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ABSTRACT. For any completely distributive subspace lattice £ on a real or
complex reflexive Banach space and a positive integer n, necessary and suffi-
cient (lattice-theoretic) conditions are given for the existence of a single ele-
ment of AlgL of rank n. Similar conditions are given for the existence of single
elements of infinite rank. From this follows a relatively simple lattice-theoretic
condition which characterises when every non-zero single element has rank one.
Slightly stronger results are obtained for the case where £ is finite, including
the fact that every single element must then be of finite rank.

1. INTRODUCTION

An element s of an (abstract) algebra A is called single if, whenever asb = 0
with a,b € A, then as = 0 or sb = 0. It is easy to show that an operator of rank
one is a single element of any operator algebra containing it. It is primarily for this
reason that the notion of ‘single element’ plays a role in the representation theory
of C*-algebras, or more generally, of semisimple Banach algebras, and also in the
study of algebraic homomorphisms between reflexive operator algebras (see [3, 4, 5]
for some results and further references).

If £ is a completely distributive subspace lattice (see definition below) on a real
or complex normed space, then Algf contains a plethora of rank one operators
(so many in fact, that their set of invariant subspaces is £ [2, 6]). Earlier results
of Ringrose [8] and Lambrou [3] show that if £ is a nest, respectively, an atomic
Boolean algebra, then every non-zero single element of Algf has rank one. As
mentioned in [4], Moore showed that this need not always be the case and asked
if there was a simple lattice-theoretic condition on £ both necessary and sufficient
for every non-zero single element of Alg£ to have rank one. An affirmative answer
to Moore’s question is presented below. A systematic study of single elements of
reflexive algebras of the type Alg£, where £ is completely distributive, was initiated
by Lambrou in [4]. Amongst many other interesting results and examples, he shows
that single elements of infinite rank are possible. The present note owes much to
the ideas contained in [4] and is a contribution to the study initiated by it. For the
sake of simplicity the underlying space is taken to be a reflexive Banach space.

Given a positive integer n we show (Theorem 1) that the existence of a single
element of Algf of rank n depends on a lattice-theoretic condition on £ which is
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relatively simple to state. Similar lattice-theoretic conditions are obtained (Theo-
rem 2) for the existence of a single element of infinite rank. It immediately follows
that if Alg£ contains a single element of rank m (possibly infinite), then it contains
a single element of rank n, for every 1 < n < m. Finally (Theorem 3) a slightly
stronger result is obtained for the case where £ is finite, including the fact that
single elements must then be of finite rank.

2. NOTATION AND PRELIMINARIES

Throughout what follows X will denote a real or complex reflexive Banach space,
with topological dual X*. The terms operator on X and subspace of X shall mean,
respectively, bounded linear mapping of X into itself, and closed linear manifold of
X. If T is an operator on X its range is denoted by R(T'). For non-zero vectors
e* € X* and f € X, the rank one operator defined by z — e*(x)f is denoted by
e* ® f. Clearly (e* @ f)* = f @ e*, where f is the image of f under the canonical
map of X onto X**. The linear span of a vector g is denoted (g).

If F is a collection of subspaces of X, AlgF denotes the set of operators on
X leaving every member of F invariant. Obviously AlgF contains the identity
operator and it is not difficult to show that it is closed in operator-norm. Thus
AlgF is a unital Banach algebra. A collection £ of subspaces of X is called a
subspace lattice on X if it contains (0) and X, and is complete in the sense that
it is closed under the formation of arbitrary closed linear spans (denoted ‘V’) and
intersections. Operator algebras of the type Algf, where £ is a subspace lattice,
are called reflexive operator algebras.

If L is a subspace of X, its annihilator is denoted by L. Thus L+ = {e* € X* |
e*(f) =0, for every f € L}. Dually, if M is a subspace of X*, its pre-annihilator
is denoted by M. Thus *M = {f € X | e*(f) = 0, for every e* € M}. We
have X+ = (0), (0)* = X* and +(L*) = L. Also, since X is reflexive, we have
(-M)*+ = M. For every family {L,}er of subspaces of X, we have (V. er L)+ =
M,er Lz and, again by reflexivity, (N,er L)t = V. er Lz-. Consequently, if £ is
a subspace lattice on X, then £+ = {L+ | L € £} is a subspace lattice on X*.
Clearly Alget = {A* | A € AlgL}.

An abstract lattice Y is called distributive if a A (bV ¢) = (a Ab) V (a A ¢) and
its dual hold identically in Y. If Y is complete with least element 0 and greatest
element 1, it is said to be complemented if, for every a € Y there exists a’ € Y such
that aVa’' =1 and aAa’ = 0. An element b € Y is called an atom if 0 < ¢ < b,
c € Y implies that ¢ = 0 or ¢ = b. If every non-zero element of Y is the join of the
atoms it contains, then Y is called atomic. A complete complemented distributive
lattice is called a complete Boolean algebra. A complete totally ordered lattice is
called a nest. A complete lattice Y is called completely distributive if for every
family {aq,g}tacr ges of elements of Y

AV aas=\ A tase

a€l BeJ feJl ael

and its dual hold, where J! denotes the set of all maps from I into .J. Every
nest and every complete atomic Boolean algebra is completely distributive. The
formal definition of complete distributivity just given is, in practice, difficult to
use. Alternative characterisations of complete distributivity have proven to be
more useful (see [6, 7]). For a complete lattice Y the following are equivalent:
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(i) Y is completely distributive.

(i) a= N{b-|beY and b £ a}, for every a € Y.
(i) a=V{cy |c€Y and a £ ¢}, for every a € Y.
(iv) a=V{b|beY anda £b_}, foreverya €Y.

Here b = \{z |z €Y and b€ 2z} and cx = A{y |y € Y and y £ ¢}, for every
b,c €Y (in any complete lattice the conventions \/ ) = 0 and A @ = 1 are adopted).

If £ is a completely distributive subspace lattice on X, it is not too difficult to
show that £ is also completely distributive (on X*). Indeed, for every M € £,
(M)t = (M1)_ (where the ‘—’ is computed in £1). So, for every L € £, L =
V{M; | M € £and L & M} gives L+ = N{(M*)_|M+ € £+ and M+ ¢ L}, For
such a subspace lattice £ we denote by J the set of elements 7 = {J € £ J # (0)
and J_ # X}. The relevance of J is due to the following lemma which will be
frequently used.

Lemma 1 (Longstaff [6] (see also [2])). If £ is a subspace lattice on a real or com-
plex normed space, the rank one operator e* @ f belongs to AlgL if and only if there
is an element J € J such that f € J and e* € (J_)*.

3. COMPLETELY DISTRIBUTIVE LATTICES

Throughout this section £ will denote a completely distributive subspace lattice
on a (real or complex, reflexive) Banach space X. First, given a positive integer
n, we show how a single element of Alg£ of rank n can be constructed, given that
£ satisfies a relatively simple lattice condition. We then show that this lattice
condition is necessary for the existence of such a single element.

Proposition 1. If n is a positive integer and there exist sets of J-elements {M; |
1<i<n}and {K;|1<j<n}of £ satisfying

(1) M; N Mj = (0), if i # j,

(2) Ki- VE;_ =X, ifi#],
then, for any choice of non-zero vectors f; € M; and €} € (K;j-)t, 1<i,j <n,
the operator S = Z?Zl e; ® gj, where g1 = Sory fr and gj = (Egzl;k# fi) — fis
2 < j<mn, is a single element of AlgL of rank n.

Proof. Note that g; € Kj, for every 1 < j <n, so e] ® g; € Alg€ by Lemma 1. It
follows that S € Alg€. Since M; N (V;,, Mj) = V;,,(M; N M;) = (0), for every
1 <@ < n, the set of vectors {f; | 1 < ¢ < n} is linearly independent. It readily
follows that {g; | 1 <j < n} is linearly independent. Similarly {e} | 1 <j < n} is
linearly independent since (K;_)+nN (Vigj (K;_)*) = \/#j(Kj_)J- N(K;—)*t = (0),
for every 1 < j < mn. Thus S has rank n.

Let A, B € Algg satisfy ASB ="}_, B*e; @ Agi, = 0, and suppose that AS =
Sor_qer®Agr # 0. Then Ag; # 0, for some 1 < j < n. In fact, Agy # 0, for every
1 <k <n. For, if Agy, =0, then, for every 1 <i <n, Af; € M;N(V,,; Mi) = (0),
so Af; = 0. Now, for every 1 < j < n, there exists hj € X* such that h} (Agj) # 0.
So

0=(ASB)"(h}) = > h3(Agr)B*e;
k=1
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gives
" hE(A
Brej = — hi(Agk)B*e,’;
1 j( gj)
k#j

Thus B*ej € (Kj-)" N (Vyp (Kk-)") = (0), so B*ej = 0, for every 1 < j < n.
Hence SB = >"}_, B*e} ® g = 0. This shows that S is a single element of Alg&
and the proof is complete. O

Theorem 1. Let £ be a completely distributive subspace lattice on a reflexive Ba-
nach space X. Ifn is a positive integer, then AlgL contains a single element of rank
n if and only if there exist sets of J-elements {M; |1 <i <n} and {K,; |1 <j <n}
of £ satisfying

(1) M; N M; = (0), if i # 7,

(2) K;— VK;_ =X, ifi # 7,

(3) \/lel M; € ﬂ?:l Kj.

Proof. The sufficiency of the condition follows from the preceding proposition.

Suppose that AlgL contains a single element, S say, of rank n. Since J # (),
we may suppose that n > 1. By complete distributivity X = \/{J | J € J}(=
V{L|L e £and X ¢ L_}). By [4, Lemma 3.2] S(J) is at most one-dimensional,
for every J € J. Thus R(S) = V{S(J) | J € J} and it follows that there is a
basis {g; | 1 < j < n} of R(S) satisfying S(K;) = (g;), 1 < j < n, for some set
of J-elements {K; | 1 < j < n}. Again by complete distributivity, (0) = ({J_ |
JeJt(=MNL-|Leand L ¢ (0)}). Thus X* = \V{(J_)* | J € T}
By [4, Lemma 3.3] S*(J_)' is at most one-dimensional, for every J € J. Thus
R(S*) = V{S*(J-)* | J € J} and it follows that there is a basis {e} | 1 <i < n}
for R(S*) satisfying S*(M;_)*+ = (e}), for 1 < i < n, for some set of J-elements
{M; |1 <i<n}

Let 1 <i# j < n. Since {J- | J € J} = (0), to show that M; N M; = (0), it
is enough to show that M; N M; C J_, for every J € J. If this were not the case
it would follow that for some J € J, J C M; N M; so J- C M;— N M;_. Then
(J_)* would contain both (M;_)* and (M;_)*, and so S*(M;_)*+ = S*(M;_)*+ =
S*(J_)* (using [4, Lemma 3.3]). This would contradict the linear independence of
{ef,e;}. Thus M;NM; = (0). Continuing, since \/{K | K € J} = X, to show that
K;_VK;_ =X, it is enough to show that K C K;_ VvV K;_, for every K € J. Now
K cannot contain both K; and K; since otherwise S(K;) = S(K;) = S(K) (using
[4, Lemma 3.2]) and this would contradict the linear independence of {g;, g;}. Thus
K C K, V Kj_ since either K; ¢ K (so K C K;,_) or K; ¢ K (so K C K;_).
Thus K;_ V Kj_ = X.

Finally, we show that \/;_, M; C (\7_, K. Let 1 <i,5 < n and suppose that
M; ¢ K;. Choose f € K; such that Sf # 0 and choose 0 # e* € (K;_)*.
Further, choose g* € (M;_)* such that S*g* # 0 and choose 0 # h € M;. Then,
by Lemma 1, each of e* ® f and g* ® h is a rank one operator of Algf. Now
(0" ®h)S =5"¢g*@h #0and S(e*® f) =e*®Sf # 0. However, since K; C M;_,
feM;,_soSfe M, . Hence

(9" @h)S(e* ® f) = g"(Sf)(e" @ h) =0,

and this contradicts the fact that S is a single element. This completes the proof.
|
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Next we present the ‘infinite’ version of Theorem 1. Apart from modifications
necessitated by the requirements of convergence, the proof is similar. For this
reason only an abbreviated proof will be given.

Theorem 2. Let £ be a completely distributive subspace lattice on a reflerive Ba-
nach space X. The algebra AlgL contains a single element of infinite rank if and
only if there exist sets of J-elements {M; |i > 1} and {K; | j > 1} of £ satisfying

(1) M; N M; = (0), if i # 7,

(2) K;— VK;_ =X, ifi # 7,

(3) Vi, M, € N5 K.

Proof. First, suppose that the three conditions are satisfied by sets of J-elements
{M; | ¢ > 1} and {K; | j > 1}. For every ¢ > 1 choose f; € M, such that
|l fill = 1/2%. Then {f; | @ > 1} is linearly independent (by condition (1) and
distributivity). For every j > 1 choose ef € (K;_)* such that [lef]| = 1. The
series Y .o, f; is absolutely convergent so norm convergent. Put g = Y .o, f; and

9i = (Z;il;k;éj fi) = fj, for j > 2. Then, since M; N (V/;,; M;) = (0), for every

i>1,g; #0, for every j > 1. Put g; = §,/|g;l, for j > 1. The series Z;’;l ejggj
is absolutely convergent so converges in operator norm. Denote its sum by S. Now
g; € Kj, for every j > 1 (by condition (3)), so €] ® g; € Alg€ by Lemma 1. Hence
S € Algg. Since £+ is completely distributive, (K;—)* N (\/#i(Kj_)J-) = (0),
for every ¢ > 1, so e} ¢ \/#i(Kj_)L. By reflexivity and a corollary of the Hahn-
Banach theorem, there exists a vector 2; € X such that e}(x;) = 6;;, for every
i,j > 1. Then Sz; = g;/2’ so g; € R(S), for every j > 1. Since g; = g1 — 2f;, for
every j > 2, it follows that f; € R(S), for every j > 2. Hence S has infinite rank.
The proof that S is a single element of AlgfL follows in a similar manner, but
with the obvious modifications, to that given in the proof of Proposition 1 (we still
have: if A € Alg€ and Agy, =0, for some k > 1, then Ag; = 0, for every j > 1).
Conversely, suppose that Alg£ contains a single element, S say, of infinite rank.
Then, for every J € J, S(J) = (gs), for some vector ¢g; (possibly zero) and since
X =\/{J | J e J} it follows that R(S) = \/{(gs) | J € J}. By Zorn’s Lemma
{97 | J € J} has a maximal linearly independent subset which must be infinite
since S has infinite rank. Thus there exists a linearly independent set of vectors
{g; | j > 1} of X such that, for every j > 1, S(K;) = (g;), for some K; € J. Similar
considerations applied to S* give a linearly independent set of vectors {e} | i > 1} of
X* such that, for every i > 1, S*(M;_)+ = (e}), for some M; € J. The proofs that
conditions (1), (2) and (3) hold are almost identical to the corresponding arguments
given in the proof of Theorem 1. This completes the proof. O

Remarks. 1. The operator S constructed in the first part of the proof of the preced-
ing theorem is, of course, compact. Thus, by the theorem, AlgL contains a single
element of infinite rank if and only if it contains a compact single element of infinite
rank.

2. Combining Theorems 1 and 2 leads immediately to the following observations.

(i) If m € ZT U {cc} and AlgL contains a single element of rank m, then it
contains a single element of rank n, for every 1 < n < m.

(ii) In AlgL every non-zero single element has rank one if and only if Alg€ does
not contain a single element of rank 2, if and only if the following is false:
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There exist J-elements M7, My, Ky, K5 such that
(1) M N My = (O),
(2) K1- VKo =X,
(3) M1V My C K1 N Kos.

This answers affirmatively the question, raised by Moore, mentioned in [4]. Note
that, in particular, if £ is a nest or a complete atomic Boolean algebra (for which
J is simply the set of atoms [6]), then it easily follows from the above that every
non-zero single element of Algf has rank one. These facts were first observed,
respectively, by Ringrose [8] and Lambrou [3]. Also, the above characterisation
‘explains’ Theorem 5.2 of [4] (by which non-zero single elements have rank one if £
is the ordinal sum of a nest and a completely distributive subspace lattice).

4. FINITE DISTRIBUTIVE LATTICES

In the preceding section £ was a possibly infinite completely distributive subspace
lattice (on a real or complex reflexive Banach space X). Throughout this section £
will be taken to be finite (and distributive). Note that, by Theorem 2, every single
element of AlgL has finite rank. A slight improvement to Theorem 1 is possible for
this restricted class of subspace lattices as we will presently show. But first, some
auxiliary results and definitions are required.

An element a of an abstract lattice Y is called join-irreducible if, whenever
a =0V cwith b,c € Y, then either a = b or a = ¢. If x € Y has a representation
T = \/?:1 x; as a join of elements z; € ¥, 1 < j < n, the element z; is called
redundant (to this representation) if x = \/?:1 i Tj- 1fno element z; is redundant,
this representation of x is said to be irredundant. In any abstract finite distributive
lattice every non-zero element has an irredundant representation as a join of non-
zero join-irreducible elements. This representation is unique up to permutations of
the non-zero join-irreducible elements. A proof of this result, due to Birkhoff, can
be found in [1, Theorem 146, page 212].

Denote the set of non-zero join-irreducible elements of £ by Z. Then Z C J.
For if L € Z, then L ¢ L_ since otherwise L = LNL_ =\{LNM | M c £
and L ¢ M} would contradict join-irreducibility. Of course, the set of atoms of
£ is non-empty and each atom belongs to Z. Let {M; | 1 < i < p} be the set of
atoms of £. Let X = \/?:1 K, be the unique (up to permutations) irredundant
representation of X as a join of elements {K; |1 < j < ¢} of Z.

Proposition 2. The set of atoms of £+ is {(K;—)* | 1 < j < ¢} and X* =
le(Mi_)L is the unique irredundant representation of X* as a join of non-zero

join-irreducible elements.

Proof. Let J* be an atom of £-. Then J # X so K; ¢ J, for some 1 < j < q.
Thus J € K;— so (0) € (K;-)* C J* and so J = K;_. On the other hand,
each (Kj_)t is an atom of £%. For, by irredundancy, Ky ¢ K;, for every i # k.
Thus V,,; K; € Ki—. If K € £ and (0) C K+ C (Kj_)t, then since K C K,
K; C K, for every i # k. Since K # X, it follows that K, ¢ K so K C Kj_ and
so K+ = (Kp_)*.

Let 1<i<p IfLe€gand M; € L, then (0) C M; N L C M; so M; N L= (0).
It follows (using distributivity) that M; N M;_ = (0). Thus (M;_)* # (0). Let
M,N € £ with (M;_)* = M+ v N+ and suppose that (M;_)* # M+, N+, Then
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M- =MnNNand M ¢ M;_, N ¢ M,_. Thus M; C M NN so M; C M,_.
This contradicts the fact that M; N M;_ = (0). Hence (M;_)" is a non-zero join-
irreducible element of £*.

Now since (,_, M;_ contains no atom it is (0), so X* = \/?_, (M;_)*. Finally
we show that this join-representation of X* is irredundant. If it were not, then
(M;_)*+ C \/#i(MJ—_)J—, for some 1 < i < p. Consequently, using distributivity,
we would have (M; )+ = \/j;‘éi((Mi_)l N (M;_)*) and, since (M;_)* is join-
irreducible, this would lead to (M;_)* C (M;_)*, for some j # i. Then M;_ C
M;_. But M; §Z M; so M; € M;_. Hence we would have M; C M;_, contradicting
M; N M;_ = (0). This completes the proof. O

Remark. The preceding proposition shows that applying the operation ((-)_)* in-
terchanges the set of atoms and the set of join-irreducibles representing the un-
derlying space irredundantly. Because of reflexivity it should not be surprising to
observe then that +(((L_)*)_) = L (where the second ‘~’ on the left hand side
is computed in £+) holds if L = M; or K;. In fact it holds for every L € Z.
For, as observed earlier, ((L_)*)_ = ((L_)+)* so *(((L-)*)_) = (L_)4. Since
(L) =M | M e £and M ¢ L_} it is clear that L C (L_)4. On the other
hand, since L € Z, L ¢ L_ so (L_)4+ C L. Hence (L_)4 = L.

Theorem 3. Let £ be a finite distributive subspace lattice on a reflexive Banach
space X. Let {M; | 1 <i < p} be the set of atoms of £ and let X = \/|_, K; be
the unique irredundant representation of X as a join of non-zero join-irreducible
elements {K; | 1 < j < q}. Let m be the largest positive integer for which there
exist subsets I C {1,2,...,p} and J C {1,2,...,q}, each of cardinality m, such
that \/;c; M; C ﬂjeJ K;. Then every non-zero single element of Algf has rank
less than or equal to m. Also, for every 1 < n < m, AlgL contains a single element
of rank n.

Proof. Let S be a non-zero single element of Algf. Since X = \/;‘f:1 K;, R(S) =

1 S(K;) where, by [4, Lemma 3.2], each S(K;) is at most one-dimensional.
Thus S has finite rank, r say, and R(S) = \/’_; S(Kj), relabelling the K; if nec-
essary. Similarly, using Proposition 2 and [4, Lemma 3.3], we obtain R(S*) =
Vi_, S*(M;_)*, relabelling the M; if necessary, with S*(M;_)* one-dimensional,
for every 1 < i < r. That \/|_, M; C ﬂ;zl K; is proved exactly as in the final
paragraph of the proof of Theorem 1. Hence r < m.

Finally, let 1 < n < m. Then, relabelling if necessary, we can suppose that

Vizy M; € (j—, K;. Then conditions (1) and (2) as in the statement of Theorem 1

are satisfied since each M; is an atom of £ and, by Proposition 2, each (K;_)* is

an atom of £4. Thus Alg€ contains a single element of rank n by Theorem 1. This
completes the proof. O

Remark. With £, p and g as in the preceding theorem, the latter shows that every

non-zero single element of Algf€ has rank less than or equal to min(p, ¢). Equality

need not occur. For example, if £ is a complete atomic Boolean algebra with p > 2

atoms, then ¢ = p, yet every non-zero single element has rank one. (However, if £

is the ordinal sum of two finite atomic Boolean algebras there does exist a single

element of AlgL with rank equal to min(p, q) since in this special case \/%_; M; =
i_; K. This fact was first observed by Lambrou [4, Theorem 5.3].)
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