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ABSTRACT. We consider certain induced representations of the group
SL(n + 1,C) realized on line bundles over the projective space of C**1. We
calculate the intertwining operators in the compact picture. We find all the
unitarizable representations and determine the invariant norm.

80. INTRODUCTION

Let SL(2,C) be the group of complex 2 x 2 matrices with determinant one.
Its irreducible unitary representations have been classified [Kn]. They are either
principal series representations or Stein’s complementary series, and they are all
induced representations from a parabolic subgroup. In the present paper we will
consider similar representations of SL(1 4 n,C).

The above representations of SL(2,C) can be realized as follows. Consider the
unit disk in the complex plane. Its group of biholomorphic mappings is G =
SL(2,R). Let g be its Lie algebra and g = € + p be its Cartan decomposition.
The Lie algebra g© of G = SL(2,C) has a Harish-Chandra decomposition g& =
pt 4+ €€ + p~. Let P be the Lie subgroup of SL(2,C) with Lie algebra £© + p~.
Take a linear functional v on it and [ on € and consider the induced representation
I ndgc(l ® v ® 1) from P. The unitary principal series representations are those
with v purely imaginary and [ = 0; the Stein complementary series are, after a
normalization, 0 < v < 2 and [ = 0. Moreover they exhaust all the unitary
representations of SL(2, C).

We can replace the unit disk by any irreducible bounded symmetric domain G/ K
and consider the corresponding induced representation. Now &, the Lie algebra
of K, has one-dimensional center 3. We take a linear functional v on i3 and a
linear functional ! on 3 and consider the induced representation I ndlc,-‘fC (level)of
GC. When the bounded domain is the hyperbolic ball of n x n complex matrices
with operator norm less than 1, the group G is then SL(2n,C) and the above
representation is studied by Stein [St]. It is proved that there are complementary
series when [ = 0. Moreover later it turns out that Stein’s complementary series
play an important role in the classification of all the unitary representations of
SL(2n,C); see [Vol] and [Vo2].
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In this paper we will consider the case when the bounded symmetric domain is
the unit ball in C". Let G* be the compact dual of G. The induced representation
7., = Ind$ (I ® v ® 1) can be realized on L?(G*/K,1), the space of L*sections
of a line bundle on G*/K induced from the one-dimensional representation [ of
K. Under G* it decomposes into V2 with multiplicity one, and each V™2 contains
vector ¢y m of type [, unique up to scalar multiplication.

Let Z' be an element in the center of ¢¢. Then 7, (Z’), the infinitesimal action
of Z', maps ¢ m to a linear combination of ¢; n. We will find all the coefficients
of ¢; m’ appearing in this linear combination. Many results then follow from the
expansion.

The generalized principal series representations for other groups have also been
studied in [HT], [KS], [Jo], [OZ] and [Zh2].

In §1 we introduce the Lie algebra of Hermitian type and the Harish-Chandra
decomposition of its complexification and the corresponding parabolic subalgebra.
The parabolically induced representation can be realized on the L2-space of sec-
tions of a certain line bundle over the compact Hermitian symmetric space. The
decomposition into irreducibles of the L2-space is done in §2 by using Schlichtkrull’s
generalization of the Helgason theorem. In §3 we study the infinitesimal action of
the Lie algebra of the Harish-Chandra module. We restrict ourselves to the rank
one Hermitian symmetric space and find all the coefficients in the expansion of the
infinitesimal action of Z’ on the spherical polynomials of I-type. In §4 we examine
the existence of the complementary series.

We plan to study the similar generalized principal series representation for some
higher rank Hermitian symmetric spaces in a subsequent paper.

§1. PRELIMINARIES AND NOTATION

The material of this section is well known; we refer the reader to [KW] and [Sch]
for details.

Let g be a simple Lie algebra of Hermitian type and let g = €+ p be the Cartan
decomposition. Thus £ has one-dimensional center 3. Choose Zy € 3 so that ad(Z)
has eigenvalue 0, 4. Let pT be the eigenspaces of ad(Zp) in p* with eigenvalues
+1. We thus have the Harish-Chandra decomposition of g€, the complexification
of g, g¢ =p~ + €€ +pt.

Let b be a Cartan subalgebra of £ let and 7; < --- <, be the Harish-Chandra
strongly orthogonal roots. Let ex € p* be the corresponding root vectors e; such
that [ej,e_j] = —Dj and [Dj,ej] = 26j. Thus Dj S [’) and ’)/j(Dk) = 26j7k, where
;.1 is the Kronecker symbol. We put e =e; +---+e€,, e =e_1+---+e_, and
& =ej —e_j;. Thus & € p and they span a maximal abelian subspace b, of p. We
let 3; € by be defined by 3;(&x) = 26; x-

Denote by n = dimp™, p = try+ adD;. Then p is an integer and is called the
genus of (g,€). (trp+ is the trace functional on the complex space pT.) We define
Z =27y € 3. Thus 3 = RZ. We let further 2’ = —iZ, and a = RZ’. The
centralizer of a in g€ is then €C.

Let G be a connected group with Lie algebra g©, and G*, K€, K, A and P~
the subgroups with Lie algebras g* = £ 4 ip, £C, €, a and p~ respectively. G* is a
maximal compact subgroup G€ and K©P~ is the parabolic subgroup corresponding
to a.
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Each | € Z defines a linear functional on 3, Z +— [, and this extends further to
a representation 7; of K. Our main interest is the induced representation m;, =
I ndgc (I ® v) where v is a linear functional on a. It can be realized on the space of
functions f on G such that, writing elements in K€ as exp(tZ) exp(sZ’)k where
k is in the semisimple part of K€,

(1) f(gexp(tZ) exp(sZ')kp) = e "e=*Z) f(g) (p € P7); and

2) flg. € L*(G").
and the group G by the left regular action.

The representation 7, can be realized on the space L?(G*/K, 1) of all functions
f € L?(G*) such that f(gexp(tZ2)k) = et f(g).

Remark. When (g, ) is a Hermitian pair of tube type the central element Z’ =
%Z;Zl Dj; see [Sch]. However for non-tube type domains, 377, D; is not in the
center. This fact means that many representation theoretic properties differ from
tube-domain to non-tube domain; see e.g. Theorem 4.1 below.

§2. THE L2-SPACE OF SECTIONS OF LINE BUNDLES OVER G*/K.

The space L?(G*/K,l) is decomposed under G* into V ® Vi, where V' are
irreducible modules so that V3, # 0. Here V* is the contragradient of V' and
Vi, 1s its subspace of type —I under K ; see[He, Ch. V, Theorem 3.5]. It follows
from the Schlichtkrull’s generalization of Helgason theorem [Sch, Theorem 7.2] that
those irreducibles are of the form V™2 with highest weight m = %(ml B1+---m.5r),
with conditions |I| < mj < --- < m, and |I| 2 m; = --- 2 m, mod 2. Moreover
each V™ contains a unique one dimensional space of K-type . Thus L*(G*/K,I)
is decomposed into V2 with multiplicity one.

Now again by [Sch, Theorem 7.2], each irreducible V# contains a unique I-
spherical vector ¢, such that ¢, (kigks) = 7(k1)  ¢ru(g)m(k2)~! and that
Grule) = 1.

When [ = 0 and m = 3, we write ¢; ,, = ¢g,. In particular,
1 ks
(2.1) 0p, (exp(H)) = — > _ch f;(H), H € by.
j=1

Example. We take g* to be s[(2, C) and write it as Ce_ +CD+Ce, with [D, ex] =
+2ey and let G* = SU(2) be a real form of SL(2,C) with K = exp(iD) its Cartan
subgroup. Each irreducible representation of SU(2) is of highest weight T D*. It
can be realized on the space of homogeneous polynomials on C? of degree m. Thus
fixing a basis of C? we have 21" /2] are all the weight vectors, of weight =2 D*,
j=1,---,m. For any [, the weight %D* appears in the representation if and only
if |I| <m and I 2 m (mod 2) or equivalently m = [ + 2j for some j =0,1,--- ,m.
The corresponding weight vector is z{n_j z% If we take the matrix coefficient with
respect to this vector we get the spherical polynomials of one-dimensional K-type,
which are certain Jacobi polynomials [PZ].

§3. INDUCED REPRESENTATIONS OF G*

Let X (I,v) be the space of K-finite functions in L?(G*/K,1) and X (I,v)X be
the subspace consisting of functions which transform under K from both sides
according to the character ;. It follows from §2 that X (I,v)* =3  C¢ym Now
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7., (Z'), the infinitesimal action of Z’ on X (I,v), maps X (I,v)¥ into itself, since
7' is in the center of K€ and commutes with K. In this section we will calculate
this action.

Lemma 3.1. Let h = exp(H) € exp(b(g), He b(g, Then modulo (S 3)C +p~ in
C
g

Adh)2 = (1——+—zchﬁj )7+ i)

Proof. Write H = 37", ¢;&; with ¢; € C. Thus

Ad(h™1)Z" = Ad(exp(—c,&r)) - - - Ad(exp(—c161)) 2’
Now Ad(exp(—c;&;))Z" = exp(ad(—c¢;&;)(Z")) and recalling (1.1), we get

ad(—¢;&)(2) = [~¢;&5, 2] = 5-(2¢5) e + ),
(ad(~¢;§,))*(2") = 5=(2¢)° Dy,

L 2¢))3 (e +ey),

(ad(~c;6))*(2) = o~

and so on.
It follows that

Ad(exp(—c;&)) 2 = Z' + % sh(2c;)(e; + e_j) + Zﬂn(ch(zcj) —1)D;.

Moreover {e;,e_;, D;} are n-commuting s[(2, C)-triple; see [KS]. Thus, we have

T

Ad(h~Y¢, = 2" + % ish(zcj)(ej tej)+ % Y (ch(2¢;) — 1)D;

j—l j=1

=7+ p Zsh 2¢;)(ej —e_; )—l—gish(?c»)e_»

i) i P 3)€~j

P\ p
+ 5 Z; ch(2¢;)D Z D;.
j

We write D; = Z' + D’ and trp+ adD’; = try+ adD; — try+ adZ" = p —p = 0. Thus
D’ e (e~ 3)C. This concludes the proof. |

We now calculate the infinitesimal action of Z’ on ¢; . By definition

T (2 )1 u(h) = %gbl,#(exp(—tZ’)h) = %gbl,#(hexp(—tAd(h_l)Z’))

t=0 t=0

n

1——+—2:ch6J Z i, (h %Z sh 3;(H )¢, b1, (h)

= (1= g (Z)bru(h) Zchﬂj Déu(h)

;2:: hﬁj 8&@#( )
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and the second term above can be written as $2v(Z")¢g, ¢, by (2.1).
From now on we assume that (g, £) is the rank one symmetric pair (su(1,n), u(n)).
The space G*/K is then the projective space of C"*!. Thus the highest weights

appearing in L?(G*/K, 1) are of the form p = 24 with |I| < m and [ = m mod 2.
Proposition 3.2. The following recurrence formulas hold:
1 1 _
(bﬁ(g)d’l,%ﬁ(g) = §bz_m¢l,m+25(g) + §bl,m¢z,%g(9)

(+1-n)(l—1+mn)
(m+n+1)(m+n-1)

b1,25(9), 9 €G",

where
(m=+2n+1)(m+2n—1)

bl =
Lm (m+n)(im+n+1)

)

_ (—m+1)(—m—1)

b = (m+n)(m+n-—1)

Moreover bl"”m (resp. by ,,) is nonzero if and only if mE28 (resp. 323) is not a
highest weight.

Proof. When | = 0 then ¢;mps = ¢mp. This was proved by Vretare; see [V1],
[V2] and [Zhl1]. For general [ it is essentially proved in [Heec, Corollary 7.7] using
algebraic methods. We give here a proof using again the idea of Vretare.

We first show that the product ¢s(g)é1,m5(g) can indeed be expressed in terms
of ¢, s+p(g). As in [Zh1] we consider the tensor product V=7 @ g®, where V27
is a module of G* with highest weight 38 and gC is of highest weight 3. The
spherical polynomials ¢ =g are then the matrix coefficients with respect to the
corresponding vector, say v;,zs of one dimensional K-type l; ¢s is the matrix
coefficient with respect to the K-invariant vector vs (= Z’) in g©. Thus the matrix
coeflicient of vy, m s ® v is ¢, msPg.

Now each component of v, 2 3®vg in the tensor product decomposition of ViP®
p must be of K-type [. However those containing a vector of K-type [ must have
highest weights 534 8 or 23, by the weight space decomposition of gC and [Sch,
Theorem 7.2]. (Note that for the case considered in [OZ] where the root system is
of type A, tensor product arguments show that the term ¢ »s does not appear;
whereas in our case the root system is of type C and indeed ¢; g will appear in
the expansion for most m, as we will see.) By taking the matrix coefficients of the
decomposition of the vector ¢y, ms ® ¢dg we get an expansion of ¢z (g)@,%ﬁ(g) in
terms of le,%ﬁj:ﬁ(g) and (bl,%ﬁ-

Next we find the coefficient in the expansion. We recall [Shi] that we can actually
define the l-spherical function ®;  (denoted by ¢; » in [Sch]) on the non-compact
dual G and when A\ = 38+ p, ®;m34, = ¢, mp and we work on the expansion,
with X € ag

(;55(9)(1%’)\(9) = Cl,ﬁ()\)q)l)\_,_ﬁ(h) + Cl7_g()\)q)l’>\_g(h) + Remainder

for some numbers ¢; +3(A). Here the term Remainder, if it appears, is a finite sum
of spherical functions ®; » with A’ satisfying A" < A £ § in the ordering of a* (i.e.,
B > 0). Take Hy € a such that G(Hp) > 0 and let h = exp(tHp). Multiply both
sides in the expansion by e*(?=M(Ho) and take the limit as ¢t — co. Now using the
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limit formula in [Shi, Proposition 4.9] (see also [Zh3, Corollary 2.2]), we have with
A=3B+p
2 ’

G(8+p) 1 GE(FB+p)
(F(F0+p£0) 2C(H(FB+p+p))

where Cj(-) is the generalized Harish-Chandra C-function; see [Sch, Remark 7.3]
and [Zh3, Corollary 2.2]. Using the formula given there we find the coefficient of
?. m2 5. Now evaluating the recurrence formula at the identity and after a routine
calculation we find the coefficient of ¢ = 5. O

CwMM=CW+ma

Proposition 3.3. Let h = exp(H) € exp(f)f), He hf. Then

Sh(B(H)) e 2 () = 5m b by s () + 5 (~m — 2m) b 6y s ()

3 2(n+1)+m(n—1)(m —2n)
(=1+m+n)(l+m-+n)

é1,m,

where bt (k) are as in Proposition 3.2.

Proof. The idea of the proof is similar to that of Lemma 3.1. We sketch it here.
By considering the tensor product as above we know that sh(8(H))0g1, = s(h)

can be expanded in terms of ¢l7mTi26(h) and ¢ mg(h). Taking the limit of this
expansion along b; and using the Weyl invariance as in Proposition 3.2 we find that
that the coefficients of ¢l7mT+z(h) and ¢l7mszﬁ(h) are %mbfm and 1(—m — 2n)b;,
respectively. Now evaluating both sides at H = 0 we find the coefficient of ¢ m g
(after some elementary algebra). O

Recall the formula for ., (Z’ )051% g after Lemma 3.1. Using Propositions 3.2
and 3.3 we now obtain the following formula for 7, (Z’)¢;, = .

Theorem 3.4. We have the following formula for the infinitesimal action:

1 n+1
T (Z)rmp = 35, v(Z') +m)b] ¢y miz
1 n+1 , _
+ 5( o v(Z") —m — 2n)bl’m¢l,mszﬁ

(I’(n+1) +m(n —1)(m — 2n))
(=1+m+n)(l+m-+n)

(v —8)(Z") ¢,z 6,

where bitm s given in Proposition 3.2.

§4. INTERTWINING OPERATORS AND THE COMPLEMENTARY SERIES

In this section we study the intertwining operator between pairs of represen-
tations of the complementary series, corresponding to those real v for which the
representation m; ,, is unitarizable and irreducible.

Suppose A is an intertwining operator from m;, to my .. Clearly [I] = |I'|.
Furthermore A acts on each space with K-type F3 as a constant A(%F03), by

Schur’s lemma. Now

(4.1) Am (2 prmp = w0 (2" A, m g = A2 L)y 1 (Z)) 1, m -
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Using Theorem 3.4 and comparing the coefficients of ¢ = 3 we find

(12(n+ 1) +m(n — 1)(m — 2n)) m

(_1+m+n)(1+m+n) (V_(S)(Z/)A(Eﬂ)
_ @+ +mn—-1)(m—2n)) N g
 (-l+m+n)(l+m+n) (" = O)(Z)A( 26)'

If n =1 and [ = 0 both sides are 0. Otherwise if n # 1 or [ # 0, this equation
holds if and only if v(Z') = V/(Z'), i.e., v = V. Suppose now that v = /.
Comparing the coefficients of ¢; ms2 5 in (4.1) gives

A(F2B) _ V' +my —pj— pa
A(GB)  vHm;—pj—pn

Thus A is the identity operator, which further implies that [ = I’. Thus we have
proved the following (somewhat surprising) result.

=1.

Theorem 4.1. If n £ 1 orl # 0, then there exists no intertwining operator from
X(,v) to X(I',v') unless Il =1 and v = v/, in which case the intertwining operator
is the trivial one.

Note that in most cases there exist intertwining operators between dual repre-
sentations; see [Jo], [KS], [St], [OZ] and [Zh2].

We now consider complementary series, namely those real v with v(Z’) € R for
which 7, are irreducible and unitarizable. Suppose 7, is unitary with a unitary
inner product (-,-). Then 7, (Z") is skew symmetric under the K-decomposition.
In particular,

(M (Z )15, 1) = —(B1, 8, T (Z)) 1,2 ).
Theorem 3.4 and Schur’s lemma give us, for all m € Z,
(n+1)+m(n—1)(m—2n)
(—1+m+n)(1+m+mn)
(n+1)+m(n—1)(m—2n)
(=1+m+n)(l+m-+n)

(v —=8)(Z')

=—-(w-9(2")

and since (v — §)(Z') is real we have
Pn+1)+m(n—1)(m—2n)
(~1+m+n)1+m-+n)
Thus either v = ¢ in which case m;,, is the irreducible and unitary principal series
representation ([Kn]), or 1?(n+1) +m(n — 1)(m — 2n) = 0 for all m. The left-
hand side is a quadratic form in m € Z; thus all the coefficients of m?, m, and the
constant term vanish. This implies that n =1 and [ = 0.
Let n =1 and [ = 0. The Lie algebra in question is s[(2, C). Suppose A(v,v’) is
an intertwining operator from 7, to m /. Then by Schur’s lemma A(v,v’') acts
on each space with K-type 3 as a constant A(v,v')(%3). Thus

A, V)10, (21, mp = 10, (Z") A(v, V)1, m s = A(v, VI)(%@WOM(ZI)@,%&

Using Theorem 3.4 and comparing the coefficients of ¢, mt25 We find

(v —6)(Z")

2 1 b , 1, . b
A ) EE A2+ m) = A (S (2 4 m)
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and

.
”;1(Z)n12mlm
16)

AW )2 0)(

( V’(Z/)—m—Zn)bITm.

Replacing 53 by mT_Qﬂ in the first equality and comparing with the second one
we get

:A@wx ntl

A(v, )(mTﬁ) ";;H/(Z’)—m—?n _ 2+ v(Z")+m —2

A(v, V") (%5) _"+1 (Z’)—m—2n_i "NZ"N+m—2
Simplifying the equality (recall that n = 1), we obtain

((2') = A2 2) + A Z') ~2) =,
which gives v/(Z') = #(Z') or v/(Z') + (Z') = 2. That is, there is an intertwining
operator between 7, and m - only if they are dual.
Suppose now v'(Z') =2 —v(Z'). (4.2) implies that
@5) _T@—-v(Z')+m)
277 TW(Z') +m)

Theorem 4.2. There exists a complementary series only if n =1 and l = 0, in
which case a unitary structure on ., s given for each K-type 33, by

F(2— v

for f € L*(K) of K-type 23, and 0 < V(Z’ ) < 2.

(4.2)

Alv, V)(

It seems to us that the explicit unitary norm of the Stein complementary series
SL(2N,C) in the compact picture has not been found before, even in the case
N=1
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