

4r0

1 + 16|a|r0 = max
|ζ|=4r0

∣∣∣∣ ζ − a

(1 − 4āζ)ζ

∣∣∣∣ .
Hence it suffices to prove the existence of 0 < r1 <

1
2 such that∫

|z|< 1
2

|h(z)|2|z|2 · max
|ζ|=r1

∣∣∣∣ ζ − a

(1− 4āζ)ζ

∣∣∣∣2 dm2 ≥
∫
|z|< 1

2

|h(z)|2
∣∣∣∣ z − a

1− 4āz

∣∣∣∣2 dm2

for all h analytic in D. This inequality, transformed to the unit circle, follows from
the next lemma.

Lemma 5. If h ∈ A2(D), 0 < r1 ≤ 1
2 and 0 < a < r1

4 , then∫
D
|h(z)|2|z|2 · max

|ζ|=r1

∣∣∣∣ ζ − a

(1− āζ)ζ

∣∣∣∣2 dm2 ≥
∫

D
|h(z)|2

∣∣∣∣ z − a

1− āz

∣∣∣∣2 dm2.

Proof. We first show∫
D
|zk|2 · |z|2 · max

|ζ|=r1

∣∣∣∣ ζ − a

(1− āζ)ζ

∣∣∣∣2 dm2 ≥
∫

D
|zk|2 · |z|2· 1−a1+a dm2(1)

for 0 < r1 ≤ 1
2 and k ∈ N0. Then (1) is equivalent to

π

k + 2

(
1 + a

r1

1 + a · r1

)2

≥ π

k + 1 + 1−a
1+a

,
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respectively(
1

r1
− r1

)(
2 + a

(
1

r1
+ r1

))
· (k + 2) ≥

(
1 +

a

r1

)2
2

1 + a
.

But this is obviously true if 1
r1
− r1 ≥ 1, especially for r1 ≤ 1

2 . Then we get∫
D
|h(z)|2|z|2 max

|ζ|=r1

∣∣∣∣ ζ − a

(1− āζ) · ζ
∣∣∣∣2 dm2 ≥

∫
D
|h(z)|2|z|2· 1−a1+a dm2

for h ∈ A2(D). If we apply [2], Lemma 4 with γ = 1−a
1+a we have∫

D
|h(z)|2|z|2· 1−a1+a dm2 ≥

∫
D
|h(z)|2

∣∣∣∣ z − a

1− āz

∣∣∣∣2 dm2,

which implies the assertion.

Proof of Theorem 4. Consider h ∈ A0
2(D). Then∫

D
|h(z)|2dm2 =

(
1 + a · r1
1 + a

r1

)2

·
∫

D

∣∣∣∣h(z)z
∣∣∣∣2 |z|2 · max

|ζ|=r1

∣∣∣∣ ζ − a

(1− āζ)ζ

∣∣∣∣2 dm2

L.5≥
(

1 + a · r1
1 + a

r1

)2

·
∫

D

∣∣∣∣h(z)z
∣∣∣∣2 ∣∣∣∣ z − a

1− āz

∣∣∣∣2 dm2 =

∫
D
|Ta(h)(z)|2dm2.
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