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ABSTRACT. Let L2"T2™ be the stunted lens space mod 2V and |L2"T2™| its

stable order. If v = 1, then |L3"T2™| was determined by H. Toda (1963). In

this paper, we determine the number \Lgx"_’%m\ for v > 2.

1. INTRODUCTION

The stable order of a finite torsion spectrum X, denoted by | X/, is the order of
the stable identity map in the group [X, X| consisting of classes of stable self maps
on X. The suspension spectrum of a finite CW-complex is a torsion spectrum if
H*(X;Z) is a torsion group. In this case we define the stable order of X, denoted
also by | X, to be the stable order of the suspension spectrum of X.

Let L?"*! be the standard lens space mod 2V. As indicated in [9, p. 91],
there is a CW-structure on L2"*+! with just one cell in each dimension < 2n + 1.
For the infinite lens space L> mod 2V, we have H*(L>;Zs) ~ Zs[u,w]/(u?) if
v > 2, where degu = 1 and degw = 2, and the Steenrod operations are given by
Sq** (w?) = (J)w™t, Sq* (uw?) = (J)uw*’ and Sq**'(—) = 0. Let L?" be the 2n-
skeleton of L?"+1 and L*F = L7k /[»=1 If v = 1, then L3"T2™ is the stunted

real projective space PQQ,ETl'm), and |P22,ETl'm)| was determined by H. Toda in [8, p.

300]. In this paper, we prove

Theorem 1.1. Let L37T3™ be the stunted lens space mod 2¥ with v > 2 andm > 0.
Then

|L2n+2m _
an—t 2utm+l if n s even and m = 2 (mod 4).

{2”'“” if either n is odd or m % 2 (mod 4),
We compare the above theorem with Toda’s result on the case when v = 1, which
can be read off from [8, p. 300] as follows.
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Theorem 1.2. Let m > 1. Then
2mtl fm =

ifm=

(mod 4) or
(mod 4) and n odd or
if m =0 (mod 4) and n even;

2m+2  otherwise;

3
2
|Pon i

while |P?| = 4 corresponding to m = 0.

Remark 1.3. As in [8], L3"T2™ can be replaced by a finite CW-complex X in
Theorem 1.1 if there exist isomorphisms

fi HN(Loy P 2y ) = H* (X5 Zgg)) and  fo: H¥ (L33 0™ Zo) = H* (X; Zo)

such that f2Sq’(—) = Sq* f2(—) for i = 1,2. Here Z(o) is the integers localized at
2.

The paper is organized as follows. In Section 2, K-theory is used to give a
lower bound for |L2" ™| In Section 3, we review an algebraic Atiyah-Hirzebruch
spectral sequence and some Adams differentials. In Section 4, we consider the

exponent of the group my of the lens space Lgfl"flm) smashed with its dual by

studying the order of the class derived from the identity map on Lg(n_’Lm) (which is

n—1
equal to |L§51n_+1m) ). Adams spectral sequence and the vanishing line theorem allow

us to give an upper bound for this order and hence for |L§51n_+1m)| Then Theorem
1.1 follows easily from the fact that two bounds actually coincide.

I am grateful to Professor Donald M. Davis for his constant encouragement and
his critical reading of the manuscript. I should also thank the referee for many
valuable comments and suggestions, and Professor Martin Bendersky for many
conversations.

2. K*-COHOMOLOGY

In this section, we prove Proposition 2.1 and Theorem 2.3, which will be used in
Section 4 to detect the estimates for |L§51n_+1m)| We assume that v > 2 throughout
the remainder of this paper.

Let n be the complex Hopf bundle over CP™ and p = n — 1, a generator of
the ring K(CP™). Let o = p*(u), where p : L2**'—CP™ is the standard projec-
tion. Denote also by p the stable map L33+ cprtm/Cpr—1 = CP™ or
LImt2m PP+ induced by the standard projection p : L2nH2m+lCprtm or
LAnH2m_Cprtm. For a cohomology theory E*(—), let EYY(E*(X)) denote the

Es-term of the Atiyah-Hirzebruch spectral sequence converging to E*(X).
Proposition 2.1. (i) K(L2"F2"+1) ~ K(L2H2™) For 1 < i < [k/2], the order
of ot in K(LF) is 2vtlk/2—i,

(i1) The element o™t € K(L3"T3™) is of order 2°T™~t for 0 <t < m.
Proof. The second half of (i) can be found in [4, p. 85], while the first half follows

easily from the fact that both Atiyah-Hirzebruch spectral sequences converging to
K*(L3rH3m+) and K*(L37+2™) collapse and the map

B (I (L33 ) — B P (R (L35
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induced by the inclusion L37+2™— 2n+2m+1 g an isomorphism.

For (ii), the Atiyah-Hirzebruch spectral sequences converging to K*(L2"+2m)
and K*(L2"T2™) also collapse. Thus we can easily see by looking into the Ej
terms that p* : KO(L3"T2™)— KO(L?"+2™) is injective, where p is the projection
L2n2m pantam - Thys (ii) follows from (). O

Lemma 2.2. (i) p* : K(CP*™)— K(L2"2™) is surjective.
(i) 2vt™a = 0 for x € K(L3"T3™).

Proof. For (i), the Atiyah-Hirzebruch spectral sequences converging to K *(L3"T3™)

and K*(CPI*™) collapse. Since p* is surjective in H*(—;Z), the map
pr By TP (KH(CPy™) =By TP (K (L3 E™))

induced by p is surjective. Thus (i) follows.
Consider (ii). By [1, p. 621], the group K(CPy*™) is generated freely by

p, p ™, Thus by (i), the group K (L3"12™) is generated by o™, o™ 1,
.,o"™_ Then (ii) follows from Proposition 2.1 (ii). |

For a group G, let |z| denote the order of z € G.

Theorem 2.3. (i) Let z € K(L¥"F2™) be such that the restriction of x on L3,
generates K(L3"_|) ~ 7Z/2°. Then |x| = 2vT™.
(i) Let x € K**(LiE84Y) with |x| = 204442, Then the realification

e K4k (Lizt§l+4)_>KO4k (Lizt§l+4)

satisfies |r(z)| = 20T4+2,
(2i1) Letx € KO%(LiZfEfH‘l) be such that the restriction of x on Li¥ | generates
KO*(L3F )~ Z/2°. Then |z| = 2v+4+3,

Proof. Consider (i). Suppose ¢" = (kx) for an odd integer k when restricted
on L3" . Tt suffices to prove |kz| = 2°T™. Since kz — o™ = p*(y) for some
y € K(L3'T"), where p is the projection L3nT3™—L3"T3™ by Lemma 2.2, we
have |y| < 2U7™. Since |¢"| = 2"7™ we conclude that kx = o™ + p*(y) is of order
gutm,

For (ii), consider the diagram below:

KRR8I A KRS P ek (gaksid)

T T T

KOM(Liﬁt?HB) R KO4k(Li£t§l+4) P K04k(54k+8l+4)
Since 2vT4*1z is of order 2 and is null in K**(L2"8+3) there is a generator
y € K4 (§4+8144) quch that p*(2°~1y) = 2+ +1z. Thus

r(20T 1 ) = p*(r(2° 'y)).

Since r : K4 (G4k+8I+4) O (G4k+814+4) {5 an isomorphism by [7, p.304], we
conclude that p*(r(2°~'y)), and hence also r(2°T4*1z), is of order 2. Therefore
r(z) is of order 2vH4+2,

Consider (iii). First note that each element of EL?(KO*(LiFT574)) survives to
Ex if p+¢=0 (mod 4) by [5, p.240, (1)]. Let ¢ be the complexification. It is well
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known that r¢ = 2. The restriction of ¢(x) on L{¥ | generates K**(L3¥ ) because
¢ : st (KO)—mg (K) is an isomorphism, which implies that the map
4k,0 % (7 Ak+8l 4k,0 ( g% ( 7 4k+81
¢ By (KO (L ) — By (K (Lp T )

induced by the complexification ¢ on coefficients is an isomorphism. Thus |c¢(z)| =

2vH4+2 by (i), and re(z) = 27 is of order 2v+4+2 by (ii). Therefore z is of order
QuHAl+3. ]

3. AN ALGEBRAIC ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE
AND SOME ADAMS DIFFERENTIALS

Let p be a prime and A the mod p Steenrod algebra. Suppose W is an A-
module. Let W; be the submodule of W consisting of classes of degree > i. Define
Wt =W/W;y1 and W} = W;/W;+1. Then we have an exact sequence

Oce— Wilee Wiee Wie— 0

of A-modules. Then an algebraic Atiyah-Hirzebruch spectral sequence converging
to Exta(W,Z,) is defined as in [6] with

E = @Ext” Wi, Z,),

where the differential d, goes from the Exti"t(Wf, Z,) to Ext5! (Wjj__f, Z,).
Let I; and I be finite sets. Suppose X' = Vqer, Si and X:f_tll = Vgerl, Sg“,
where S and Sj*! are spheres. Let

n n+1 n+1
Xn Xn Xn+1

be a cofibre sequence. Suppose the attaching map for each (n+-1)-cell ey B s given
by a composite S"— 2, g, X! for a map ig of Adams filtration 0 and a fixed
v > 2. Let E2(X) be the Ea-term of the stable mod p Adams spectral sequence for
m«(X). Then

Ey(X;H) = Ex(X)) © Ea(X)H)
since v > 2. Let gj € By sHi+n(xnt1) generate the summands E5 S+1+”(Sg+1)

corresponding to the cell eﬁ *and let g3 € Ey*t"(XH1) generate BT (S7).

Define wz € Ey°(X"*1) to be the class corresponding to a class in Ey°(X[)
surviving to the homotopy class of ig. Also note that E,(—) is an E,(S°)-module
by [3, Theorem 2.3.3, p. 63].

Lemma 3.1. With the above notations, d, : ES ST (X0t pstrstren xntl)
is null when v < v, and dy(g93) = hiwg, where hy generates Ey'(S9).

Proof. First we have

By () = By () @ By O
and
3™ (X = By (),

Suppose d,. is the first nontrivial differential E®"T1(X1H1)— Err+n(XnHl) with
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r <wv. Then d, (gg) = hy(%; ejggj) for some €¢; = 1. This means that the composite
gr 2 gnt xro X

is null-homotopic for some map i of Adams filtration 0. This is impossible by the

image of the boundary in the exact sequence below
d

=T (X 1) = ma(X3) = ()
because r < v.
For d,, it sufﬁces to prove the case when X,’ijll 8"+l a single sphere. Since
the composite gn 2, gn 2, Xn— X" is null-homotopic, hws must be hit by a
differential and it must be a d,-differential. Therefore d,(g%) = hiwg. O

Lemma 3.2 ([2]). Let s > [(t —s)/2] + 2. Then

Zy ift—s=3 (mod) 8

s,t
Ext (Z2,22) = {0 otherwise;

and the chart for Exti{t(ZQ, Zo) with8+1<t—s<8 +3and s>4b+1 is as

follows:

with the two bottom classes corresponding to s = 4b+ 1

4. PROOF OF THEOREM 1.1

In this section H*(—) always refers to Zy coefficients. Recall that v > 2.
Let X be a finite CW-complex and DX its S-dual. It is well known that
DL* =¥ L~"") . Consider the map w’ : S°—=X A DX obtained by S-duality

from the identity map ¢ : X—X. Let N = LQ(n+m) A L_Q?n+m) 1

view N as a CW-complex with one bottom cell (resp. one top cell) of dimension
—2m — 2 (resp. 2m). Let N* be the i-skeleton. Define Nj = N*/N7='. There
is a map w” : S~'—=N induced by w’. The composite S~ 1—> N—N/N° is null-
homotopic, hence w” factors as S~!—+ N°—N. Since || = |X| and |w| > ||, we
will focus on w : S~1—NO,

Let e%J, with 2n—1 < i < 2(n+m) and —2(n+m)—1 < j < —2n, be the (i +)-

cell corresponding to e’ Ael in N, where e’ is the i-cell of L2 ™ and ¢/ is the j-cell

of L_2”n+ )1 Note that N; = VSJ is a wedge of some j-spheres. Let S*J be the

summand of H*(N(+7) /NG+i=1)) corresponding to the cell e/, Let a; generate
HI(LX" ™)~ Zy for 2n—1 < i < 2(n+m) and b; generate H'(LZ37, .. )) ~ Za
for —2(n +m) —1 < j < —2n. Then S*’ is generated by the element a; ® b;.
Note that both Ext(S%3721 Zy) and Exta(S%~1721 Zy) can be regarded as
summands of EQ(N__ll), while Ext 4 (S92 Zs) and Ext 4 (S%~1 =271 Z5) can be

regarded as summands of Fa(NYJ) and Ea(N~3) respectively.

Then we can

Definition 4.1. Suppose that n < i < n +m. Define 2§ € Ey*(N]), v,z €
Ey* Y (NZD) and uf € E5*7*(N-2) to be the classes satisfying

z$ generates the summand Ext’°(S%»~2 Zy),

y$ generates the summand Ext%*~ " (S%=%1 Zy),



2748 H. YANG

z{ generates the summand Ext%®" L(52i-1.-2i 7,)
u? generates the summand Ext%°~ 2(52Z L=2i-1 7).

Definition 4.2. Suppose i = 0,1,2. Define sub vector spaces of H*(N~*) as fol-
lows:
(i) M, 2 is spanned by the odd classes

{azj 1 @b op [ n<jk<n+m, 2(j —k) - 1< —i};
(i) M>" is spanned by the odd classes
{agj @b ook | n<jk<n+m, 2(j —k) - 1< —i};
(iii) M is spanned by even classes
{agj_1 ®@b_gp—1 | n<jk<n+m, 2(j — k) —2 < —i};
(iv) M?>? is spanned by the even classes
{ag; @b_op | n<jk<n+m, 2(j — k) < —i}.
Obviously these are all sub A-modules of H*(N~%).
There is an isomorphism H*(N %) =~ D, .. M?* as A-modules for i = 0,1,2.
Thus
(4.3) Exta(H*(N7'), Zs) ~ P Bxta(M{*, Z,).
3.k
The following lemma is an easy consequence of Lemma 3.2.
Lemma 4.4. Let M = @n>0 M, be a graded A-module with Myqq = 0. If Sq?
Moy— My is injective, then Ext4k+3 12k’Lﬁ(M Z,)=0.

Proof. Consider the algebraic Atiyah-Hirzebruch spectral sequence converging to
Exta(M,Zs) with

= P Ext (Max, Zo).
k>0

Then by Lemma 3.2, the possible nontrivial classes in E4k+3 12646 ome from the

nontrivial classes in Ext‘“ﬁr3 12k+6 (Mo, Z2) of filtration 4k + 3. However each class
of My supports a Sq> to Ms. This forces each class in Exti"G(Mo, Z,) correspond-
ing to the class h$ € Exti{ﬁ(ZQ, Z,) to be hit by a da-differential on a class in
Ext%°(Ma, Zs) corresponding to the class h? € Ext%'(Z2,Z2). Then by Adams
periodicity, each nontrivial class in Ext4k+3 12IC'H“‘(MO, Z,) is hit by a do-differential
eventually on a class in EXt4k+2 12k+6 (Ma,Zs) in the spectral sequence. O
Lemma 4.5. (i) If s >m+2 and j = 0,1,2, then E5* 77 (N=7-2) = 0.

(ii) If n is odd or m # 2 (mod 4), then x{ survives to Ey*(N°) when s > m.
Proof. For (i), consider the algebraic Atiyah-Hirzebruch spectral sequence converg-
ing to Exta(H*(N~772),Zy) with

B3t = EB Ext%! (H*(N}), Zs).
k=—2m—2
Recall that all cells of NV are of dimension > —2m — 2.
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Suppose j = 1,2 and s > m+2. Then each summand Ext%* 7/~ (H*(N}), Z,) =
0 in E5°777! in the spectral sequence by Lemma 3.2, hence (i) is true in this case.

Suppose j = 0 and s > m + 2. Then Ext%* " (H*(N}),Z2) = 0 by Lemma 3.2
for

2m —1 or
T |2m+1#3 (mod8) when k=—-2m—2.

Let 2m+1 =3 ( mod 8) and k = —2m — 2. Then the nontrivial classes in E{"*"" in
this case come from Ext” "% m“(H*(N_‘g,’,?_?) Zs). Note that N_27~2 = S‘Qm_2
is the bottom cell e?*~1=2(n+m)=1 " Consider the sub A module M21 Lof H*(N™2).
Note that m+2 = 3 (mod 4) and the bottom class of M ! is of dimension —2m —2.
By Lemma 4.4, we have Exty ™™ ! (M,", Zy) = 0. This implies E;"*>" ' =0
and hence (i) follows.

For (ii), consider the algebraic Atiyah-Hirzebruch spectral sequence converging
to Exta(Mg?, Za) with

EY =P Ext}'(S% 2", Z,)

where the sum runs over n < k,h < n+m and 2(k — h) < 0. Similarly to (i), if
s >m+ 1, then Ext%°~ " (52~2" Z,) = 0 for

—2(k—h)<2m—2 or
2m # 4 ( mod 8) when —2(k—h)=2m.

Let —2(k — h) = 2m and 2m = 4 (mod 8). Then §2F>—2(k+h) — §2n,=2(n+m) The
nontrivial classes in E5°"! for s > m + 1 come from Ext}tH" (52" ~2(ntm) Zo).
Now applying Lemma 4.4 again, we have Ext’y ™™ (M;"?) = 0; hence Ext®®~ 1(M§ %)
= 0if s > m+ 1. This implies that =5 € ExtS 57 (8%572 Zy) survives to a nontrivial
element of Ext%®*(M{"*, Zs) if s > m, and (ii) follows from the fact that

Exta(H*(NY), Zy) @ Exta(My", Z2)

by (4.3). O

Remark 4.6. (i) By Lemma 4.5 (ii), x5 can be regarded as a class in Ey*(NY) if
s > m. By applying Lemma 4.5 (i) to the exact sequence

—>E§’S_1(N )—>ESS 1(N )—>ES+1S 1(N 3)’
we see that both yf and z; can also be regarded as classes in Fy°~ 1( by if
s >m + 1. Similarly uf can be regarded as a class of E5* " >(N=2)if s > m + 1.

(ii) The set {x¢} generates E5*°(N?) if s > m, while the sets {yf, 25} and {u$}
generate E3*"'(N~1) and E§’5_2(N_2) respectively if s > m + 1.

Lemma 4.7. (i) If s > m + 1, then both y$ and z; survive to ES*~1(N 1), while
x$ and u$ survive to ES°(N°) and E$*~2(N~2) respectively.

(13) Suppose either n is odd or m # 2 (mod 4). If s > m, then xf survives to
E35(NY).
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Proof. We just prove (i). The proof for (ii) is similar.
If v = 2, it is true already by Remark 4.6. Assume v > 3. Consider the
differential d, with 2 <r <wv —1. For r =2 and j =0, 1, 2, the projection

(4.8) P By TH N ) Byt U NDL)

is injective when s > m+2 by Lemma 4.5 (i) and exactness. Then applying Lemma
3.1, we see that the differential d,. is null on p.(zF), p«(y?), p«(2f) and p.(uf) in
EQ(N__;_l) when s > m+1. Thus d,.(w) = 0 in Eo(N~7) by (4.8) for w = x5, y3, 2}
and u?, and (i) is true if v = 3. If v > 4, then (4.8) implies that for j =0, 1, 2,

(4.9) pet BTN N T ) ESTTITH(NCT)

is injective when s > m + 2 because of the triviality of ds on ES_T’S_T_j(N:j_l)

by Lemma 3.1. Then repeating the same process as before, we see that ds is
null on z7,y7, 2 and u; when s > m + 1. Continuing this process, we obtain a
monomorphism

B I (N ) = EpTITHNDTL)

for2<r <wv-—1andj=0,1,2; and eventually d, is null on z7,y?, 2{ and u; when
s>m—+1. O

The proof above also implies that E$*~71—1(N=J)—E$s=i—1 (N:;_l) is injective
for j = 0,1,2. Projecting N7 to N__jj_l and then applying Lemma 3.1, we have
(i) and (ii) in the following proposition, while (iii) is derived from (i) and (ii). Here
note that, by the injectivity of the projection

P BT (N B TH(NY)

for2<r <wv-—1and s>m-+1, we see that {yf, zf} are not hit by differentials in
E.(N°) if s > m + 1, hence survive also to E$*~1(N?). Actually {y?, 25} generate
E$57Y(NY) if s > m + 1, which implies that {u$} survive also to E3*72(N?) if
s>m+1.

Proposition 4.10. (i) If s > m + 1, dy(25) = yi + 2577 in E5T0sT0-1(NO),
The same formula holds when s = m if either n is odd or 2m % 4 mod 8.

(i1) dy(ys) = ui™" = dy(25) in ESTUsH=2(N~1) when s > m + 1.

(14i) If s > m~4v+1, then Ef}’_fl_l(NO) = 0. If either n is odd or 2m # 4 (mod 8),
then BT (N) =0 for s =m +v.

Proof of Theorem 1.1. First by Proposition 2.1 (ii) and Theorem 2.3 (iii), we have
|L2(”+m)| o qutm if either n is odd or m # 2 (mod 4),
=l = ) gutmtl if s even and m = 2 (mod 4).
Next by Proposition 4.10 (iii), we have

|L2n+m)| - gutm if either n is odd or m # 2 (mod 4),
2=l L= Y gutmtl if s even and m = 2 (mod 4).
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