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GENERALIZED QUASILINEARIZATION METHOD
FOR A SECOND ORDER ORDINARY DIFFERENTIAL
EQUATION WITH DIRICHLET BOUNDARY CONDITIONS

JUAN J. NIETO

(Communicated by Hal L. Smith)

ABSTRACT. We study the existence and approximation of solutions for a non-
linear second order ordinary differential equation with Dirichlet boundary
value conditions. We present a generalized quasilinearization technique to
obtain a sequence of approximate solutions converging quadratically to a so-
lution.

1. INTRODUCTION

The classical method of quasilinearization offers an approach for obtaining ap-
proximate solutions to nonlinear equations [1, 2]. It requires, roughly speaking,
that the nonlinearity is convex. Recently, the method of quasilinearization was
generalized by not demanding this convexity condition. Indeed, in [5] the authors
obtained a sequence of approximate solutions converging quadratically to a solu-
tion of an initial value problem for a first order ordinary differential equation. The
same result was presented in [6, 7] for the periodic boundary value problem for
first order ordinary differential equations. In [9, 10] a quasilinearization technique
for a boundary value problem for a second order ordinary differential equation was
developed.

In this paper we study the existence and approximation of solutions for second
order ordinary differential equations with Dirichlet boundary value conditions. In
section 2, we cite some well known results on the linear Dirichlet problem and then
recall the upper and lower solution method and the monotone iterative technique.
In section 3 we present our principal result. We develop the method of quasilin-
earization for a nonlinear Dirichlet problem and obtain a sequence of approximate
solutions converging quadratically to a solution of the problem.

Finally, we note that our main result is new since the boundary conditions con-
sidered in [9, 10] do not include the case of Dirichlet boundary conditions.
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2. PRELIMINARY RESULTS

In the space C'(2) we consider the usual uniform norm, that is,
llu]| = max{|u(z)| : z € Q}.
It is well known that the Dirichlet problem
—u”(x) = Mu(x), x€Q=][0,n],
o) (@) = Mu(z) 0.7
u(0) =u(r) =0,

has a nontrivial solution if and only if A = n? for some n = 1,2,.... In consequence,

if A\#n2, n=1,2..., then for any o € C(), the problem
—u’(z) — du(z) = o(x), x € Q,

(22) (x) (x) = o(x)

u(0) = u(m) =0,

has a unique solution given by

T) = /OTr Ga(z,y)o(y) dy

Here, G is the Green’s function given by

G (1) = 1 sinh[v/—=\(7 — z)]sinh[v/=Xy], 0 <y <,
/= sinhy/—Ar sinh[v/=Az]sinh[v/=A(7r —y)], 0 <2 <y <,
for A\ < 0;
1 jylr—=z), 0<y<z<m,
Goly) = T {:c(ﬂ'—y), 0<z<y<m,
for A = 0; and
G () 1 sin[vVA(r — z)]sin[VAy], 0<y<z<m,
Y VasinyvAr | sin[vAz]sin[VA(r —y)], 0<z<y<m,

for A\>0,and A #n%, n=12,....
From these expressions we see that G, > 0 for A < 1. Thus, we have the
following comparison result.

Lemma 2.1 (Maximum principle). If A <1 and o > 0, then the solution of (2.2)
is such that uw > 0.

The next result will be useful.

Lemma 2.2 (Comparison result). Let A < 0 and u € C*(Q). If
—U//(J?) - )\U(.T,) > 07 T E Qv U’(O) > Oa u’(ﬂ') > 07

then u(x) >0, z € Q.

Proof. If u(y) < 0 for some y € Q, set u(x,,) = min{u(z): = € Q} < 0. Hence,
uw'(2m,) = 0 and u”(z,,) > 0. On the other hand, —u” (zy,) > Au(x,,) > 0 which is
a contradiction. (]

Now, consider the following nonlinear Dirichlet problem
—u(z) = f(z,u(z), T€Q,

23) u(0) = u(mr) =0,
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where f: Q x R — R is continuous.
We say that a € C?(1) is a lower solution of (2.3) if

(2.4) —a"(z) < f(z,a(x)), z€Q; a(0) <0, a(r) <0.
Analogously, 3 € C?(Q) is an upper solution of (2.3) if
(2.5) —3"(x) = f(z,8(z)), z€Q  B0)=0

Theorem 2.1 (Upper and Lower Solution Method). Suppose that o, 3 € C?(Q)
are lower and upper solutions for (2.3), respectively, such that

(2.6) a(x) < B(x) for every x € Q.

Then there exists at least one solution u of (2.3) such that a(x) < u(x) < B(x) for
every x € (.

Proof. We sketch the proof since it follows standard arguments (see, for instance,
[3, 8]). Consider the modified problem

(2.7) —u"(z) = f(z,u(x)), =z€, u(0) = u(r) = 0,

where f(z,u) = f(z,p(z,u)), p(z,u) = max{a(z), min{u, 3(z)}}. Any solution u
of the modified problem is such that o <« < 8 on . Hence, any solution of (2.7)
is also a solution of (2.3). On the other hand, (2.7) is solvable since f is bounded.
This completes the proof. O

Theorem 2.2 (Monotone Iterative Technique). Suppose that o,3 € C?(Q) are
lower and upper solutions for (2.3), respectively, satisfying (2.6). Moreover, as-
sume that there exists M > 0 such that

(2.8) flz,u) — f(z,v) > =M (u—v), z e, az) <v<u<f(x).

Then, there exist monotone sequences {ay,} and {B,} with ag = a, Bop = B, an <
Bm for everyn,m € N, and lim,,_., o, = 7, lim,, .o B, = p uniformly on 2. Here,
r and p are the minimal and mazimal solutions of (2.3) between « and 3, that is,
if w is a solution of (2.3) such that a(z) < u(zx) < B(x) for every x € Q, then
r(z) <wu(z) < p(z) for every x € Q.

Proof. For any nn € C(Q) with a < n < 8 on Q, consider the linear Dirichlet
problem

—u"(x) + Mu(z) = f(z,n(z)) + Mn(z), z€Q, u(0) = u(r) = 0.

Denote by u = An the unique solution of this problem. Using the comparison result
of Lemma 2.2 it is easy to show that a < An < 8. Moreover, if 71,m2 € C(Q) are
such that o < <2 < B on Q, then a < Ay < Ane < 5.

Now, defining ag = «, o, = Aap—1, n > 1, we have that {a,, } T r monotonically
and uniformly on Q, and r is the minimal solution of (2.3) between « and S.
Analogously, setting 5y = 3, B, = AfBn—1, n > 1, we obtain a decreasing sequence
{Bn} | p monotonically and uniformly on €2, and p is the maximal solution of (2.3)
between « and S. O



2602 JUAN J. NIETO

3. QUASILINEARIZATION METHOD

To develop the quasilinearization technique for the nonlinear Dirichlet problem
(2.3), assume that « and (3 are lower and upper solutions of (2.3) respectively and
that (2.6) holds. Thus, let

S ={(zr,u) € AxR: a(z) <u< p(z)},

and consider the following conditions:

0 0?
(3.1) %(x,u), 8—;;(:10, u) exist and are continuous for every (z,u) € S,
(3.2) %(x,u) <1, forevery (z,u) € S.
u
Note that (3.1) implies that there exists m > 0 such that
0 f
(3.3) W(x,u) > —2m, (x,u) € S.

Now, for z €  and u,v € R with a(z) < v <wu < §(z), define

(3.4) g(x,u,v) = f(z,v) + [%(x,v) + 2mv] (u —v) — m(u? —v?).

Note that g(z,u,v) < f(z,u) and that g(z,u,u) = f(z,u).

Theorem 3.1. Assume that o and 3 are lower and upper solutions of (2.3) such
that (2.6) is valid. Further, suppose that (3.1) and (3.2) hold. Then, there exists a
monotone sequence {wy} which converges uniformly to a solution of (2.3) and the
convergence is quadratic.

Proof. Set wy = a, and consider the Dirichlet problem
(3.5) —u"(z) = g(z,u(z),wo (7)), z€Q, u(0) = u(w) = 0.

It is easy to see that wy is a lower solution for (3.5) and that [ is an upper solution
for (3.5). Therefore, by using Theorem 2.1, we have that there exists a solution w;
of (3.5) such that wy <wy < [ on Q.

Now, consider the Dirichlet problem

(3.6) —u"(z) = g(z,u(x),wi(x)), x€Q, u(0) = u(r) = 0.

In view of the fact that wy < wy < 3 we get using (3.4) that w; is a lower solution
for (3.6) and that 3 is an upper solution for (3.6). As before, we have that (3.6)
has a solution wsy such that w; < wy < G on .

This process can be continued successively to obtain a monotone sequence {wy, }
satisfying

wo Swyp Swp <o S wpog Swy <,
where w,, is a solution of the Dirichlet problem
(3.7 —u"(z) = g(z,u(x), wp—1(z)), =€Q, u(0) = u(w) = 0.

The sequence {wy, } is monotone and, in consequence, it has a pointwise limit w.
To show that w is in fact a solution of (2.3), notice that w, is a solution of the
following linear Dirichlet problem:

(3.8) —u"(z) = on(x), 7€, u(0) = u(w) =0,
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with o, (z) = g(z, w, (), wp—1(x)), © € Q. It is clear that the sequence {0y} is
bounded in C() since g is continuous on S and, for n = 1,2,..., we have that
a<w, <. Also,

lim o,(z) = f(x,w(x)), x € Q.

n—oo

On the other hand,

wn(z) = / " Golz, 9)on(y) dy.

This implies that {w,} is bounded in C?(£2), and hence {w,} T w uniformly on Q.
In consequence, passing to the limit when n — oo, we get that

w@) = [ Golenfut)dy.  wen
that is, w is a solution of (2.3).
Finally, to show that {w,} — w quadratically, define
F(z,u) = f(z,u) + mu?, (z,u) € S,

where m was chosen so that (3.3) holds, and select a constant ¢ > 0 such that
2

< — < .
0< S (x,u) <, (x,u) € S
Let e, =w—w,,n=1,2,.... For z € ), we have that
—ep(z) = f(z,w(w)) — g(z, wn(2), wn-1(z))
oF
= Fz,w(@)) = F(z, wn-1(2)) = 5~ (2; wn-1(z))

 [wn(2) = wn—1 ()] = mlw?(z) — wj_y ()],

Using the mean value theorem repeatedly we have that there exists £ = £(x) and
¢ =¢(z), wa(z) < ¢ <& < B(x), such that

—el(w) = I (2,€(0)) » ) — s (@)] — O, w1 ()
 [wn(2) = wn—1(2)] = mw? () — wy_y (2)]
= B )~ S s ()] - o) — a0
n [g_i(x, w1 (z)) — m(w(z) + wn(x))] - [w(z) = wy(2)]
= OL (@) - 60) — war () - () — w2 ()

+ [(Z_i(ff,wn_1(x)) — m(w(z) + wn(x))] - [w(@) = wn ()]

In consequence, the error e,, satisfies the Dirichlet problem
—e!(x) — an(x)en () = ce2_ (x) + by(x), = €Q, en(0) = en(m) =0,

where

an(@) = 2 (@ w1 (2)) — mlw(z) + wn(2)]

ou
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and

bn(z) = ?975(1?, ¢(x)) - [€(x) — wn1(@)] - [w(@) — wn-1(2)] — ce;, 4 (z) 0.

We have that

lim a,(z) = f(z,w(r)) uniformly on z € Q.

Using (3.2), we can choose A < 1 and ng € N such that for n > no,

an(z) < A, xz € Q.

Thus,

—e!'(x) — Xen () = [an(z) — Nen(z)(z) + ce?_ () + ba(z), = €Q,
en(0) = en(m) =0,

and e,, satisfies the following relation:

enli) = [ " G )(an(@) — Nealy) + ¢4 () + baly)] dy.

Therefore, for x € Q) we have that

0<en(r) < C/ Gz, y)es 1 (y) dy,
0

and there exists a constant C' > 0 such that for n > ng we have

lleall < Cllen—1]*.

The proof is thus complete. O

10.
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