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(Communicated by Theodore Gamelin)

Abstract. For a given holomorphic self map ϕ of the unit disk, we consider
the Bloch-to-BMOA composition property (pullback property) of ϕ. Our re-
sults are (1) ϕ cannot have the pullback property if ϕ touches the boundary
too smoothly, (2) while ϕ has the pullback property if ϕ touches the boundary
rather sharply. One of these results yields an interesting consequence com-
pletely contrary to a higher dimensional result which has been known. These
results resemble known results concerning the compactness of composition op-
erators on the Hardy spaces. Some remarks in that direction are included.

1. Introduction

We begin with an easy observation. Let f be an Lp-Bergman function on the
unit disk D of the complex plane. That is, let f be an Lp-holomorphic function on
D. Then the subharmonicity of |f |p easily yields the radial growth condition

|f(z)|(1− |z|2)2/p = O(1)

and therefore we have ∫ 2π

0

∣∣∣∣f (1 + eit

2

)∣∣∣∣q dt <∞

for q < p/4. In other words, composition with the function ϕ(z) = (1 + z)/2 takes
the Lp-Bergman space Ap into the Hardy space Hq for q < p/4 (of course, this is
not sharp). It follows that composition with ϕ takes ∩Ap into ∩Hp. The next step
after this Bergman-to-Hardy composition property is perhaps the analogous Bloch-
to-BMOA composition property. However, one can see from a direct calculation
using Proposition 1 below that the Bloch-to-BMOA composition property does not
hold for ϕ. Motivated by this simple example, we consider the Bloch-to-BMOA
composition property in the present paper.

To be more precise, write B for the Bloch space consisting of holomorphic func-
tions f on D whose derivatives satisfy the radial growth condition

|f ′(z)|(1− |z|2) = O(1)

and let BMOA denote the space of H1-functions f whose boundary functions f
have bounded mean oscillations with respect to subarcs of the unit circle T . These
spaces B and BMOA can be considered as limiting spaces of the Bergman and
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Hardy spaces in the sense that B and BMOA are identified with the dual spaces of
L1-Bergman space and H1, respectively (see [14, Theorems 5.1.4 and 8.3.8]). We
will say that a holomorphic self map ϕ of D has the pullback property if it has the
following Bloch-to-BMOA composition property:

f ◦ ϕ ∈ BMOA for all f ∈ B.
Note. The pullback property is trivial if ϕ(D) is contained in a compact subset
of D. So, the function ϕ will always denote a holomorphic self map of D with
supremum norm one in the rest of the paper.

Our results of the present paper indicate that the pullback property depends
upon how “smoothly” (or how “sharply”) a function under consideration touches
the boundary. Roughly speaking, a smooth boundary contact even at just one single
point forces the failure of the pullback property. On the other hand, a rather sharp
boundary contact helps the pullback property. For example, our results imply the
following:

• Every function ϕ ∈ Λ1 fails to have the pullback property.
• For a given 0 < α < 1, there exists ϕ ∈ Λα for which the pullback property

holds.

Here, Λα denotes the holomorphic Lipschitz class of order α consisting of all holo-
morphic functions f on D such that

|f(z)− f(w)| ≤ C|z − w|α (z, w ∈ D)

for some constant C = Cf . Note that the pullback property can also be considered
for a holomorphic function taking the unit ball Bn ⊂ Cn into D. Such higher
dimensional pullback property has been studied by several authors ([1], [2], [5], [6],
[10], [11], [15]) and the most general known result is ([10]): Every holomorphic
Lipschitz function of order 1 taking Bn(n > 1) into D has the “pullback” property.
It is interesting to see that this higher dimensional result is completely contrary to
the one dimensional result mentioned above.

In the second section, we use the notion of angular derivatives to quantify the
smoothness of boundary contact and show that the existence of an angular de-
rivative even at just one single boundary point implies the failure of the pullback
property. Then we show that only finitely many nontangential boundary contacts
ensure the pullback property. The proof uses a characterization of BMOA in terms
of Carleson measures. At the end of the section, a question suggested by our results
is included. In the third section, we compare our results with those concerning com-
pact composition operators on well-known function spaces like the Hardy spaces.
In particular, we notice that our results look like the “criterion” for a holomorphic
self map of D to induce a compact composition operator on H2. Some remarks in
that direction are included.

2. Pullback property

As is well-known, a certain Carleson measure condition characterizes the
space BMOA: A holomorphic function f on D belongs to BMOA if and only if
|f ′|2(1− |z|2) dA is a Carleson measure. Here, dA denotes the area measure on D
normalized to have total mass one. More explicitly, let

Qδ(ζ) = {rη : η ∈ T, 1− δ < r < 1, |1− ηζ̄| < δ}
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denote the Carleson square at ζ ∈ T with size δ > 0. Then, for a holomorphic
function f on D, we have f ∈ BMOA if and only if

sup
1

δ

∫
Qδ(ζ)

|f ′|2(1− |z|2) dA <∞(1)

where sup is taken over all Qδ(ζ). See, for example, [8, Theorem 6.3.4] or [14,
Theorem 8.3.5]. Using this Carleson measure characterization ofBMOA, we obtain
the following necessary and sufficient condition for ϕ to have the pullback property,
which is useful for our purposes.

Proposition 1. The pullback property holds for ϕ if and only if

sup
1

δ

∫
Qδ(ζ)

(1− |z|2)|ϕ′|2
(1− |ϕ|2)2 dA <∞(2)

where sup is taken over all Qδ(ζ).

Proof. Suppose (2) holds. Then the pullback property of ϕ easily follows from
the Carleson measure characterization (1). To prove the converse, pick two Bloch
functions g and h such that

|g′(z)|2 + |h′(z)|2 ≥ 1

(1 − |z|2)2 (z ∈ D).

Such Bloch functions are constructed by Ramey and Ullrich [10, Proposition 5.4].
Since g ◦ ϕ, h ◦ ϕ ∈ BMOA by assumption, the measure

(|g′(ϕ)|2 + |h′(ϕ)|2)|ϕ′|2(1− |z|2)dA
is a Carleson measure. Hence (2) follows from the above inequality. The proof is
complete.

Our first result is that if ϕ touches a boundary point too smoothly, then ϕ fails
to have the pullback property. With this in mind, let us recall the notion of angular
derivatives. For a holomorphic function f : D → D, we say that f has an angular
derivative at a point ζ ∈ T if f has a unimodular nontangential limit f(ζ) ∈ T at
ζ and if the difference quotient

f(z)− f(ζ)

z − ζ

has a finite limit as z → ζ nontangentially. This limit, if it exists, is naturally de-
noted by f ′(ζ). The requirement |f(ζ)| = 1 may seem peculiar. But its significance
lies in the classical Julia-Carathédory theorem (see [4, Sections 298-299]) which
enables us to make an interesting connection between the pullback property and
angular derivatives.

The Julia-Carathéodory Theorem. Let f : D → D be a holomorphic function
such that

lim inf
1− |f(z)|2

1− |z|2 = d <∞ (z → ζ ∈ T unrestrictedly).(3)

Then f has an angular derivative f ′(ζ) = f(ζ)ζ̄d at ζ. In addition, f ′(ζ) is the
nontangential limit at ζ of the complex derivative f ′.
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Note that if (3) holds, then

1− |f(0)|
1 + |f(0)| ≤ |f ′(ζ)|

by the Schwarz-Pick lemma (see [8, Lemma 1.1.2]) and thus f ′(ζ) 6= 0. Thus one
can see that f is nontangentially conformal at ζ. More precisely, a curve in D
ending at ζ and making angle 0 < α < π with T is mapped onto a curve ending at
f(ζ) and making the same angle with T . In particular, the range of such f must
have a “smooth” contact at ζ with T , which is the geometric picture we have at a
point where an angular derivative exists.

Theorem 2. If ϕ has an angular derivative at a boundary point, then ϕ fails to
have the pullback property.

Proof. Without loss of generality, assume ϕ(1) = 1 and ϕ has an angular derivative
at 1 with ϕ′(1) = d > 0. Then we have ϕ(z) = 1− d(1 − z) + o(|1− z|) and thus

|ϕ(z)|2 = 1− 2dRe (1 − z) + o(|1− z|) (z → 1 nontangentially).

Since o(|1− z|) = o(1− |z|2) as z → 1 nontangentially and Re (1− z)/(1− |z|2) has
nontangential limit 1/2 at 1, it follows that

lim
1− |ϕ(z)|2

1− |z|2 = d (z → 1 nontangentially)(4)

and therefore, by the Julia-Carathéodory theorem, we have

lim |ϕ′(z)| = d (z → 1 nontangentially).(5)

For 0 < t < 1, let Qδ,t denote the set of points z ∈ Qδ = Qδ(1) such that |z| < 1−tδ.
One can verify that

|1− z| < 1− |z|2
t

(z ∈ Qδ,t).

This means that, for each fixed t, all Qδ,t are contained in a common nontangential
approach region at 1. Thus it follows from (4), (5) that

lim
δ→0

1

δ

∫
Qδ,t

|ϕ′|2(1 − |z|2)
(1 − |ϕ|2)2 dA = lim

δ→0

1

δ

∫
Qδ,t

dA

1− |z|2 =
1

π
log

1

t
.

Now, letting t↘ 0, one finds that condition (2) is violated. The proof is complete.

Note that every ϕ ∈ Λ1 has angular derivatives at points ζ ∈ T where |ϕ(ζ)| = 1
by the Julia-Carathéodory theorem. Thus we have

Corollary 3. Every ϕ ∈ Λ1 fails to have the pullback property.

There is another interesting condition which implies the existence of an angular
derivative. As is well known (see, for example, [3]), a holomorphic self map of D
with no fixed point in D has an angular derivative (whose absolute value is at most
one) at its unique Denjoy-Wolff point. This yields

Corollary 4. If ϕ has the pullback property, then ϕ has a fixed point in D.

Some other geometric conditions that imply the existence of an angular derivative
can be found in [13].
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Remark. For a given ϕ, let Mϕ = {ζ ∈ T : sup0<r<1 |ϕ(rζ)| = 1}. Thus Mϕ is
the set of all points where ϕ touches the boundary. As indicated in [2], we must
have σ(Mϕ) = 0 where σ denotes the arclength measure on T normalized to have
total mass one. It is known ([9, Example 3.6]) that there exists a nonconstant
inner function having no angular derivative. Hence, the converse of Theorem 2 is
false.

Our next result is that ϕ has the pullback property in case ϕ touches the bound-
ary only at finitely many points and all contacts are nontangential. Note that such
a function ϕ takes D into some polygon inscribed in T . We first prove a lemma,
which is particularly useful when one wishes to prove the pullback property of a
given function whose range is contained in some simply connected region such as a
polygon.

Lemma 5. If ϕ has the pullback property, then so does ϕ◦g for every holomorphic
self map g of D.

Proof. It is sufficient to show that BMOA is invariant under composition with a
given holomorphic self map. This follows from the well-known theorem (see [14,
Theorem 8.3.11]) that a holomorphic function f on D belongs to BMOA if and
only if there exists some bounded harmonic function u such that f = u+ ũ where
ũ denotes the harmonic conjugate function of u. The proof is complete.

Theorem 6. If ϕ takes D into a polygon inscribed in T , then ϕ has the pullback
property.

Proof. We may assume by Lemma 5 that ϕ is a Riemann mapping that takes D
univalently onto some polygon P inscribed in T . By Proposition 2 and the Schwarz-
Pick lemma it is sufficient to show that∫

Qδ(ζ)

|ϕ′|
1− |ϕ|2 dA = O(δ)(6)

uniformly in ζ ∈ T . Given a vertex v of P , let v∗ ∈ T be a point such that ϕ(v∗) = v.
Here we used the fact that ϕ extends to a homeomorphism of D̄ onto P̄ . Then,
a reflection argument shows that there are a closed disk Nv with center at v∗, a
non-vanishing holomorphic function h on that disk, and an exponent 0 < α(v) < 1
such that

v − ϕ(z) = (v∗ − z)α(v)h(z) (z ∈ Nv).

This implies

|ϕ′(z)| ≤ C|v∗ − z|α(v)−1 (z ∈ Nv).(7)

Here, and in the rest of the proof, C denotes various constants, depending only on
the function ϕ, whose values may change with each occurrence. Note that ϕ maps
D ∩Nv into a nontangential region with vertex at v. More explicitly, we have

1− |ϕ(z)|2 ≥ C|v − ϕ(z)| ≥ C|v∗ − z|α(v)(8)

for z ∈ D ∩Nv.
To estimate the integral in the left side of (6), it is clearly enough to consider

δ sufficiently small so that Q3δ(v
∗) ⊂ Nv for all vertices v of P . Let ζ ∈ T . We

first consider the case where |ζ − v∗| < 2δ for some vertex v. In this case, we have
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Qδ(ζ) ⊂ Q3δ(v
∗) ⊂ Nv. It follows from (7) and (8) that the integral in the left side

of (6) is dominated by

C

∫
Q3δ(v∗)

dA

|v∗ − z| = O(δ).

Next, consider the case where |ζ−v∗| ≥ 2δ for all vertices v. In this case |v∗−z| ≥ δ
for z ∈ Qδ(ζ). If, in addition, z ∈ Nv for some vertex v, then we see from (7) and
(8) that

|ϕ′(z)|
1− |ϕ(z)|2 ≤

C

δ
.

Since |ϕ′|(1− |ϕ|2)−1 is bounded on the complement in D of the union of disks Nv,
the above holds for all z ∈ Qδ(ζ). Consequently, the integral in the left side of (6)
is dominated by Cδ−1A(Qδ(ζ)) = O(δ). This completes the proof.

A theorem of Hardy and Littlewood (see [7, Theorem 5.1]) characterizes functions
f in Λα by the continuous extension property up to the boundary and the radial
growth condition

|f ′(z)|(1− |z|2)1−α = O(1).

It is implicit in the proof of Theorem 6 that the derivative of a Riemann mapping
ϕ taking D univalently onto a polygon P inscribed in T satisfies the radial growth
condition |ϕ′(z)|(1 − |z|2)1−α = O(1) where α is the smallest vertex angle of P
divided by π and thus ϕ ∈ Λα by the Hardy-Littlewood theorem mentioned above.
This yields

Corollary 7. For a given 0 < α < 1, there exists ϕ ∈ Λα for which the pullback
property holds.

We close this section with a question suggested by Theorem 6.

Question. Consider a region R that is the union of nontangential approach regions
with vertices in a countable subset of T , or even in a subset of T having arclength
measure zero. When does a map taking D onto R have the pullback property?

3. Related remarks

Let D denote the Dirichlet space consisting of holomorphic functions on D whose
derivatives are square integrable. It is easy to see from (1) that D is contained in
BMOA (in fact in VMOA). Also, by a similar argument to the proof of Proposition
1, one can easily verify that composition with ϕ takes B into D if and only if∫

D

|ϕ′|2
(1− |ϕ|2)2 dA <∞.(9)

It is also easy to see that ϕ induces a Hilbert-Schimidt operator on D if and only if
(9) holds ( [13, Proposition 3.4]). Thus it follows from [9, Theorem 5.3] that (9) is
a sufficient condition for ϕ to induce a compact composition operator on H2. Note
that the integral in the left side of (2) is dominated by 2δ times the integral in the
left side of (9). Thus (9) is also a sufficient condition for ϕ to have the pullback
property.
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Also, it has been known ( [13, Theorem 5.1]) that any holomorphic function
taking D into a polygon inscribed in T induces a compact composition operator on
H2. On the other hand ( [13, Theorem 2.1]), functions having an angular derivative
fail to induce compact composition operators on H2. Thus results on the pullback
property and the compact composition operator on H2 are very similar in some
aspects. So, one may guess that there would exist an implication between the
compact composition operator on H2 and the pullback property. One implication
is true in a certain case:

Proposition 8. If a bounded valent holomorphic self map of D has the pullback
property, then it induces a compact composition operator on H2.

Proof. This follows from Theorem 2 and the angular derivative criterion of Mac-
Cluer and Shapiro (see [9, Theorem 3.10]) asserting that a bounded valent holo-
morphic self map of D induces a compact composition operator on H2 if and only
if it fails to have any angular derivative.

We do not know whether the same is true without the bounded valence hypoth-
esis (the answer might be probably no, but we do not have an example). However,
we will see that the other implication is false even for univalent functions. In order
to see such an example, we first prove

Proposition 9. Composition with a given ϕ takes B into H2 if and only if ϕ is
not an extreme point of the unit ball of H∞.

As is well known (see [7, Theorem 7.9]), ϕ is an extreme point of the unit ball
of H∞ if and only if ∫

T

log(1− |ϕ|2) dσ = −∞.

We remark in passing that a holomorphic self map of D induces a Hilbert-Schmidt
composition operator from D into H2 if and only if it is not an extreme point of
the unit ball of H∞, which is easily seen from the Littlewood-Paley identity.

Proof. By the Littlewood-Paley identity (see [8, Lemma 6.3.1] or [14, Theorem
8.1.9]), we have

sup
0<r<1

∫
T

|f(rζ)|2 dσ(ζ) =

∫
D

|f ′|2 log
1

|z|2 dA+ |f(0)|2

for holomorphic functions f on D. Thus, by using Bloch functions as in the proof
of Proposition 1, one can easily verify that composition with ϕ takes B into H2 if
and only if

∫
D

|ϕ′|2
(1− |ϕ|2)2 log

1

|z|2 dA <∞.
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Now, going backwards to the integral on the boundary by using the Littlewood-
Paley identity, one finds that the left side of the above is equal to

∞∑
n=1

n

∫
D

|ϕ′|2|ϕ|2n−2 log
1

|z|2 dA

=
∞∑
n=1

1

n

∫
D

|(ϕn)′|2 log
1

|z|2 dA

=

∞∑
n=1

1

n

{∫
T

|ϕ|2n dσ − |ϕ(0)|2n
}

=

∫
T

log
1− |ϕ(0)|2
1− |ϕ|2 dσ.

The proof is complete.

The following proposition shows that the pullback analogue of the angular deriv-
ative criterion of MacCluer and Shapiro mentioned in the proof of Proposition 8 is
false. In particular, the converse of Theorem 2 is false even for univalent functions.

Proposition 10. There exists a univalent function ϕ such that composition with
ϕ does not take B into H2 (thus fails to have the pullback property) and yet induces
a compact composition operator on H2.

Proof. By Proposition 9, we need to exhibit a univalent function ϕ which is an
extreme point of the unit ball of H∞ and yet induces a compact composition
operator on H2. Such a function is constructed by Shapiro and Sundberg [12,
Theorem 3.5].

Now identify constant functions in B and consider B as a Banach space with
norm

||f ||B = sup
z∈D

|f ′(z)|(1− |z|2).

A close look at the proof of Proposition 9 then shows that if ϕ is not an extreme
point of the unit ball of H∞, then the operator Cϕ : B → H2 defined by

Cϕf = f ◦ ϕ− f(ϕ(0))

is bounded and the operator norm satisfies

||Cϕ||2 ≤
∫
T

log
1− |ϕ(0)|2
1− |ϕ|2 dσ ≤ C||Cϕ||2

for some constant C independent of ϕ. It may be of some independent interest to
note that operators Cϕ are uniformly bounded for a certain class of polynomials ϕ.
Given a positive integer N , let PN denote the class of all holomorphic polynomials
ϕ, nonvanishing on D, of degree less than or equal to N . Then the following holds.

Proposition 11. For a given positive integer N , operators Cϕ, ϕ ∈ PN , are uni-
formly bounded, or equivalently,

sup
ϕ∈PN

∫
T

log
1− |ϕ(0)|2
1− |ϕ|2 dσ <∞.
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Proof. Let ϕ ∈ PN . Then 1 − |ϕ|2 = |f | on T for some holomorphic polynomial
f of degree less than or equal to 2N . The minimum modulus theorem shows that
1− |ϕ(0)|2 ≤ ||f ||∞, the supremum norm of f on D. Since∫

T

log |ζ − a| dσ(ζ) = log+ |a| ≥ log(1 + |a|)− log 2

for each complex number a, we have∫
T

log |f | dσ ≥ log ||f ||∞ −m log 2

where m denotes the degree of f . Thus we have

log(1 − |ϕ(0)|2) ≤
∫
T

log(1− |ϕ|2) dσ + 2N log 2.

This proves the proposition.

As a consequence of Proposition 11, we obtain a BMO type characterization of
B. For a similar characterization, see [10].

Corollary 12. For a given positive integer N , there exists a constant C = CN

such that

C−1||f ||2B ≤ sup
ϕ∈PN

∫
T

|f ◦ ϕ− f(ϕ(0))|2 dσ ≤ C||f ||2B
for all f ∈ B.

Proof. Considering functions of the form ϕ(z) = a+ (1 − |a|)z, 1/2 < |a| < 1, one
obtains the first inequality and the second one follows from Proposition 11. The
proof is complete.
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