
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 125, Number 10, October 1997, Pages 3107–3117
S 0002-9939(97)03932-4

ON THE UNITARY DUAL OF THE CLASSICAL LIE GROUPS,

REPRESENTATIONS OF Sp(p, q)

SUSANA A. SALAMANCA–RIBA

(Communicated by Roe Goodman)

Abstract. In this paper we prove that a unitary representation of Sp(p, q)
whose infinitesimal character satisfies some regularity condition is infinitesi-
mally isomorphic to an Aq (λ) module. This is done using similar techniques
as those used by the author in earlier work.

1. Introduction

Suppose that G is a real reductive Lie group with complexified Lie algebra g,
Cartan involution θ, maximal compact subgroup K and corresponding Cartan de-
composition g = k+p. For any given real Lie subgroup L of G that we will consider,
we will denote its complexified Lie algebra by the corresponding German lower case
letter l, and its real Lie algebra Lie(L), by l0. Let T be a Cartan subgroup of K
and ( , ) be a non-degenerate invariant symmetric bilinear form on G. Finite
dimensional irreducible modules of K, T , k, L∩K, etc., will be identified with their
highest weights (with respect to the appropriate subalgebra). The equivalence class

of such modules is usually denoted by K̂, T̂ , etc.
The problem that we have been working on is the following (see [4] and [5] for a

proof of this conjecture for some groups)

Conjecture 1.1 (Vogan–Zuckerman). Suppose X is a unitary Harish–Chandra mod-
ule of G with infinitesimal character γ satisfying

(γ − ρ, α) ≥ 0(1.1)

for all positive roots α in ∆(g, t) and ρ, half the sum of these positive roots.
Then X is an Aq (λ) module.

The theorem that we prove in this paper is the following

Theorem 1.2. Let G be Sp(p, q) and X be a Harish–Chandra module of G with a
hermitian form 〈 , 〉 and infinitesimal character γ satisfying condition (1.1). Then
either

1. X is an Aq (λ) module, or
2. There are two K–types (µ, Vµ) and (η, Vη), of X where 〈 , 〉|Vµ⊕Vη is indefinite.
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The above conjecture is part of the larger program of the classification of all irre-
ducible unitary representations ofG and the ideas behind the proofs of all the special
cases done so far, including those in this paper, are inspired by the Barbasch–Vogan
program (they were suggested to the author by them and she gladly acknowledges
them). This program in turn is modeled after Vogan’s classification of all irreducible
admissible Harish–Chandra modules of G (see [6]).

Vogan’s classification consists of reducing the problem to quasisplit subgroups
of G; that is, in attaching to a given representation µ ∈ K̂ the following set of
parameters:

1. A θ-stable parabolic subalgebra q
V

= l
V

+u
V

(see Definition 2.2), whose Levi
subgroup L

V
is quasisplit, and

2. A representation µ
LV

of L̂
V
∩K

such that the following is given

(a) A list of Langlands parameters for the set of all irreducible
Harish–Chandra modules of the (quasisplit) group L

V
containing

the representation µ
LV

as lowest (L
V
∩K) type.

(b) A one-to-one correspondence between the above list and the set
of irreducible admissible Harish–Chandra modules of G containing
µ as a lowest K-type.

The goal of the Barbasch–Vogan program is then very similar –with the added
ingredient of so-called “Bottom–layer arguments” to detect non-unitarity (see [8]):

given µ ∈ K̂, find

1. q
u

= l
u

+ u
u
⊇ q

V
, θ–stable,

2. a representation µ
Lu
∈ L̂u ∩K

such that

(a) Irreducible unitary representations of G with lowest K-type µ
are (via Vogan’s classification) in one-to-one correspondence with
irreducible unitary representations of Lu with lowest (Lu∩K) type
µ
Lu
.

(b) The bijection preserves the property of being hermitian.
(c) It also preserves unitarity because of a “Bottom–layer argu-
ment”. That is, there is a finite set Λ

Lu
of (Lu ∩K)-types satisfy-

ing
(i) they detect non-unitarity for any representation of Lu;
(ii) they are in one-to-one correspondence with a set ΛG

of K-dominant weights of K. And this correspondence
preserves signature of hermitian forms.

2. Notation and preliminary results

2.1. Structure theory and a unitary test. As usual, let us denote by ∆(k, t)
the set of compact roots of t in k. Let h be a maximally compact Cartan subalgebra
of g containing t. That is, put h = gt = t + pt. Then h is a Cartan subalgebra of
g. Denote by Wg the Weyl group W (g, h), of h in g and by Wk, the Weyl group
W (k, t), of t in k.

Also, let ∆ = ∆(g, h) ⊂ h∗ be the set of non-zero roots of h in g. Then every root
has support on t. Let ∆(g, t) be the set of non-zero roots of t in g. More generally,
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if V is any t-invariant subspace of g, we denote by ∆(V, t) the set of t- roots with
multiplicities (see [6]).

Definition 2.1. Let us fix once and for all a positive root system for ∆(k, t) denoted
∆+(k, t). We say that a set ∆+(g, h) of positive roots for h in g, is compatible with
∆+(k, t) if

1. for all α ∈ ∆+(k, t), there is β ∈ ∆+(g, h) such that α = β
∣∣
t
,

2. for all β ∈ ∆+(g, h), θβ ∈ ∆+(g, h).

∆+(g, h) induces a positive root system ∆+(g, t). Let ∆(p, t) be the set of non-
compact roots for t and ∆+(p, t) = ∆+(g, t)−∆+(k, t). Set

ρc = ρk =
1

2

∑
α∈∆+(k,t)

α,

ρ = ρg =
1

2

∑
α∈∆+(g,t)

α,

ρn = ρ− ρc =
1

2

∑
β∈∆+(p,t)

β.

More generally, for any θ–stable parabolic subalgebra q (see Definition 2.2 below),
if m is any subspace of q stable under ad(t), then there is a subset Φ = {α1, . . . , αf}
of t∗ and subspaces mαi of m, such that if y ∈ t and v is in mαi , then

ad(y)v = αi(y)v.

We set

∆(m, t) = Φ and ρ(m) =
1

2

∑
α∈Φ

mαα.

Here mα is the multiplicity of α. Then

ρ(m)(y) =
1

2
tr
(
ad(y)

)∣∣
m
.

If m is a reductive subalgebra then we can choose a subset Φ+ ⊂ Φ which is a
system of positive roots. We write

ρm =
1

2

∑
α∈Φ+

α.

For example, if G is Sp(p, q), then t is a Cartan subalgebra of g and

∆(k, t) = +
{
2ei; ej+ek

∣∣1 ≤ i ≤ p+ q; 1 ≤ j < k ≤ p, or p < j < k ≤ p+ q
}
,

(2.1)

∆(p, t) = +
{
ei+ej

∣∣1 ≤ i ≤ p < j ≤ p + q
}
,

and we can choose

∆+(k, t) =
{
2ei; ej+ek

∣∣1 ≤ i ≤ p+ q; 1 ≤ j < k ≤ p, or p < j < k ≤ p + q
}
,

(2.2)

∆+(p, t) =
{
ei+ej

∣∣1 ≤ i ≤ p < j ≤ p+ q
}
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so that

ρc = (p, p− 1, . . . , 1
∣∣q, q − 1, . . . , 1),(2.3)

ρ = (p + q, p+ q − 1, . . . , q + 1
∣∣q, q − 1, . . . , 1),(2.4)

ρn = (q, q, . . . , q
∣∣0, 0, . . . , 0).(2.5)

Proposition 2.1 ([3, 9, 1, Parthasarathy’s Dirac operator inequality]). Let π be a
unitary representation of G and X its Harish–Chandra module. Fix a representation
of k occurring in X, of highest weight χ ∈ t∗ and a positive root system ∆+(g, t).
Write ρc, ρn as in Definition 2.1; fix an element w ∈ Wk such that w(χ − ρn) is
dominant for ∆+(k, t). Let co denote the eigenvalue of the Casimir operator of g in
X. Then

(w(χ− ρn) + ρc , w(χ− ρn) + ρc) ≥ co + (ρ, ρ).

2.2. Construction of θ–stable parabolic subalgebras. Let us recall from [7]
the construction of certain subalgebras of g.

Definition 2.2 (See [7], section 5.2). Suppose x ∈ i(to)
∗ is a ∆+(k, t)–dominant

weight. We will denote by q(x) = l(x) + u(x) the θ–stable parabolic subalgebra
obtained as follows:

l(x) =
⊕

α∈∆(l,x)

CXα,

u(x) =
⊕

α∈∆(u,x)

CXα,

where

∆(l, x) = {α ∈ ∆(g, t)|(x, α) = 0},

∆(u, x) = {α ∈ ∆(g, t)|(x, α) > 0}.
Define also L= normalizer of q in G. Then L is called the Levi subgroup of q.

In our case, when G is Sp(p, q), then

(2.6) x = (x1, . . . , x1︸ ︷︷ ︸
p1 times

, x2, . . . , x2︸ ︷︷ ︸
p2 times

, . . . , xt, . . . , xt︸ ︷︷ ︸
pt times

, 0, . . . , 0︸ ︷︷ ︸
r times

∣∣
x1, . . . , x1︸ ︷︷ ︸
q1 times

, x2, . . . , x2︸ ︷︷ ︸
q2 times

, . . . , xt, . . . , xt︸ ︷︷ ︸
qt times

, 0, . . . , 0︸ ︷︷ ︸
s times

)

is a dominant weight for ∆+(k, t), where p =
∑t

i=1 pi + r, q =
∑t

i=1 qi + s. Then if
ni = pi + qi

∆(l, x) ∼=
(

t⊕
i=1

Ani−1

)
⊕ Cr+s

and

L ∼=
(

t∏
i=1

U(pi, qi)

)
× Sp(r, s).
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Using Definition 2.2 Vogan associates ([7], Section 5.3) in a canonical way, a θ–stable
parabolic subalgebra q

V
= l

V
+ u

V
of g to any highest weight µ of any irreducible

finite dimensional representation of K. This is not necessarily q(µ) (Definition 2.2)
but rather, he first attaches to µ ([7], Proposition 5.3.3), in a unique way, a weight
λ
V
∈ i(t0)

∗ which in turn gives q
V
. In other words,

qV = q(λV ).(2.7)

To reduce our problem to an appropriate subgroup L we need to use LV as our
starting point. Then keeping in mind the algorithm that attaches λV to µ, we need
the following data.

Definition 2.3. Let ∆+(k, t) and 2ρc be as in Definition 2.1. Since µ is a highest
weight, µ + 2ρc is ∆+(k, t)-dominant. Choose a positive set ∆+

µ (g, t), of roots that
are positive on µ+ 2ρc and denote by Πµ its subset of simple roots. Set

ρµ =
1

2

 ∑
α∈∆+

µ (g,t)

α

 .

The following lemma is true in a more general setting but this version is enough
for the purposes of this paper.

Lemma 2.2. Suppose G is Sp(p, q) and µ ∈ i(to)
∗ is a dominant weight for k

satisfying

(µ + 2ρc, α̌) ≤ (2ρµ , α̌) = 2(2.8)

for all α ∈ Πµ. Then

µ =
∑

β∈∆+(p,t)

0≤cβ≤1

cββ.(2.9)

Proof. The proof is by induction on the dimension of G. Suppose

µ+ 2ρc =
(
r1, r2, . . . , rp

∣∣s1, s2, . . . , sq) .
Without loss of generality we may assume that r1 ≥ s1. Let ζ = e1; then, since ζ
is a positive sum of simple roots, we have

(µ + 2ρc, ζ) ≤ (2ρµ, ζ) = 2p+ 2q.

So µ1 = (µ, ζ) ≤ 2q. Now choose L = U(1)× Sp(p− 1, q) which is built from

x = (1, 0, 0, . . . , 0
∣∣0, 0, . . . , 0) ∈ i(to)

∗

using Definition 2.2. Then

2ρ(u ∩ p) = (2q, 0, 0, . . . , 0
∣∣0, 0, . . . , 0)

(see Definition 2.1).
Set y = µ1

2q ; then 0 ≤ y ≤ 1 and

µL = µ− y2ρ(u ∩ p) = (0, µ2, µ3, . . . , µp
∣∣µp+1, µp+2, . . . , µp+q)

is a weight in L ∩K and µL + 2ρl∩k satisfies our induction hypothesis. In fact

ΠµL = Πµ ∩∆(l, t)

and

(µL + 2ρl∩k , α̌) ≤ (2ρl , α̌)



3112 SUSANA A. SALAMANCA–RIBA

for all α ∈ ΠµL . Then

µL =
∑

β∈∆+(l∩p,t)

0≤cβ≤1

cββ.

Now

µ = µL + y2ρ(u ∩ p)

=
∑

β∈∆+(l∩p,t)

0≤cβ≤1

cββ +
∑

α∈∆+(p,t)−∆+(l∩p,t)

0≤y≤1

yα.

2.3. Aq (λ) modules. In order to prove Theorem 1.2 we need to find some charac-
terizations of the Aq (λ) modules. In this subsection we record some results needed
in the next section for establishing such parameters together with some lemmas
used in the proof of Theorem 1.2 .

Definition 2.4. Fix a θ–stable parabolic subalgebra q = l + u as in Definition 2.2
and let L ⊆ G be the centralizer of q in G. Let λ : l → C be a one–dimensional
representation of l. λ is called admissible if the following are satisfied:

1. λ is the differential of a unitary character of L;
2. (α, λ

∣∣
t

) ≥ 0, for all α ∈ ∆(u).

Given q and an admissible λ define, as in [9], Section 5, µ(q, λ) to be the repre-
sentation of K of highest weight λ

∣∣
t
+ 2ρ(u ∩ p).

Proposition 2.3. Suppose q = l + u is a θ–stable parabolic subalgebra and λ ∈ t∗

satisfies 2 of Definition 2.4. Let X be an irreducible unitary Harish–Chandra module
with infinitesimal character γ satisfying Condition (1.1) of Conjecture 1.1; and
µ ∈ t∗, the highest weight of a lowest K-type of X. Suppose in addition that λ is
zero on [l, l] and assume that µ = µ(q, λ). Then

X ∼= Aq (λ).

This is a variant of Proposition 6.1 in [9].

Proposition 2.4 ([2]). Suppose X is an irreducible unitary Harish–Chandra mod-
ule of a real semisimple Lie group G with infinitesimal character γ satisfying Con-
dition (1.1). Let ∆+ be a θ–stable positive root system compatible with ∆+(k, t).

Let (∆+)
′

be another θ–stable positive root system. Set ρn = ρn(∆+) and ρn
′ =

ρn(∆+)
′
and assume that χ = ρn+ρ′n is ∆+(k, t)–dominant and that Homk (Vχ, X)

6= 0.
Then there is a θ–stable parabolic subalgebra q = l+u of g, such that χ = 2ρ(u∩p).

This proposition is stated in [2] in a weaker form. Namely the infinitesimal
character is assumed to be trivial. However in the proof of that statement the
author is only using Condition (1.1). A statement for general λ is given in [9],
Proposition 5.16 and the extension to the case of Condition (1.1) is immediate.

Lemma 2.5. Suppose X is an irreducible Harish–Chandra module of G, with infin-
itesimal character satisfying (1.1) and µ ∈ i(to)

∗ is a lowest K type of X satisfying
Equation (2.9). Then, either Parthasarathy’s Dirac operator inequality (Proposi-
tion 2.1) fails on µ, or there is a θ–stable parabolic subalgebra q of g such that X
is isomorphic to Aq (0). In that case µ = 2ρ(u ∩ p) and (γ, γ) = (ρ, ρ).
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Proof. For any choice of ∆+(g, t) = ∆+(p, t)∪∆+(k, t), if µ satisfies Equation (2.9)
and w ∈Wk makes µ− ρn a w∆+(k, t)–dominant weight, then

µ− ρn + wρc =
∑

β∈∆+(p,t)

0≤cβ≤1

cββ − 1

2

∑
β∈∆+(p,t)

β +
∑

α∈∆+(k,t)

− 1
2≤cα≤ 1

2

cαα

=
∑

β∈∆+(p,t)

− 1
2≤cβ ′≤ 1

2

cβ
′β +

∑
α∈∆+(k,t)

− 1
2≤cα′≤ 1

2

cα
′α

and hence µ− ρn + wρc lies in the convex hull of Wρ. Then

(µ− ρn + wρc, µ− ρn + wρc) ≤ (ρ, ρ)

and equality holds if and only if µ − ρn + wρc = σ(ρ), for some σ ∈ Wk. Then if
X is unitary, by Proposition 2.1, the left-hand side of the last inequality is at least
(γ, γ), forcing equality to hold.

Now, because of the choice of w, µ − ρn + wρc is dominant for w∆+(k, t) and
therefore σ(ρ) is as well. This implies that w∆+(k, t) ⊂ σ∆+(g, t) and hence σ(ρ) =
ρ′n + wρc and µ = ρn + ρ′n.

By Proposition 2.4, if X is unitary, there is a θ–stable parabolic subalgebra
q = l + u such that

µ = 2ρ(u ∩ p)

making µ an Aq (0) lowest K type. Now, by Proposition 2.3, X ∼= Aq (0)) and the
rest of the lemma follows.

3. Proof of Theorem 1.2

Now to prove Theorem 1.2 suppose X is an irreducible Harish–Chandra module
satisfying the hypotheses of that theorem, and suppose µ is a lowest K type of X .
Having in mind Vogan’s algorithm for attaching q

V
to a weight in K, we write the

coordinates of µ as follows:

(3.1) µ = (x1, . . . , x1︸ ︷︷ ︸
r1 times

, x2, . . . , x2︸ ︷︷ ︸
r2 times

, . . . , xh, . . . , xh︸ ︷︷ ︸
rh times

, 0, . . . , 0︸ ︷︷ ︸
r times

∣∣
y1, . . . , y1︸ ︷︷ ︸
s1 times

, y2, . . . , y2︸ ︷︷ ︸
s2 times

, . . . , yk, . . . , yk︸ ︷︷ ︸
sk times

, 0, . . . , 0︸ ︷︷ ︸
s times

).

Set Πµ , ρµ as in Definition 2.3 and suppose we label the simple roots in Πµ as

α1, α2, . . . , αl

according to their place in the Dynkin diagram. Define d by

(µ+ 2ρc , α̌i) ≤ (2ρµ , α̌i) = 2, for i > d,(3.2)

(µ + 2ρc, α̌d) > 2.

Recall that Πµ is a choice of simple roots that are positive on µ + 2ρc. So if
w{α1, α2, . . . , αl} = {e1−e2; e2−e3; . . . el−1−el; 2el}, the coordinates of w(µ+2ρc)
are in decreasing order. Then the inequalities in (3.2) say that d is the first place
(from right to left) where the jump in the coordinates of w(µ + 2ρc) is strictly
greater than 2.
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Note that the last l − d roots of Πµ form a Dynkin diagram of type C and the
rest of the roots one of type A. Define a θ-stable parabolic subalgebra q = l + u by

∆(l, t) ∼= Ad−1 ⊕ Cl−d,
∆(u) = ∆(u

V
) \∆(l).

Hence, there are a, b in Z such that a + b = l − d and

L ∼= U(p− a, q − b)× Sp(a, b).(3.3)

We claim that q ⊃ qV . In fact, since by definition u ⊆ uV we only need to
establish that l

V
⊆ l.

Note that if λ̃ = µ+ 2ρc − ρµ as in Proposition 5.3.3 in [7], then

(λ̃, α̌d) > 1,

which implies that αd /∈ ∆(l
V
, t). In fact the weight

λ = λ̃+
1

2
v

of Proposition 5.3.3 in [7] defines l
V
. So we only need to see that (λ, α̌d) > 0. But

from the inductive construction of v and Proposition 5.3.1 in [7], we can conclude
that the coordinates of v are between −1 and 1, which gives the inequality for λ
we want. Hence ∆(l

V
, t) ⊂ ∆(l, t) and l

V
⊂ l.

Then by [7], 6.5.9 and 6.5.12 and Corollary 5.3 in [4], X is the Langlands sub-
representation of some module Rg

q (XL), with XL a Harish–Chandra module of L.
Moreover, the hermitian dual of XL has a hermitian form, say 〈 , 〉L.

Now µL = µ − 2ρ(u ∩ p) is a lowest K–type of XL. Also, 2ρ(u ∩ p) is constant
on (Sp(a, b)) ∩K and

2ρc|Sp(a,b) = 2ρl∩k |Sp(a,b).
Then µ1 = µL|Sp(a,b) satisfies the hypothesis of Lemma 2.2, so by Lemma 2.5,
either Parthasarathy’s Dirac operator inequality (see Proposition 2.1) fails on µ1,
or there is a θ–stable parabolic subalgebra q′ of Sp(a,b) such that

XL
∣∣
Sp(a,b)

∼= Aq′ (0).(3.4)

In the first case, if Dirac inequality fails on µ1, by Lemma 6.3 in [4] there is
another representation (Vδ1 , δ1) of Sp(a, b) ∩K, occurring in Vµ1 ⊗ (sp (a, b) ∩ p)
such that the hermitian form 〈 , 〉L is indefinite on Vµ1 ⊕ Vδ1 .

We claim that any possible highest weight δ1 as above is such that

δ = δ1 + 2ρ(u ∩ p)

is dominant for k and hence, by Theorem 5.8 in [4], Vδ is a K type of X and the
hermitian form < , > on X is indefinite on Vµ ⊕ Vδ.

To prove the claim let Q = ∆(sp (a, b) ∩ p). If δ1 is a highest weight as above,
then δ1 = µL + β, for some β ∈ Q and δ = µ + β. Note that

Q = {+(ei+ej)
∣∣p− a < i ≤ p; p+ q − b < j ≤ p+ q}.

Therefore, if δ1 is dominant for ∆+(sp (a, b) ∩ k, t), then δ will be dominant for
∆+(k, t) provided that

(δ, ep−a − ep−a+1) ≥ 0,(3.5)

(δ, ep+q−b − ep+q−b+1) ≥ 0.(3.6)
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In case (3.5)

(δ, ep−a − ep−a+1) = (µ, ep−a − ep−a+1) + (β, ep−a − ep−a+1)

≥ 0 + (β, ep−a − ep−a+1).

The right-hand side of the inequality is either 0, 1 or −1. So the only bad cases
are when (µ, ep−a−ep−a+1) = 0. But after rearranging the coordinates of µ+2ρc in
decreasing order, there will be at most two q-coordinates in between the p− a and
the p−a+1 coordinates and all the jumps down those – at most four – coordinates
must be at most 2.

This contradicts our assumption that the simple root that joins the simple roots
of Sp(a, b) with those of U(p−a, q− b) is the first one on which the jump is greater
than two. This proves (3.5). (3.6) can be proved in a similar way and this proves
our claim.

Now assume (3.4). If XL
∣∣
U(p−a,q−b) is not an Aq (λ) module we need to see

that X will not be unitary. Set µ2 = µL |U(p−a,q−b). By Theorem 1.2 in [4] and
its proof, there is a representation (Vτ1 , τ1) of U(p − a, q − b) ∩ K, occurring in
Vµ2⊗u(p−a, q−b)∩p such that the hermitian form 〈 , 〉L is indefinite on Vµ2⊕Vτ1 .
As we did above, we need to show that any weight of the form τ = τ1 + 2ρ(u ∩ p),
with τ1 a highest weight in

Vµ2 ⊗ u(p− a, q − b) ∩ p,

is dominant for k. But the roots in u(p− a, q − b) ∩ p are the set

R = {+(ei − ej) | 1 ≤ i ≤ p− a; p < j ≤ p+ q − b} .
Then it all reduces to checking that inequalities (3.5) and (3.6) hold for τ
instead of δ, where τ = µ + η, η ∈ R. This in turn reduces to making sure that
(µ, ep−a − ep−a+1) > 0 and (µ, ep+q−b − ep+q−b+1) > 0, which was done above.

Then XL ∼= Aq0 (λ0) =
[Rl

q0

]s0
(Cλ0) where s0 = dim(u0 ∩ k). Then, by

induction by stages again,[Rg
q

]s
(Aq0 (λ0)) ∼=

[Rg
q1

]s1
(Cλ0),

where we set

q1 = l1 + u1, u1 = u0 + u, l1 = l0,

s1 = dim(u1 ∩ k), and s = dim(u ∩ k).

We want to use Proposition 2.3. The lowest K type of the module on the left-
hand side has highest weight

µ = λ0 + 2ρ(u1 ∩ p).

On the other hand, γ is the infinitesimal character of[Rg
q1

]s1
(Cλ0),

so

γ = λ0 + ρ(u1) + ρl
1
,(3.7)

for some choice of positive roots for l1. Also, λ0 is orthogonal to the roots of l1 and
(λ0, α) ≥ 0 for all roots α ∈ ∆(u0). To see that X ∼= Aq1 (λ0), using Proposition 2.3,
we only need to see that

(λ0, α) ≥ 0, for all α ∈ ∆(u).(3.8)
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We will use the following:

Lemma 3.1 (Vogan, unpublished). Assume the above notation and suppose X is
the Langlands submodule of the Harish–Chandra module

Y =
[Rg

q

]s
(Aq0 (λ0)).

Then, if the infinitesimal character γ of X satisfies condition (1.1), Y is irreducible
and

X ∼= Aq1 (λ0).

Proof. Set ∆+(γ) = {α ∈ ∆(g, t)
∣∣(γ, α) > 0} and ργ = ρ(∆+(γ)). Recall that for

α in this set,

(γ, α̌) ≥ (ργ , α̌) ≥ 1.

By (3.7), if we can show that

ργ = ρ(u1) + ρl
1
,

then γ − ργ = λ0 and λ0 will satisfy (3.8). Therefore it is enough to show that

∆+(γ) = ∆(u1) + ∆+(l1).

We can also write γ in terms of its Langlands parameters. Let M1A1N1 be a
minimal real parabolic subgroup and H1 = T1A1 a maximally split Cartan subgroup

of L1. Recall that q ⊃ q
V

and moreover, we can assume that q0 ⊃ q
V
(X

L

) and

λ
V
(Y ) = λ0 + ρ(u1) + ρm

1
(3.9)

(see [7], Section 5.3).
Let’s first take a root β ∈ ∆+(γ) which is also simple for l1. Then β is orthogonal

to the roots in u1 and also to λ0 and

(γ, β̌) = (λ0, β̌) + (ρ(u1), β̌) + (ρl1 , β̌)

= 1.
(3.10)

Hence, β is also simple for ∆+(γ) andW (l1, h1) permutes the roots in ∆+(γ) outside
l1. So l1 is a Levi subgroup consistent with ∆+(γ).

Now let w ∈ W (l1, h1) be the longest element. Since w is a product of simple
reflections of roots in l1, and hence orthogonal to λ0, then w fixes λ0. Also w fixes
ρ(u1), since the roots of l1 permute the roots in u1. Using (3.7), we have that

γ + wγ = 2(λ0 + ρ(u1)),(3.11)

and this must be positive on ∆+(γ) \∆(l1, h1).
We claim that γ + wγ is positive on ∆(u). Let w′ be the longest element of

W (M1, T1). Again w′ is a product of simple reflections of roots in l1. Hence, it
fixes λ0 and ρ(u1) and from (3.9) we have

λ
V
(Y ) + w′(λ

V
(Y )) = 2(λ0 + ρ(u1))

= γ + wγ.
(3.12)

Moreover, w′ permutes the roots in ∆(u) and since q ⊃ q
V
, (λ

V
(Y ), α) ≥ 0 on ∆(u)

and

(λV (Y ) + w′(λV (Y )), α) = (λV (Y ), α+ w′α) ≥ 0.(3.13)
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Combining (3.11)–(3.13) proves our claim and hence ∆(u) ⊆ ∆+(γ) and by (3.10)
∆+(γ) = ∆(u1) ∪∆+(l1). So,

(λ0, α) = (γ − ργ , α) ≥ 0,

for all α ∈ ∆(u). Hence by Proposition 2.3, Y ∼= Aq
1

(λ0).
This proves the lemma.

This concludes the proof of Theorem 1.2.
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