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ABSTRACT. An interaction equation of the capillary-gravity wave is consid-
ered. We show that the Cauchy problem of the coupled Schréodinger-KdV
equation,

i0ru + 0%u = awu + v|ul?u, t,z € R,

Ov + 03v 4 dxv? = B0z (|ul?),

u(z,0) = uo(z), v(x,0) = vo(z),
is locally well-posed for weak initial data up x vo € L?(R) x H~'/2(R). We

apply the analogous method for estimating the nonlinear coupling terms de-
veloped by Bourgain and refined by Kenig, Ponce, and Vega.

1. INTRODUCTION

An interaction phenomenon between long waves and short waves has been stud-
ied in various physical situations. This phenomenon is of interest in several fields
of physics and fluid dynamics: an electron-plasma, ion-field interaction [20], a di-
atomic lattice system [27], and a water wave theory [8]. The short wave is usually
described by the Schrodinger type equation and the long wave is described by
some sort of wave equation accompanied with a dispersive term. In the theory of
capillary-gravity waves, Kawahara et al. [13] studied the coupled system
(1.1) i0;S +ics0.S + 028 = aSL, t,x € R,

' 0L+ 10, L+ 93L + 0, L* = p0,|S|?,

where S and L describe short and long water waves and a, (3, c¢s, ¢; are real
constants. When the resonance condition c¢s = ¢; holds, this equation is known as
the coupled Schrodinger-KdV equation. This paper is concerned with the Cauchy
problem for the following general version of the coupled Schrédinger-KdV equation,
with ug € L?(R) and vy € H~/2(R):

i0pu + 0%u = avu + vy|u|*u, t,x € R,
(1.2) 0w + 03v + 0,02 = B0, (|ul?),
u(z,0) = uo(z),v(z,0) = vo(x).
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One of the closely related interactions is described by the following system:

i0pu + 0%u = uv, t,x € R,
(1.3) 0w = 8w(|u|2)7
u(z,0) = uo(z),v(z,0) = vo(z),

which was introduced by Benney [3] (see also Yajima-Oikawa [26] and Funakoshi-
Oikawa [8]) and both the inverse scattering method ([26], [19]) and the theory of
evolution equations ([24], [18], [1]) have been applied.

Unlike the results for Benney’s equation (1.3), the coupled Schrédinger-KdV
equation (1.2) has been shown not to be a completely integrable system (Benirov-
Burtsev [2]). Therefore the solvability of (1.2) is dependent upon the method of
evolution equations. If we assume the initial data (ug,vg) is sufficiently smooth,
we have time global well-posedness for (1.2). More specifically M. Tsutsumi [23]
showed that for (ug,vo) € H™ 2 (R) x H™(R) for m = 1,2, 3, ... the coupled system
(1.2) is globally well-posed in H™*2 (R) x H™(R).

On the other hand, it has been recently realized that related single dispersive
equations are well-posed even with weaker initial data. For nonlinear Schrédinger
equations, L2- well-posedness has been shown by Y. Tsutsumi [25], Kato [12],
Cazenave-Weissler [7] and for negative Sobolev spaces by Kenig-Ponce-Vega [16];
for the KdV equation, L? well-posedness was shown by Bourgain [4], [5], [6] and
for negative Sobolev spaces by Kenig-Ponce-Vega [14] (for an expository summary,
see [9]). If we establish the well-posedness in a weaker space, then the interaction
model is valid for more singular waves than continuous solutions. Moreover, for
the case of Benney’s equation (1.3), it has been shown that for weaker initial data,
(up,v0) € HE(R) x LY<(R) for ¢ > 0 is well-posed (Bekiranov-Ogawa-Ponce [1]).
Therefore, it is natural to ask if the coupled system (1.2) is also well-posed for
weaker initial data (ug,vg). To consider weak solutions, we reduce the system (1.2)
to the following integral equation:

u(t) = U(t)ug — 2/0 Ut —t"){avt)u(t) + y|u(t)|Pu(t') }dt,

v(t) = V(t)vo + /0 V(t — t"){B0|u(t)]? — dzv(t')*}dt,

where U(t) = ¢t and V(t) = e=9%" are the linear Schrodinger and Airy unitary
groups, respectively.

The well-posedness for the single nonlinear Schrodinger equation in the Sobolev
space with negative exponents has been obtained up to H —ate (R), and for the KAV
equation, H=3+<(R) ([6], [14], [15]). In general, a coupled system like equation (1.2)
is more difficult to handle in the same spaces as in the space the single equation
is solved. The difficulty stems from antisymmetric characters of the characteristics
of each linear part. Due to the dispersive term in the KdV part, however we still
have room to handle well-posedness in L?(R) x H~'/2(R).

The main method is based on the analogous argument as put forth by Bourgain
([4], [5], [6]) in the spatially periodic case and the Cauchy problem by Kenig-Ponce-
Vega ([14], [15], [16] and see also [17]). The key fact is that we use both space-time
weighted norms in the phase space to see the smoothing effect of two dispersive
linear equations and smoothing effects of the quadratic nonlinearities which is seen
as terms of a convolution of weight potential. The heart of this technique was
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extensively developed by Kenig-Ponce-Vega in order to establish the well-posedness
for the single KdV equation and the nonlinear Schrodinger equations.

Since the quadratic nonlinearities can be written as a form of convolution and
the different nature of each characteristic of the linear part of the Schrodinger and
KdV equations, we are able to avoid the difficulty of derivative loss which commonly
appears to construct a weak solution.

Before stating the theorem we give the following notations. Let || - ||2 be the
L?(R) norm for space variable. Let H*(R) denote the Sobolev space with norm
lvllgs = [[(1 + Dyg)®v||2, where D¢ stands for the fractional derivative by the
Riesz potential in the space variable. We denote by LY (L4) (1 < p,q < o0) the
Banach spaces LP(R: L(R)) for variables ¢t and x respectively. Let fbe the Fourier
transform of f in both x and ¢ variables

~

F(re) = (2m)! / / e~ (1 o) dtda.
R2

Let ((f,g)) and f % g be the dual coupling and convolution of space and time
variables respectively. Lastly for —1 < b < 1 we let X} and Y} denote the Hilbert
spaces with norms

I, = ([[ @+ 1+ €)1 e Parag)

lallv, = ( f[ (417 = €0 + €D lgtr, ) Parae)

As in [14] we observe that |f|lx, = ||(1 + Dt)bU(t)fHL?(Li) and ||gllv,
1L+ Da)PV(£)gll 1 gy-2/2)» where U(t) = "% and V(t) = e~ 19:.

Our theorem is as follows:
Theorem 1.1. For any (uo,vo) € L*(R) x H-Y2(R) and b € (1/2,7/12), there

exist T = T(||uoll2, [|[voll g-1/2) > 0 and a unique solution (u(t),v(t)) of the initial
value problem (1.2) satisfying

ue C([0,7); L*R)),v € C([0,7); HY*(R)),
u € Xp,v €Y}

1/2

with
(1.4) wv, |u|®u € Xy_1, 0,02, 0x|ul® € Yy_1.

Moreover, given T € (0,T) the map (uo,vo) — (u(t),v(t)) is Lipschitz continuous
from L2(R) x H-'/2(R) to C([0,T"); L*>(R)) x C([0,T"); H-/%(R)).

As a corollary of the above theorem, we can generalize the former result found
in [23].

Corollary 1.2. For any s > 0 and (ug,vo) € H*(R) x H*"Y/2(R), the same con-
clusion holds for u x v € C([0,T); H*(R)) x C([0,T); H*~/2(R)).

Remark. The additional regularity (1.4) assures that the nonlinear terms in the
integral equations have meaning.

Related to another kind of nonlinear Schriodinger equation, it should be com-
mented that the weak solution for the so-called derivative nonlinear Schrédinger
equation uniquely exists in H!(R) (see Hayashi [10], Hayashi-Ozawa [11] and Ozawa
[21]). Those results are obtained by reducing the single equation into a system of
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nonlinear Schrodinger equations. Thanks to the stronger smoothing effect in the
KdV part, our result can be handled with much weaker initial data.

Since the L? conservation law is established for the regular solutions ([23]),
the solution obtained in the above also satisfies the L? conservation law for the
Schrédinger part u. However since any a priori estimate for the KdV part is not
known, it is open whether the solution in our theorem is globally well-posed or not.

2. PRELIMINARY ESTIMATES

In what follows ¢ (t) denotes a cut off function in C§°(R) such that it is 1 on
the interval [—1,1] and is 0 outside of [—2,2]. We let 15 = ¥(t/6). First we state
some elementary bounds involving the function spaces X3 and Y; which are found
in [14], [15].

Lemma 2.1 ([14], [15]). Let b € (1/2,1) and é € (0,1); then for F € X} we have
(2.1) |¢sFlx, < C8U202|F|lx,  for F € Xy,

(2.2) lsFly, < C6C20/2||F|ly, for F €Y.

For b,b/ € (0,1/2) with b’ <b and 6 € (0,1), then for F € X_y we have

(2.3) s Fllx_, < C6C DAY R|x  for F e X_y,
(24) [sFlly_, < C8U DA F|y  for F e Yoy,

Next we show the linear estimates needed for the linear parts of the Schrodinger
equation and the KdV equation which are due to Kenig-Ponce-Vega [14] and [16].
Recall that U(t) = €% and V(t) = e~*%% denote the linear Schridinger and Airy
unitary groups respectively.

Proposition 2.2 ([4], [14], [16]). Let b € (1/2,1) and 6 € (0,1); then we have

(2.5) [0 (t)uollx, < Co6™ =272 lug|la,

(2.6) 14 /Ot Ut —t)F()dt | x, < C8U22|1F|x,

(2.7) ¥ /Ot U(t = ) E(")dt' || (0,2 < CEU 22| F|x, .
Proposition 2.3 (6], [14]). Let b € (1/2,1) and 6 € (0,1); then we have
(2.8) 45V (£)volly, < Co6™ 22 |[vg]| -1/,

(2.9) ¥ /tV(t —t\F(')dt' ||y, < C822| Py, _,,

(2.10) ’

t
IIZDa/O V(t = t)E(t)dt' | oo 0.0y -172) < C8U 22| Flly; .
The following estimate due to Strichartz [22] is well-known and used often in the
various areas of the study of nonlinear Schrédinger equations.
Proposition 2.4 ([22]). Let ug € L?(R); then
(2.11) 1U#)uollzs(zey < Clluolle-
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Finally we give some elementary estimates needed for the nonlinear estimates in
Section 3.

Lemma 2.5. For a,b> 0 and k = min(a, b) with a+b > 1+ &, there exists C > 0
such that

dx ¢
(2.12) /(1+|x_p|)a(1+|x—q|)b ST p-ar

For a > 1 we have

(2.13) /(d—‘” <&

1+ |pz—ql)* ~ |p|

For a > 1/3 we have

(2.14) / ( de <C.

1+ |ag + a1z + asx? + x3|)* —

Proof. Estimate (2.12) and (2.13) follow from simple calculus. We show the proof
for (2.14).

/ dz
(1 +lao + a1z + agx? + 23|)*

_ / dx n / dx
g (L+ |z —rillz —rollz —r3)))  Jge (1 + [z — 11z — 2|z — r3])e’
where 71, 72, and r3 are the roots of the polynomial ag + a1z + asx? + 2% and B is
the union of three balls of radius 1 about the roots r;.
Noting

(Lt [z —rile = roflz —r3]) = 2(L+ |z = J(1 + & — o) (1 + [z — r3])

| =

on B¢, we have

/ dx
ge (L+ |z —ri||z — raflx — r3])®

< dx
- ge (L+ 1]z —rm))e(1 + |z —r2))e(1 + |2 — r3|)*’

Using Holder’s inequality yields the result. O

3. NONLINEAR ESTIMATES

Here we give four estimates for the nonlinear terms that are needed to com-
plete the construction of local solutions with the use of the contraction mapping
argument. First we treat the cubic nonlinear term in the Schrédinger part of the
system.

Lemma 3.1. For b,b' € (1/2,1) we have that

(3.1) lulullx, , < Cllullk,-
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Proof. 1t is sufficient to show (3.1) for u € S(R?). For b,b' € (1/2,1),

lul?ullx, _, =L+ |7+ €)D" (ul?u)ll 2 r2)
(3.2) < Sgllp(l 1+ D" ulull 22
<llullZgcre)-

Now let f(7,&) = (1 + |7 + &2|)%u(r, €); then we have by the change of variables
o=1+¢%,

(3.3)
_ ix€ itT f
||U||L?(Lg) —H//e ‘e ‘(1+ |T+§2|)bd§d7||Lg(Lg)

eito

:H/{W(/eiw£+it€2f(a+€27£)d§)}d0”Lf(Lg)'

Set f(o —&2,€) as g, (€). Then
/ EHIE (5 €2 €)dE = Ult)g,.

By applying the Strichartz estimate (2.11) to the above, we proceed

eitd 1
Il el < [ G lU g s do
(3.4) / (1+|o])? L (L) 1+ o)) LY(LS)
' 1

<C||

mHLgHga(ﬁf)HLg@g) < Cllgo ()|l L2 (z2)-

Finally noting
9o (@)llz2z2) = 1 fllz2(r2)

in (3.4), we obtain the conclusion from (3.2). O

The following lemma is originally due to Bourgain ([6]) yet the techniques are
established by Kenig-Ponce-Vega [15], which shows the remaining nonlinear esti-
mates. The estimates for the interaction terms, (3.6) and (3.7), are new.

Lemma 3.2 ([15]). For any b1,b], € (1/2,7/12), by, by € (1/2,1) and bs,bs €
(1/2,3/4) there is a constant C > 0 such that

(3.5) 1.0, , < Cllol,,.
(3.6) 10eluflly,, , < Cllul’,,.
(3.7) luvllx,, , < Cllullx,, o]y,

Proof. The estimate (3.5) has been proved while establishing the local well-
posedness of the KdV equation by Kenig-Ponce-Vega [15].
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To prove inequality (3.6) we let f(7,€&) = (1 + |7 + &2))a(r,€) and f*(1,€) =
(14 |7 — €221 u(r, €) to obtain the following:

(3.8)
J0ubuPlig, = 10+ 7 — €5~ 1+ )20, P g2 0
. i b
e Ea et e
<1 A
R A [ e e e e L
1/2
<H €l ,
e e

dridé, 1/2
. (// I+ +&N) 1 +|r—71 — (f—fl)2|)%1)

X (125122

L2(12)
<[P(m e weo) 1 22y 17 222
Lemma 2.5, (2.12) and (2.13) yield

A (7, &)

_ |§|1/2 dridéy 1/2
_|(1+IT g3t // (L+ |7+ &) 2b1(1+|7—ﬁ—(5—51)2|)2b1> |

C|§|1/2 d& 1/2
T (- (/ (1+|T+52—2§1§|)261) =¢

which shows (3.6).
Next we show (3.7). Let u € X, and v € Y3,. Again by the Plancharel identity,

lwvllx,, ., = [I(T+]7 — &)l 2 12
(3.9) 1 A
= sup (( —Ux0,0))|.
per2(r2) |el<1! (L4 |7 — &)1

Letting f(r,€) = (1+|7+&%|)*™a(r,§) and g(7, &) = (1+|7—%)* (1+[¢)) ~/%0(7, €),
we compute (3.9) in the following way:

(3.10)
1 P
Carrreprst
1 f (L+1eD2g \ -
~(rrrey (e oy - o) ¥

//// (L+ 16D 2g(m, &) f (1 — 11, € — &) (7, £)dmidéy drdE
(T4 m+ D014 | — )2 (14 |7 — 11 + (€ — &1)?])bs

I I I = e

where the integral region R* is separated into three parts, Ry URsUR3. Let g, be
the characteristic function for each region R; (i = 1,2,3). Then for the first part,
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we integrate over 7 and & and use Holder’s and Cauchy-Schwarz’s inequality to
obtain the following:

(3.11)

1
(| <l[¢llrz

W@+ |+ e2)i-b

// (1+ &)Y 2g(m, &) f(r Tlvf—fl)XRld&dTl}
(T4 |m = &P (1 + |7 — 11 + (£ = &1)?])b
1

(1+ |7+ €2[)1

// (1+ &) xr, dridéy 1/2H
1+|Tl—€1 )2b2(1+|T—Tl+(€—€1)2|)2b3 L=(Lg)

<Cllullxy, 0]y,

L2(L?)

<Cl¢llrzx2)llgllczzz)

e

(1 + &) xR, drid& 1/2
(// (L4 |m =& (A + |7 =1+ (€~ 51)2|)2b3 HLoo L)

Next for the second part, we integrate over 7 and & first and use the same steps as
before to obtain the following:

(3.12)
(2| <Clollrz 2y lgllez )l F-1lrz ez

x H (14 &)
(14 |m — &F])b

XR,dEdT 1/2
g (// (T T ST+ |r 71 + (€= )2 HL:@@;@
(L+ &)
(1 +|m = &))"

<] e L.
(Lt Ir + DB (1 + 7 — 71 + (€ - €2’ AR

where we put f_(7,€) = f(~7,—¢). Note that [T 1 crz) = Iz e = Il
For I3, we use the change of variables 11 — 7= 715 and £ — £ = & in (3.10) and
obtain the bound:

(3.13)

13| <Cllullx,, 0]y,

<Cllullxy, [1v]lvs, I

// (1+|fl|)XR dryd&, 1/2H
(T4 |1 — 712+ (& — &)2[)20-0%) (1 + |y — &7[)%2 Lg)

2

where Rj is the region corresponding to Rs in the variables (11,72, &1, &2).
We then define the regions R;, Rs, and R3 such that R* = R; U Ry U R3. First
we split R* into three regions, 4, B, and C:

A= {(7—77—175761) € R4 : |€1| S 2}7
B ={(r,7,£,&) € R*: [&4] > 2 and 367 — 2& +2¢] > |41},
C={(r,m,6&) R 1 |&] > 2 and | — & +2¢] > |G}
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Since

{(7—77—176)51) € R4 :|§1| > 2 and
1362 — 2¢, +2¢] < |&1] and €2 — & +2¢| < &1}

is empty, we have R* = AUBUC.
Noting that for any points in C', we have that

(3.14)
[T+ + | =&+ |m— 1+ (E— &) > |6 — & + 266 > |4,

we further separate C' into three parts, i.e.,
Ci={(r,m.6&)€C : |m =&l T —n+(E—-&)? < |7+ €13,

CQ = {(7_77—175751) eC : |T+£2|7 |T —T1+ (f _51)2| < |Tl _€§|}7
Cs={(r,m,6&)€C : [T+ In—-&|<|Ir—n+ (- &)}

so that one of the following |7 + €2, |71 — &}, or |7 — 71 + (£ — &1)?| is larger than
€)% /3.

We can now define the three sets that we separate R* into:
Ri=AUBUCY, Ro =C5y, R3=0C3

and it is clear by construction that R* = Ry U Ry U R3. Under the change of
variables 71 — 7 = 75 and & — £ = & the third region is transformed into

Ry ={(m,72,&,&) €R* 12< 6| < |G +& — 26| <3|+ &}

Thus, reviewing the estimates (3.11), (3.12) and (3.13), we will establish estimate
(3.7) once the following lemma is shown.

Lemma 3.3. All the following expressions are bounded by a constant C':

1
lerrrers

// (1 + [&1D) xR, dridé, )1/2H <C
1+ |n =& )2b2(1 +Hlr—m+ (€ =&))%) ez

H (1+|&[)1/2
(14 |m — €3])P

(/] et ) e, <€
(L4 |7+ 2200 (1 4 |7 — 71 + (€ — £1)?])?s L)~

e

(14 [&1])x z,dm1dEs 1/2
° C.
(// L+ Im = &)?2 (1 + m — 2+ (& — €2)2))20~ b3)) ‘ :

Lf_;(Lg;)

|
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Proof of Lemma 3.3. According to Lemma 2.5, (2.12), it suffices to get bounds for
(3.15)

1 (1 +1&)) 1/2
(1+ |7+ €)= (/ (1+Ir+§2—§§+§%—2g§1|)2md51) on R,

(3.16)
(L+ &' / 1/2
d on Ry,
(1+ |7 — &P 14+ |m — 51 + 26,€|)2k2 5) 2
(3.17)
(1+1&1]) 2
d on R,
(1—|—|7’2—€2 [)bs / (1+ |72 — €2 — & — €2 + 26561)%|)%hs 51) 3
where k1 = min(by, b3), k2 = min(1 — b}, b3) and k3 = min(be, 1 — b}).

We start with (3.15) in reglon Ry = AUBUC,. In region A, we have |£] < 2
and obviously

(3.18)

1 (14 [&1])déy 1/2
e T ar e —ma) ¢

Next we estimate (3.15) in region B. By the change of variables n = 7 — & + &7 —
2¢€1 + €2 and the condition |&] < [362 — 26 4 2¢| on B, we obtain

(3.19)

1 (/ |€1]déq )1/2
(T4 [r+&2)0 0 ) (1 + |7+ &2 — & + & — 286 )%

d77 1
<C 2 <
<c(f T <

Note that 2k; > 1. Similarly on region C1, we have that |& | < C(14 |7 +€2])2(1=b3)
for b5 < 3/4 and it follows from Lemma 2.5, (2.14) that

(3.20)
1 (/ (1+[&])d& )i/2
(L4 |+ 1+ |7+ 62— € + & — 2861])?
[SILS! 1/2
< CrrrEE T e a T a )

d&y 1/2
SC(/ (1+Ir+£2—€%+£%—2£§1l)2“1) =¢

Thus gathering (3.18)—(3.20), we have shown (3.15). Next we show (3.16). Since
1 — kg — by < 0, the change of variables n = 71 + £ — 2661, Lemma 2.5, (2.13)
coupled with the restriction on the region with (3.14) yield the following;:

&1/ (/ dg )2
(L+|m =& (L4 |m + & — 266])2~e

<#(/ din)l/z
T = &8N0y <apry—ez (14 [n])2

_ ¢#31\1/2—k2
Sc(]‘ + |T1 €1 |)3 S C.
(1+|m —&|)P
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Lastly on the region R3 we note that |&1]/(1 + |m2 — £3])?" < C and from Lemma
2.5, (2.14), we have that

L (/ (L+[&1])des )"
-GN \ (-8 & - & - 268

& 1/2
SO(/ (14 |m2 — &5 —261& — & + ff’|)2“3) =¢

Here we have used that k3 > § and bg > ;. Now (3.15)~(3.17) are shown to

be bounded and proof of Lemma 3.3 and, hence, the proof of Lemma 3.2 are
completed. O

The following lemma is an immediate consequence of Lemma 3.1 and Lemma
3.2.

Lemma 3.4. Let u, 4 € Xy, and v, ¥ € Yy, with by,b} € (1/2,3/4), and by, b, €
(1/2,7/12). Then there is a constant C > 0 such that

llulu —lal*d]x,, _, < C(lullk,, + 1%, ) v - allx,,,
luv —aolx,, , < C([lu—alx,, [vlv, +@lx,, lv=2lv,),
0]l = 0ulaf*lv,, _, < Clllullxy, + llallx,, )llu =l x,,

10:0% = 8:9%lv,, _, < Clllvllwi, + [19llws,)llv = Ty, -

4. PROOF OF THEOREM 1.1

Now that the necessary estimates have been deduced the rest of the proof follows
the arguments appearing in [14] (see also [16]). We give the outline of the arguments
for completeness. Note that in our case, we cannot employ the scaling argument
because of the presence of the pure power term in the Schréodinger part. Recall
that v is the smooth cut-off function as defined in the section 2, where we denote

s = $(t/8) so that (1) = (1).

Proof of Theorem 1.1. We consider the following function space where we seek our
solution. For (ug,vo) € L*(R) x H=Y2(R) and b € (1/2,7/12), let

Xun = {(u,v) : u € Xp,v €Y} such that |ul|x, < M, ||v|ly, < N},

where M = 2Cy||luo|l2 and N = 2Cy||vo||g-1/2. Then Xy n is a complete metric
space with norm

(s o)l = Nlullx, + o]l

Without loss of generality, we may assume that 1 < M and 1 < N.
For (u,v) € Xy, we define the maps,

Du, v] = 1 (U (H)uo — wl(t)/o U(t = t)vs(t ) {auo(') + ylul*u(t’)}dt,

Ulu, v] = 1 ()W (t)vo + 1 (t)/0 W (t = ¢ )s(t') {80 ul*(t') — 0:0°(¢') }dt.
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Then according to Lemma 2.1, Proposition 2.2, Proposition 2.3, Lemma 3.1 and
Lemma 3.2, we have for b < b/ < 7/12 and p = (b’ — b)/4V,

[ ®[u, v]||x, < Colluollz + Cllvs{ouv + y|ulu}|x,_,
(4.1) < Collugllz + C6*(|luv|x,, _, + llul*ullx, _,)
< Colluollz + C6* (lullx, 1]y, + llul%, )

19w, ]Iy, < Collvoll,,—3 + Clles{B0slul® = v} Iy,
(4.2) < Collvoll,, -3 + C8(l0:]ullly,, _, +10:0%Ily,, )
< Collvoll, -3 + C8"(llull%, + [IvI3;).

It follows from (4.1) and (4.2) that
M
[ ®[u, v]|lx, < 5 + 015“(M3 + MN),
N
@[, vy, < 5 + Cod"(M? + N?).

If we set
< 1
- ZmaX(C’l,CQ)(MQ —|—N)

then we have that ||®[u,v]||x, < M and || ¥[u,v]|ly, < N; hence (®[u, v], ¥[u,v]) €
XunN.
Similarly by Lemma 3.4 we have that

oM

@, o] — @[, 7lx, < 5

- 1
1 [u, 0] = ¥a, oy, < §

lu—allx, + llv="0lly,),

(u = allx, + v = llv;)

if 61 < (201 (2M2 + N))~L.

Therefore the map ® x ¥ : (u,v) — (®[u,v], U[u,v]) is a contraction mapping
from Xpsn into itself and we obtain a unique fixed point which solves the equation
for T' < 6. The additional regularity

uwe C([0,7);L?), veC(0,T);H '/?)

both follow from Proposition 2.2, (2.7), Proposition 2.3, (2.10), and the L?, H~1/?
boundedness of the unitary operators U(¢) and V (¢) and we complete the proof. [
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