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ABSTRACT. There are some known results that guarantee the existence of a
nontrivial closed invariant ideal for a quasinilpotent positive operator on an
AM-space with unit or a Banach lattice whose positive cone contains an ex-
treme ray. Some recent results also guarantee the existence of such ideals for
certain positive operators, e.g. a compact quasinilpotent positive operator, on
an arbitrary Banach lattice. The main object of this article is to use these
results in constructing a maximal closed ideal chain, each of whose members
is invariant under a certain collection of operators that are related to compact
positive operators, or to quasinilpotent positive operators.

1. PRELIMINARY DEFINITIONS & LEMMAS

Throughout the article we will employ the terminology of the books [3] and [10]
and assume familiarity with basic definitions and results of these books. We shall
also adhere to the following conventions and definitions.

Unless otherwise stated N is the set of all natural numbers, X is a general real
or complex Banach space, B(X) is the collection of all bounded linear operators on
X, F is a real Banach lattice, EL = {x € E : x > 0} is the positive cone of E, and
the topology on B(X) is the norm topology.

By a closed invariant ideal we mean a closed ideal that is taken into itself by
the given operator. A subset I' of B(FE) is called decomposable if there exists a
nontrivial closed ideal that is invariant for all operators in I', otherwise I is called
indecomposable. The collection of all closed invariant ideals (subspaces) of a subset
T of B(E) (B(X)) is denoted by Ilat(I") (Lat(T")). If T’ = {T'}, where T' € B(X), we
simply use T instead of I.

A closed ideal of E is p-hyperinvariant for a positive operator T on F if it is
invariant under every positive operator S on E which commutes with 7. The
positive commutant of a positive operator on E, denoted by {1}/, is the collection
of all positive operators S on E which commutes with T'.

A ray Ry, = {Axo : A > 0}, 0 # 29 € Ey, is an extreme ray for the positive
cone Ey if v € Ryp,x =y + 2, and y,z € Ef imply y,2 € Ry,. The elements
defining extreme rays are also well-known as atoms. An atom is a positive vector
x such that 0 < y < x implies y = Ax for some A > 0. A Banach lattice F is
called a QF-space if for each pair I, J of closed ideals of F, with I C J, the positive
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cone (J/I)4 of J/I contains an extreme ray. Examples of QE-spaces are discussed
in section 4. An example of a Banach lattice which is not a QE-space is given in
section 5.

An operator T is said to be quasinilpotent at xq if lim,, ¢ || T"zo||"/™ = 0. The
notion of quasinilpotence at a vector was introduced first in [2], where it was shown
that it plays an important role for the invariant subspace problem.

If I is an ideal of E, then the following proposition (which we use without notice
in the sequel) holds for the quotient vector space E/I. (See [12, Propositions I1.2.6
and 11.5.4].)

Proposition 1.1. For any ideal I of E, E/I is a vector lattice under the finest
ordering of E/I for which the canonical map of E onto E/I is positive. If T is
closed, then E/I is a Banach lattice.

If T € B(X) and if M € Lat(T), then the compression of T to X/M, denoted
by T and defined by T'(z + M) = Tx + M, is a well defined operator on X/M. In

this section we state a number of lemmas concerning 7. We omit their proofs as
they are well known.

Lemma 1.2. If T € B(E) is positive and if T € Tlat(T), then T is also a positive
operator on E/I.
Lemma 1.3. Suppose T € B(X) and M € Lat(T).

(a) If T is quasinilpotent, then T is a quasinilpotent operator on X/M.

(b) If T is compact, then T is a compact operator on X /M.

(¢c) If T is weakly compact, then T is a weakly compact operator on X /M.
Lemma 1.4. Suppose S,T € B(E) and I € Nat({S,T}). Let S and T be the
compression of S and T to E/I, respectively.

(a) If T is a positive operator that dominates S, then T dominates S.

(b) If ST, then S <T.

Lemma 1.5. If I is a closed ideal of an AL- or AM-space E, then I and E/I are
AL- or AM-spaces, respectively.

Lemma 1.6. If e is the unit of an AM-space E and I is a closed ideal of E, then
e+ 1 is the unit of E/I.

2. DECOMPOSABILITY THEOREMS

We first recall a number of known results concerning decomposability of positive
operators. Here by a “positive operator” we mean “a nonzero positive operator”.

Theorem 2.1 ([12, Proposition V.6.1]). If E is a closed ideal of an AM-space with
unit or if E is a Banach lattice whose positive cone contains an extreme ray and if
T € B(E) is a quasinilpotent positive operator, then T is decomposable.

Theorem 2.2 ([9, Proposition 2]). Every compact, quasinilpotent, positive opera-
tor on a Banach lattice is decomposable.

Theorem 2.3 ([1, Theorem 4.3]). Fvery compact, quasinilpotent, positive opera-
tor on a Banach lattice has a nontrivial p-hyperinvariant closed ideal.

Corollary 2.4. Suppose T € B(FE) is a weakly compact quasinilpotent positive op-
erator and E is an AL- or AM-space. Then T? has a nontrivial p-hyperinvariant
closed ideal. In particular, T has a nontrivial p-hyperinvariant closed ideal.
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Proof. By [5, Corollary 5.19.9], T? is a compact operator. The results now follow
from Theorem 2.3 and the fact that {T'} C {T?}'. |

Corollary 2.5. (a) Suppose I' is a commutative collection of positive operators on
E and let T be a quasinilpotent positive operator. Then in each of the following
cases I is decomposable.

(a) T is compact and T € T.

(b) T is dominated by a compact operator and T® € T.

(c) E is an AM- or AL-space, T is weakly compact, and T? € T.

(d) E is an AM- or AL-space, T is dominated by a weakly compact operator,
and T* € T.

Proof. (a) Since I' C {T'}/,, Theorem 2.3 gives the desired result.
(b) By [5, Theorem 5.16.13], T is compact and hence I is decomposable by (a).
(c) As in the proof of Corollary 2.4, T2 is compact. Now apply (a).
(d) By [5, Theorem 5.17.11], T? is weakly compact and hence I is decomposable
by (c). O

Our reading of [1] and [9] revealed that there is an extension of Theorem 2.3,
whose proof is a slight modification of the proofs given in [9] and [1] for Theorems
2.2 and 2.3, respectively.

Theorem 2.6. Let T € B(E) be a nonzero compact positive operator. If T is
quasinilpotent at some xg > 0 in E, then T has a nontrivial p-hyperinvariant closed
ideal.

Proof. Since the null ideal Ny = {x € E : T(|z|) = 0} is a p-hyperinvariant closed
ideal for T', we are done if Txg = 0. If Txy # 0 we proceed as follows:

As in the proof of [1, Theorem 4.3], £, = F, where

F ={z € E:3y >0 such that |z| < Ty},
w=> % > 0, and {z,} is a norm dense sequence in T(E). Hence F is a
nontrivial p-hyperinvariant closed ideal for T', if E does not contain a quasi-interior
point. Otherwise, as in the second part of [9, Proposition 2],

For each f > 0 the closure W s a nonzero closed ideal which is invariant
under T, where T[f] = {Sf:S8 €T}, T ={S1 —52:51,5% €T}, and T+ =
{S€B(E):0< 8 <R for some Re {T}}.

By the last part of [1, Theorem 4.3], 7[f] is a p-hyperinvariant closed ideal for T';

therefore we are done if we show that there exists f # 0 in E such that 7[f] # E.
Suppose, on the contrary, that W = F for all f # 0, in E. Since xy and Txg
are not equal to zero, we can choose an open ball U, with center zy, such that
0# T(U) and 0 # U. Proceed as in the final step of the proof of [9, Proposition 2]
to find a natural number n, a sequence {j,,}>°_; in {1,2,...,n}, and a sequence

{Sj}j=1 in T such that g,, = S5;,,TS;,, ,T---SjTxo €U for all m, and show that
gm]l < (20)™|T™o|l, where € = max{||R"|| : j = 1,...,n;i = 1,2}. Since T is
quasinilpotent at xg, ||gm|| — 0 and hence 0 € U, contradicting the choice of . O

Remark. 1t is clear that similar corollaries to those of Theorem 2.3 can be obtained
from Theorem 2.6 if we replace quasinilpotency by quasinilpotency at some xg > 0
for which T'xg > 0.
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To introduce other decomposability theorems we need to state a simple fact
whose proof is omitted.

Lemma 2.7. Suppose I' C B(E),T € B(E),T is a positive operator, and I €
Nat(T). Then I € Nat(T') if either T dominates all of the operators in I’ or if all
elements of T are positive and S <T for all S € T.

By this Lemma and all the results preceding it, we can easily obtain other de-
composability results. Here are some examples:

Corollary 2.8. Suppose I' C B(E),T is a quasinilpotent positive operator on E
and either (a) T dominates all members of T' or (b) all elements of T' are positive
and T majorizes T'. Then in each of the following cases T is decomposable; (i) E
is a closed ideal of an AM-space, (ii) E is a Banach lattice whose positive cone
contains an extreme ray, (iii) E is an AL-space and T is weakly compact, (iv) E is
any Banach space and T is compact.

3. IDEAL CHAINS AND IDEAL TRIANGULARIZABILITY

The concept of triangularizability of a collection of operators on a finite or infinite
dimensional Banach space has been studied by many authors, e.g., [6], [7], [8], and
[10]. Recall that the collection I" of operators, on a Banach space, is triangularizable
if there is a maximal subspace chain each of whose members is invariant under all
the operators in I'.

It is the purpose of this section to introduce a Banach lattice version of this
concept and a few of its related results.

Let A(E) denote the collection of all closed ideals of E and partially order A(FE)
by the inclusion relation “C”. A totally ordered subset F of A(E) will be called
an ideal chain. If each element of F is invariant under a collection of operators I'
on E, we shall call F an invariant ideal chain. A trivial example of an invariant
ideal chain is {{0}, E'}. The existence of nontrivial invariant ideal chains for several
classes of operators on Banach lattices can be deduced from some of the theorems
in section 2. A similar argument to the one given in [11, Section 4.3], shows that if
T, the class of all ideal chains, is partially ordered by the inclusion relation then by
an application of Zorn’s Lemma one can show the existence of mazimal (invariant)
ideal chains in Y.

Definition 3.1. The collection I'" of operators on a Banach lattice E is ideal-
triangularizable if there is a maximal ideal chain each of whose members is invariant
under all the operators in I'; such an ideal chain will be said to be triangularizing
for T. If T' = {T'}, we simply say that T is ideal-triangularizable.

Let F be an ideal chain and let Fy be a subfamily of F. It is clear that Oy =
(I : I € Fo} is a closed ideal. Since Fy is totally ordered by inclusion the set
Qo =U{I: I € Fo} is a linear manifold of E. Now suppose z € {p and y € E are
such that |y| < |z|. Let I € Fy be such that x € I. Since I is an ideal, y € I and
hence y € €. Thus Qg is an ideal of £ and hence the norm closure of Qq, i.e. Qo,
is a closed ideal of E.

Definition 3.2. Let F be an ideal chain. We call F a simple ideal chain if it
satisfies: (1) {0} € F, and £ € F, (2) if Fo is a subfamily of F, then the closed
ideals ©¢ and Qg are in F, (3) for each J in F, the quotient J/J_ is at most
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1-dimensional, where J_ = [J{I : I € F,I # J, and I C J}] if there are closed
ideals I in F which are properly contained in J and J_ = {0} otherwise.

With exactly the same proof of [11, Lemma 4.3.1], one can show:
Lemma 3.3. Fach simple ideal chain is mazimal.

Definition 3.4. A subset I' of B(E) is said to be compressionally decomposable if
for any I,J € Ilat(I"), with I C J and dim(J/I) > 2, the compression I" of ' to
J/I is decomposable.

Proposition 3.5. Suppose E is a closed ideal of an AM-space F with unit f. If
T € B(E) is a quasinilpotent positive operator, then T is compressionally decom-
posable.

Proof. By Theorem 2.1 T is decomposable. Let I,J € Tlat(T), with I C J and
dim(J/I) > 2. Since E is an AM-space, J is an AM-space. Since I is a closed ideal
of both J and F, J/I is a closed ideal of F/I,J/I and F/I are both AM-spaces by
Lemma 1.5, and f + I is a unit for F//I by Lemma 1.6.

Since T is a quasinilpotent positive operator on E, T is a quasinilpotent positive
operator on J. Hence Tisa quasinilpotent positive operator on J/I by Lemma 1.2
and Lemma 1.3(a). Therefore, Theorem 2.1 implies that T is decomposable. [

Proposition 3.6. Suppose E is a QE-space and T is a quasinilpotent positive op-
erator on . Then T is compressionally decomposable.

Proof. Since E is a QE-space, EL = (E/{0})4 contains an extreme ray and hence T
is decomposable by Theorem 2.1. Let I, J € lat(T), with I C J and dim(J/I) > 2.
Since E is a QE-space, (J/I)4 contains an extreme ray. Since T is a quasinilpotent

positive operator on .J/I by Lemmas 1.2 and 1.3(a), 7' is decomposable by Theorem
2.1. O

Proposition 3.7. If K € B(E) is a compact, quasinilpotent, positive operator,
then K and T' = {K'}! are compressionally decomposable.

Proof. By Theorem 2.3, K and I" are decomposable. Let I, J € Ilat(K) or lat(T"),
with I € J and dim(J/I) > 2. We know that K is a compact quasinilpotent
positive operator on J/I by Lemma 1.2, Lemma 1.3(a), and Lemma 1.3(b). Hence,
by Theorem 2.3, K and the compression f, of T to J/I, are decomposable, as
I c{KV. 0
Proposition 3.8. Suppose K € B(FE) is a weakly compact quasinilpotent positive
operator and E is an AL- or AM-space. Then K and {K2}’+ are compressionally
decomposable. In particular { K} is compressionally decomposable.

Proof. Apply Corollary 2.4, Lemma 1.2, Lemma 1.3 and Lemma 1.5. O

Proposition 3.9. If T' € B(E) is a nonzero quasinilpotent positive operator and
if there exists a nonzero operator S € {T'}!, that dominates a nonzero compact
operator K € B(E), then {S,T} is compressionally decomposable.

Proof. Since T is a quasinilpotent positive operator, there exists zop > 0 in E
such that T is quasinilpotent at zo, and hence, by [3, Theorem 7.1, {S,T} is
decomposable. Suppose I,J € Tlat({S,T}). It is easy to see that I,J € Tlat(K)

and, by Lemma 1.4, the compression SofStoJ /I dominates the compression K
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of K to J/I. Now apply the appropriate lemmas of section 1 and [3, Theorem 7.1]
to prove {S,T} is decomposable, if dim(J/I) > 2. O

The following proposition and its corollaries are easy consequences of the above
results. We omit their easy proofs.

Proposition 3.10. Suppose I' C B(E) and T € T is a compressionally decompos-
able positive operator. Then T' is compressionally decomposable if either T domi-
nates all of the elements of I or if all of the elements of I' are positive operators
and if T magjorizes T,

Corollary 3.11. Suppose I' C B(E),T € T is a quasinilpotent positive operator,
and either (a) T dominates all elements of T' or (b) all elements of T' are positive
and T majorizes I'. Then T is compressionally decomposable in each of the following
cases: (i) E is a closed ideal of an AM-space, (i) E is a QE-space, (iii) E is an
AL-space and T 1is weakly compact, (iv) E is any Banach lattice and T is compact.

Lemma 3.12. Suppose I' C B(E) is compressionally decomposable. Then each
mazimal invariant ideal chain for T' is simple.

Proof. Suppose that F is a maximal invariant ideal chain for I". By a similar proof
to the one given in the first part of the proof of [11, Lemma 4.3.2], we can show
that F has the first two conditions of Definition 3.2.

To verify the third, suppose dim(J/J_-) > 2, for some J in F. Since T is
compressionally decomposable, there exists a nontrivial closed ideal Iy of J/J_
such that T'(Iy) C Ip for all T € T.

If we define I = {x € J: x4+ J_ € Iy}, then, as the canonical map = : E — E/I
is a lattice homomorphism, I is a closed ideal of E. It is also easy to verify that
T(I)CITforalTeTand J-GIGJ.

As in the last part of the proof of [11, Lemma 4.3.2], we can show that I ¢ F
and F U {I} is totally ordered by inclusion. Hence F U {I} is an invariant ideal
chain for I that properly contains F, which contradicts the maximality of F. This
contradiction implies that dim(J/J_) is at most one and hence F is a simple ideal
chain. O

Theorem 3.13. Let I' C B(E) be compressionally decomposable. Then there is a
simple ideal chain F such that each I € F is invariant under each T € T'.

Proof. 1t is sufficient to take for F any maximal invariant ideal chain, by Lemma
3.12. |

By using Propositions 3.5-3.10, Corollary 3.11, and Theorem 3.13, we are now
able to derive some ideal-triangularizability results. We present one and leave the
rest as they can be obtained similarly.

Theorem 3.14. Suppose E is a closed ideal of an AM-space with unit, in particular
suppose E = Cy(X), where X is a locally compact Hausdorff space. If T is a
quasinilpotent positive operator on E, then T is ideal-triangularizable.

4. CB-SPACES AND IDEAL-TRIANGULARIZABILITY

If X is a Banach space with a Schauder basis {x,}52 1, then this basis gives rise
to a natural closed cone C defined by C' = {z = > 77 | any : o, > 0 Vn}. With
this cone, X will be an ordered Banach space. Now if the basis is unconditional, then
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by using [13, Theorem 16.1] we can check that this ordered Banach space is indeed
a Banach lattice and for every x € X, with @ = > 7 | anty, |2] = D 0o |an|zy.
Conversely, if a Banach lattice E has a Schauder basis and if the positive cone of E
is compatible with the cone generated by this basis, then this basis is unconditional.
Such Banach lattices are called CB-spaces.

Recently in [4], the authors established an invariant subspace theorem for the
positive operators acting on a Banach space X with a basis. In this section it is
shown that in that theorem “subspace” can be replaced by “closed ideal” if the
basis of X is unconditional.

In what follows the sequence {z,}52; is an unconditional basis for the given
CB-space.

Definition 4.1. Let I be an ideal of a CB-space E. We say that x; participates in
I if there exists x € I with z =7 | a, 2, such that a; # 0.

Lemma 4.2. Suppose I is an ideal of a CB-space E and P = {x; : x; participates
inI}. Then P C 1, and hence [ ={z € E:x =) po;Tk}.

Proof. Suppose z; € P; then there exists x = Zle Ty in I such that «; # 0.
Since |z| C I and since |z| = Y0 |ay|zs, the relation |ag|lz; < Y07 |an |z,
implies |a;|x; € I. Hence x; € I as «; # 0. O

Lemma 4.3. Suppose E is a CB-space. Then I is a closed ideal of E if and only
if there exists a subset St of N such that

I:{szanxneE:amz()VmgéSj}.

n=1

Proof. Suppose I is a closed ideal of E. If T = {0} take S; = @, and if [ = E take
S =N. Suppose I # {0} and I # E. If such St does not exist, then for each i € N
there exists x € I with x = Z;;O:l anxy such that a; # 0. This x; participates in
I for all 4 € N and hence I contains all elements of the basis {x,}22; by Lemma
4.2. Therefore, I = E as I is closed, a contradiction.

Conversely, suppose S7 is a subset of N for which I is the collection of all
T = 2211 anx, in E with oy, = 0 for all m ¢ S;. It is easy to verify that I is an
ideal of E. Now let {yx}?2; be a sequence in I that converges to y in E. Suppose
that, for each k, {Bkn}nes, is a sequence of scalars such that y, = ZnESI BrenTn.
Suppose also that {3,}52, is a sequence of scalars such that y = > ° | B,x,.
Since for each k, [|yx —y|l = | Xpry V,n@nll, where vy = B — By for n € Sy and
Vi = —PBn for n ¢ Sr, and since |lyx — y|| — 0, we should have limg_,00 Bin = On
whenever n € St and limg_,o 8, = 0 whenever n ¢ St, as limg_.oc Yx,n = 0 for all
n € N. Hence (3, =0 for all n ¢ Sy, which means y € I and hence I is closed. O

Corollary 4.4. For each closed ideal I # {0}, of a CB-space E, there exists i € N
such that x; € 1.

Proof. If I = E there is nothing to prove. If I # E, let S; be as in Lemma 4.3.
Since S is not empty, there exists ¢ € S;. For this ¢ we have z; € I. O

Corollary 4.5. The positive cone of each closed ideal I of a CB-space E contains
an extreme ray.
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Proof. If I = {0} there is nothing to prove. Suppose I # {0} and let Sy be as
in Lemma 4.3. By Corollary 4.4, let i € N be such that x; € I. Suppose A > 0
and z,y € I, are such that Az; = x + y, and suppose {a, }nes;, {Bn}nes, are two
sequences of nonnegative scalars such that z = s; OnTp and y = Yo s; BnTn.
Then, by the properties of a basis we should have a,, +3,, = 0 for all n € S\ {i} and
a;+0; = A. Hence a, = B, = 0 for alln € S;\{i}. This means x,y € {px; : up > 0}
and hence I, contains an extreme ray. O

Corollary 4.6. Suppose I,J, with I C J are two closed ideals of a CB-space E.
Then the positive cone (J/I)4 of the quotient space J/I contains an extreme ray.
Furthermore, each CB-space is a QE-space.

Proof. If either J = {0} or J = I there is nothing to prove, hence suppose J # I
and let S; and S; be as in Lemma 4.3. Clearly, S5; ; Sj. Let j € S; be such that
xzj ¢ I. By Corollary 4.5, z; generates an extreme ray for J.

Let z,y € J be such that z + I,y + I € (J/I)y. (Without loss of any generality
we can assume that @,y € J;.) Suppose the sequences of positive scalars {ay, }nes,
and {B,}nes, are such that x = ZnGS,/ onTyn and y = ZnES,] Bpxn. IfX>0
is such that A(z; +I) = (z + I) 4+ (y + I), then there exists z € I such that
Ax; —x —y = z. Hence

()\ -y = ﬂj)ajj + Z _(an +ﬁn)$n + Z _(an +6n +7n)$n =0,

nes neSy

where S = Sy \ (S U{j}) and {7vn}nes, is a sequence of scalars such that z =
ZnESI Y. Thus, A =a; + Fj,an + B, =0foralln e S, and ap + B + 7, =0
for all n € St and hence a,, = §,, = 0 for all n € S. Therefore, x + I = a;(x; +I)
and y+1 = B;(z;+1I), which means x;+I generates an extreme ray for (J/I);. O

Corollaries 4.6 and 3.11-(ii), and the comment preceding Theorem 3.14, now
imply the main result of this section concerning CB-spaces and, in particular, the
Banach lattices cy and I,, where [ < p < oco. In fact:

Theorem 4.7. Suppose E is a CB-space, T is a quasinilpotent positive operator
on E, and T C B(E). Then T is ideal-triangularizable. If T € T' and T dominates
all elements of T, then T is also ideal-triangularizable. Furthermore, if all elements
of I' are positive and if T magjorizes I, then T" is ideal-triangularizable.

5. EXAMPLES, QUESTIONS & COMMENTS

Example 5.1. Let £ = LP[0,1], 1 < p < o0, or E = C]0,1], and let V be the
Volterra integral operator on E, i.e., the indefinite integral V f(¢) = fot f(z)dx. Tt
is known that V is a compact quasinilpotent operator on E and it is obvious that
V' is a positive operator in both cases.

For each s € [0,1],let I, = {f € E: f =0 a.e. on [0,s]} if E = L?[0,1], and
let Iy ={f€eE:f=0o0nl0,s]}if E=C[0,1]. In either case it is clear that the
I, form closed ideals of E' which are invariant under V. In a similar discussion to
that of [11, Example 4.2.12], it can also be shown that, in both cases, the family
F ={I;:0< s <1} is asimple chain, and hence F is a triangularizing ideal chain
for V.
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Example 5.2. Let K = [0,1] and let £ = C(K). For each nonzero f € E.,
let @ and @ be two positive numbers such that [«, 3] C [0,1] and f(¢t) > 0 for
all t € [a,f]. Let g be a continuous function on [a, 8] such that g(¢) > 0 for all
t€la, ], f(a) =g(a), f(B) = g(B), and f(t) > g(t) for all T' € (e, B). Define h on
[, B] by h(t) = 2f(t) — g(t). Then h is also continuous on [a, 8], h(t) > 0 for all
t € la, B, fla) =h(a), f(B) = h(B), and h(t) > f(t) for all t € (o, B).

Now if we define g, h on [0, @]U[53, 1] by g(t) = h(t) = f(t), then it is easy to show
that: g,h € E4, f(t) = [g(t) + h(t)]/2 for all ¢ € [0,1], and g, h are not a positive
multiple of f. This shows that E; has no extreme rays, yet every quasinilpotent
positive operator on E is decomposable, by Theorem 2.1.

Our results concerning a quasinilpotent positive operator on a CB-space give rise
to the following question:

Question 5.3. Is it true that every quasinilpotent positive operator on a Banach
lattice, whose positive cone contains an extreme ray, is ideal triangularizable?

Remark 5.4. The procedure in the proof of ideal-triangularizability of a quasinilpo-
tent positive operator, on a closed ideal of an AM-space with unit or on a CB-
space, may not work to answer Question 5.3. For example, the Banach lattice
E = R ¢ C]0,1] has an extreme ray, but, as we see in Example 5.2, the positive
cone I of the closed ideal I = {0} ¢ C[0, 1] has no extreme rays.

In view of Theorem 7.1 of [3] and the results in [6], [7], [8], and [10] the investi-
gation of answers to the following questions seems to be interesting.

Question 5.5. Let T be a positive operator on a Banach lattice E which is quasi-
nilpotent at an element o > 0 in E. Under what conditions does there exist a
polynomial p, with positive coefficients, or S € {T'}’, such that either p(T') or S
dominates a nonzero compact operator on E?

Question 5.6. Under what conditions is a semigroup S of quasinilpotent positive
operators on F decomposable or ideal-triangularizable, if

(a) E is a closed ideal of an AM-space or

(b) E is a Banach lattice whose positive cone contains an extreme ray or

(c) E is an arbitrary Banach lattice and S contains some compact operators?

Of course, one can obtain some partial answers, for Question 5.6, by using the
results of Sections 2 and 3.
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