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ABSTRACT. For a multiresolution analysis of La(R?®) associated with the scal-
ing matrix 7" having determinant n we prove the existence of a wavelet basis
with certain desirable properties if 2n—1 > s and its real-valued counterpart if
the scaling function is real-valued and n — 1 > s. That those results cannot be
extended to 2n — 1 < s and n — 1 < s respectively in general is demonstrated
by Adams’s theorem about vector fields on spheres. Moreover we present
some new explicit constructions of wavelets, among which is a variation of
Riemenschneider-Shen’s method for s < 3.

1. INTRODUCTION

Let T be an s x s invertible matrix with integer entries. Then there exist n :=
|det T'| points {6}7-, C Z*, called a full collection of representatives of Z*/TZ?,
such that 6y = 0 and the lattices 6y + TZ*,k =0,--- ,n — 1 partition Z*. In what
following we always assume that the spectral of T is larger than one.

Given a function ¢ € Ly(R?®) we define V; to be the Ly(R?®)-closure of all finite
linear combinations of {p(- — @) }aezs and Vi = {f(T*.)|f € Vo} for k € Z. We say
{V}} form a multiresolution analysis (associated with the scaling matrix T') and ¢
is a scaling function if the following conditions are satisfied:

i) |J Vi =La(R?), [ Vi = {0},

kezZ kEZ

(ii) Vi C Vk+l7 ke,

(iii) {¢(- — @)}aezs is an orthonormal basis of V.

For a multiresolution analysis we denote by W the wavelet space, i.e., the or-
thogonal complement of Vj in Vi. A set of n — 1 (real-valued) functions {¢; ;‘:_11
is called a (real) wavelet set if {1;(- — @) }1<j<n—1,aezs is an orthonormal basis for
W. If {4, ?:_11 is a wavelet set then {ngdjj(Tk - —a)h<j<n—1,0ezs kez forms an
orthonormal basis of La(R?).

There has been an extensive study of the existence and construction of wavelet
sets (see [1], [4], [5] and references therein). For later use we describe here a standard
method.
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From (ii) and (iii) we have a sequence (aqa)aczs € l2(Z*) such that

(1) p(z) = ) aap(Te - a).

a€Zs

Let Aop(w) =n"2 Z a5, 470 ?, k=0,---,n—1,w e T :=[-m, 7]°. Then

ageZs
(cf. [5])

(2) X_: |[Aogr (W) =1 a.e.
k=0

The vector A(w) := (Ago(w), -, Aon—1(w)) is called extensible if there exists
an n X n matrix M (w) with measurable functions entries and A(w) as its first row
such that M (w)M*(w) = I a.e., where M*(w) is the complex conjugate matrix of
M (w) and I the identity matrix. In this case M (w) is known as a unitary extension
of A(w). For such M(w) = (Ajk(w))zZio we define functions ; by the following
equalities:

(3) Pi(w) =n2 Y Ap(w)Pi(w), weRS,

j=1,---,n—1, where f(w) = f(x)e”™“dx is the Fourier transform of f €
RS

Ly(R®) and ¢ (x) = ¢(Tx — b)) for k =0,--- ,n — 1. Then {¢; ;‘;11 is a wavelet
set. For a real-valued scaling function ¢ we have A(w) = A(—w) and {v; ;‘:_11 is a
real wavelet set provided M (w) = M (—w).

According to above recipe it is sufficient for the existence of a wavelet set to
prove the extensibility of A(w). Nevertheless we must in general require that the
entries of the unitary extension are continuous in order to have some control of the
decay of the wavelets. Under the assumption that A(w) is a Holder mapping Jia
and Micchelli proved in [3] the existence of wavelet set when 2n — 1 > s, in which
all the entries of associated unitary extension are continuous.

We establish the above mentioned result of [3] in Section 2 in a different case in
which A(w) is continuous with [s/2]+1 components satisfying a Lipschitz condition.
Its analogy for real wavelet sets is also true for n — 1 > s provided that the scaling
function is real-valued. As for the proof we are led to use the delicate Federer’s
theorem about the change of variables of integral. Our restriction on the number
n cannot be loosened in general, which will be demonstrated by Adams’s theorem
about vector fields on spheres.

In order to construct (explicitly) a wavelet set a unitary extension of A(w) should
be constructed (explicitly). When the scaling function is skew-symmetric about
some point ¢, € 27'Z% some unitary extensions of A(w) are given (explicitly) in
Section 3, among which is a variation of Riemenschneider-Shen’s method [6] in
low dimension. Moreover these give real wavelet sets if the scaling function ¢ is
real-valued.
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2. EXISTENCE OF WAVELET SET

Let S¢ ~1and Sﬁ_l be the unit spheres in C™ and R"™ respectively. For two 1 xn
vectors a,x € Sp~ ! with a # x let Q,(z) be the Householder matrix

Qu(z) =1 —(a—2)"(a—=)/(1 - az”),

where a* denotes, as before, the complex conjugate of a.
The following properties of Q,(x) may be easily verified.

Lemma 1 ([7]). If a # z then Qu(x) is unitary with aQq(z) = z.
Now we prove the main auxiliary result, which is also of interest for its own right.

Lemma 2. Letn —1> s and F(w) = (f1(w), -+, fu(w)) be a 20Z*-periodic con-
tinuous mapping from T® to Sg_l. Suppose that s components of F(w) satisfy the
Lipschitz condition. Then there exists a unitary extension M (w) of F(w) satisfying

(i) all entries of M(w) are 27Z5-periodic continuous; moreover, they have the
same order of differentiality as F'(w) has.

(ii) M (w) is real whenever F(w) is so.

(iii) M (w) = M (—w) whenever F(w) = F(—w).

Proof. We first prove that Sg '\ F(T*) is not empty, where F(A) = {F(w)|w € A}.
Without loss of generality we assume that F(T*) C Sp~!, otherwise we consider
ReF(w) instead of F(w) in what follows. Also we assume that fq,---, fs sat-
isfy the Lipschitz condition, i.e., there exists a constant v such that for f(w) :=

(fr(@), -+ fs(w))
(4) [f(w1) = fw2)] < ylwr —waf,  wi,w2 €R?,

where | - | is the Euclidean norm on R*.

Denote by E; = {w € T*|f is not differentiable (in common meaning) at w} and
E; = {w € T°\E1|det f'(w) = 0}, respectively, where f'(w) is the Jacobian matrix
of f at w. It is well known that F; C R® has (Lebesgue) measure zero (cf. [9],
pp-48-49) and therefore so does f(E7) because of (4). To prove that f(Fs) is also
a null set in R® we appeal to a special case of Federer’s theorem (cf. [9], pp. 80-81)

o) [ e r@las = [ N ayay,

where A C R® is a measurable set and N(y, A) is the number of points (including
oo) inset {x € A|f(x) = y}. By taking A = FE5 in (5) we conclude that N(y, E2) =0
a.e. y € R®, or equivalently f(E2) has measure zero.

Having demonstrated that f(E; U Es) has measure zero we may choose a (in fact
many) point p = (p1,---,ps) € R® outside this set such that

S
> Ipl? < 1.
k=1

Note f is differentiable at any point in f~!(p) := {w € T?|f(w) = p} and
det f'(w) # 0 for any w € f~1(p). Such p is called a regular value of f. The set
f~Y(p) is finite ( possibly empty), otherwise there exists at least one accumulation
point wy of f~!(p), which certainly satisfies both wy € f~!(p) and det f'(wo) = 0,
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a contradiction. Therefore {(fs11(w), -+, fa(w))lw € f~1(p)} is a finite set and
hence cannot contain the infinite set (note n —1 > s)
{(zs+la to 7xn) € Rn_s| Z |xk|2 =1- Z |pk|2}'
k=s+1 k=1
This means that F(T*) cannot contain Sg .

Now we follow the idea of [3]. For a € SE~"\F(T*) we define M (w) = Q.(F(w))
ifa =e:=(1,0,---,0) € R" and M(w) = Q.(G(w))Q%(e) otherwise, where
Glw) = F(@)Qu(c).

Obviously M (w) is unitary and satisfies (i), (ii) and (iii). It remains only to
verify that M(w) has F(w) as its first row, or, equivalently, eM (w) = F(w). This
is obvious when a = e by virtue of Lemma 1. For a # e we have

eM(w) = eQ.(G(w))Q;(e) = G(w)Qg(€)
=G(w)Qz'(e) = F(w).

The proof is complete.

Remarks. 1. In general Lemma 2 does not hold true for n < s + 1 except possibly
n € {2,4,8}. For example, if n = s+1, let F(w) be the spherical coordinates. Then
F(T"=1) = Sg~! and Adams’s theorem tells us F(w) has a real unitary extension
iff n € {2,4,8).

2. In the proof of Lemma 2 if we only want to derive that Sg~"\F(T*) (instead
of SE~"\F(T*)) is nonempty, it suffices to assume that 2n > s+ 1 and [s/2] +
1 components of the 27Z*-periodic continuous mapping F(w) satisfy a Lipschitz
condition. In this case, however, (ii) and (iii) are not true.

Invoking the description of the relation between wavelet set and unitary extension
given in Section 1, together with Lemma 2 and Remark 2 we have immediately the
main result in this section.

Theorem 1. Let T be a scaling matriz with |det T| = n and ¢ a scaling function
(real-valued scaling function, respectively) such that A(w) defined as in Section 1
is continuous and [% + 1 (s, respectively) components of A(w) satisfy a Lipschitz

condition. Then there exists wavelet set (real wavelet set, respectively) {wj 11 with
all Aji(w) in (3) being continuous provided 2n —1>s (n —1 > s, respectwely).

3. CONSTRUCTIONS OF WAVELET SET

We present some explicit constructions of wavelet sets from a multiresolution
analysis having scaling function ¢ which is skew-symmetric about some point ¢, €
27175, ie.,

(6) p(cp +a) =p(c, —x), xR
To this end the following algorithm is useful.

Algorithm. (i) Let Agr(w) =n~ 3 Z ag, 170 k=1, n.
a€Zs
(ii) Find a € Sg_l\A(Ts) and construct M (w) as in Lemma 2.

(iil) Write M(w) = (Aj(w))] 310
(iv) Define ¢j asin (3), j=1,--- ,n—1.
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We remark that if ¢ is real-valued and the point a in (ii) belongs to Sg "\ A(T*)
then {v; ;‘:_11 is a real wavelet set. For this reason we are more interested in finding
a € S\ A(T*) in the following.

Another feature of above Algorithm is that when {V;} is a r-regular multires-
olution analysis (cf. [5], Def. 2, Chapter II) then for any o = (a,- -, as) with

lae]q ::ZO"“ <r,anymandj=1,---,n—1
k=1

0%Y;

ox®

The verification of this fact can proceed as in ([5], Theorem 2, Chapter II).

For any 6 we can find a unique k' for which 6 + 6 € TZ*. There is thus a
unique [ € Z° such that

(7) 6k+6k’:Tﬁk7 k:()a?n_l

SCn(+z)™™ m=12,-

For later use we want to establish a result which ensures that {8 }}_; contains

a basis of Z°, i.e.,

n—1
7° = {Zakﬂkmk eZ,k=0,--- ,n—l}.
k=0

We are able to do so for a special but important type of 7.

Lemma 3. Assume that the greatest common factor of all entries of T is larger
than one in modulus. Then we can find explicitly a full collection of representatives
{61372 for which {Bi}}Zy given as in (7) contains a basis of Z°.

Proof. Invoking the invariant factor theory (cf. [2]) we can construct two s x s
matrices A and B with integer entries and |det A| = |det B| = 1 such that T =
Adiag(oy,--- ,05)B, where o1 = Nq,00 = DNo/Nq,-+ ;05 = Ng/Ns—1 and Ay is
the greatest common factor of all £ x k minors of Tk = 1,--- |s. The o1, -+ , 05
are called the invariant factors of T and they satisfy og|op—1,k = 2,---,s. Our
assumption yields that |ox| > 2,k =1,--- , s. Without loss of generality we assume
that op, > 2,k=1,---,s.

Let Eg = {(v1, - ,v)T € Z°|0 < v, < op — 1,k =1,---, s}, where 27 stands
for the transpose of the vector z. We conclude that {6;&2;3 = AE), satisfies our
demand.

First we verify that {6;}7=) is a full collection of representatives of Z*/TZ".
Obviously Ep is a full collection of representatives of Z°/TpZ® with Ty =
diag(oy,- -+, 0s). Note AZ® = A~'Z° = BZ* = B~'Z°* = Z°. We have for any
o€’

A_la = Toﬂ +
for some 0 € Z° and u € Ey and hence
a=Ty+ Ap

Second, we show

(1,0,---,0)7, -+ ,(0,---0,1)T € {Bﬂk}’,;‘;é.
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Let &, = A(1,0,---, 0)T. Then it is easy to see that op, = A(o1 — 1,0, -+ ,0)T
and therefore

by + 6y = ATp(1,0,---,00" =TB7'(1,0,---,0)7,

which implies that By, = B~!(1,0,---,0)T. This proves that (1,0,---,0)T ¢
{BBk}}=;- Similarly we have

(0,1,0,---,0)7, -~ ,(0,---,0,1)T € {Bﬂk}z;é.

Noting B~!Z* = Z° once again we get the desired conclusion. The proof is
complete.

Now we assume that the scaling function ¢ is skew-symmetric about c, € Z?,
which we may assume to be zero, and that Agg(w) is continuous for all 0 < k < n—1.
Therefore {aq }acze given as in (1) satisfies

g = Q—q, QE ZS,
from which it follows that
(8)
AOk(w) = Z a—ﬁk-i-Tae_lw.o‘ — e—lﬁk-w Z a5k1+T(a—5k)e_Zw.(a_5k)

a€Ls aEZs
=e WPk Ag(w), k=0,---,n—1.

Theorem 2. Assume that T satisfies the conditions of Lemma 3 and {5;&};3 18
chosen so that {By}}Zy contains a basis of Z°. Suppose that P(w), the Fourier
transform of the scaling function ¢ satisfying (6) with ¢, = 0, is continuous atw = 0
with 3(0) # 0 and A(w) is a continuous mapping. Then —n~2(1,--- , 1)EA(T*).
Moreover if T = 2I we can take {6;}}Z) = E, the extremal points of [0,1]°, for

which { By }7Zy certainly contains a basis of Z°. Then any point a = (g, ,Tn_1) €
n—1

(R\{0})" satisfies a€A(T*) with the possible exceptions in case Z x = 28%(= n%)
k=0
or, more precisely, only with the possible exception that a = A(0).

Proof. We first claim that A(w) % —n=2(1,---,1) for any w € T* with w # 0.

In fact for w € T® with w # 0 we can find some o € Z® such that e™® #£ 1.
Since {81 }}Z, contains a basis of Z* we have some S for which e***% # 1, which
together with (8) gives that A(w) # —n~2(1,---,1) for w € T*\{0}.

Second we prove A(0) # —n~2(1,--- ,1). To this end we define function

n—1
(9) Ap(w) =D ™ Ag(T"w),

k=0
which satisfies G(w) = n™2 Ag(T* *w)P(T*'w). Thus Ag(0) = n2. Now the de-
sired conclusion follows from (9) by setting w = 0.

As for the case T = 2I and {é;}7Z) = E it holds naturally that & = &’ and

Bk = 6 for all k =0,--- ,n — 1, where k¥’ and i are determinated by k as in (7).
Therefore

A()k(w) = e_iw-tskAOk(w), k=0,---,n—1,



EXISTENCE AND CONSTRUCTIONS OF ORTHONORMAL WAVELETS 2889

from which we conclude as before that a # A(w) for any a € (R\{0})" and w €
n—1

T\{0}. Moreover a = A(0) only if Zxk = 23 by setting w = 0 in (9). We
k=0

complete the proof.

Xiao [7] and Zhou [8] have proved respectively that k(o1, - - - , 0,)EA(T*) for some
k and some o, = 0,1, and —n~2(1,--- ,1)EA(T®) for T = 2I and {6, }'-} = E.

At the end of the paper we give another construction of unitary extensions in
low dimension s = 1,2, 3. We recall that n : E — E is called an admissible mapping
if n(0) = 0 and (n(u) +n(w)) - (u+v) is odd for u,v € E with p # v. The following
result, as a variation of [6], gives a unitary extension of a vector in a way different
from that described in above Algorithm.

Theorem 3. Suppose that a sequence (To)acze Satisfies To = Tatop for all a, B €
Z®, Z |zo|* = 1 and for some c € E
a€E
Ty =Te—p, MHELE.
If n is a admissible mapping, then the matriz (wu,)wer defined by

()" Y2y, _pwy, if c-pis even,
Wy =
(=)HYTy ), if ¢+ p is odd,
18 unitary.

The proof is similar to that in [6] and is omitted.
During the revision of the paper Prof. Long Ruilin told me that he had also
gotten such variations.
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