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ABSTRACT. Approximate (inverse) systems of compacta have been useful in
the study of covering dimension, dim, and cohomological dimension over an
abelian group G, dimg. Such systems are more general than (classical) inverse
systems. They have limits and structurally have similar properties. In partic-
ular, the limit of an approximate system of compacta satisfies the important
property of being an approximate resolution. We shall prove herein that if G
is an abelian group, a compactum X is the limit of an approximate system of
compacta Xq, n € N, and dimg X, < n for each a, then dimg X < n.

1. INTRODUCTION

In this paper, a compactum will always mean a compact Hausdorff space, and
by map we mean a continuous function. When we use the term polyhedron, we will
mean the space of some simplicial complex and which has the weak topology. One
should keep in mind that every CW-complex has the homotopy type of a polyhe-
dron, and that a polyhedron with the metric topology induced by this triangulation
is homotopy equivalent to itself under the CW-topology (cf., Appendix of [MS]).

The theory of approximate (inverse) systems began in [MR1] and was used in
the study of cohomological dimension with integer coefficients in [MR2]. Since
the publication of those papers, much progress has been made in developing the
concepts involved in such systems and their limits ([Ma]). In particular, a revised
version of this theory applicable to arbitrary spaces ([MW]), and which we shall
employ herein, has been quite useful. Instead of the numerical meshes required
in the original definitions, the latter uses open cover meshes. It has been shown
(IMRU], [Wal) that this new approach is an extension of that of its predecessor.
Hence, the results which we prove below will be valid for the type of systems defined
in [MR1] whenever the hypotheses apply.

The authors proved in [MR1] that if X is the limit of an approximate system
of metric compacta X,, n € N, and dim X, < n for all a, then dim X < n.
The technique used there was quite special, employing the “covering” approach to
dimension theory, so it cannot be applied directly for other types of dimension such
as cohomological dimension. Recently ([DD]), another more general notion has
been brought into focus. The idea is to consider a polyhedron K and the statement
that for a given space X, K € AE X. The latter means that for each closed subset
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A of X and each map f: A — K from a closed subset A of X, there exists a map
F: X — K extending f. This is sometimes written X 7K, which we prefer. Indeed,
this way of thinking can already be found in [DR]. To put it into perspective, note
that for any paracompact space X, X75" is equivalent to dim X < n. Analogously,
if one replaces S™ by an Eilenberg-Mac Lane complex K (G, n) where G is an abelian
group ([Wh]), then one gets the statement that X 7K (G, n) if and only if dimg X <
n. Here, dimg refers to cohomological dimension with coefficients in the abelian
group G (see the Appendix of [Na]).
The main result of this paper is the following.

1.1. Theorem. Let K be a polyhedron, X= {X4,Ua, Pa,a’, A} be an approximate
system of compacta such that for each a € A, X,7K, and let X = limX. Then
X7K.

One then has as a corollary the result we wanted to establish.

1.2. Corollary. Let X= {X,,Uy,Da.a’, A} be an approzimate system of compacta,
X =1limX, andn € N. If for each a € A, dim X, < n, then dm X <n. If G is an
abelian group and for each a € A, dimg X, < n, then dimg X < n.

2. PROOF OF THE MAIN RESULT

For convenience, we restate the requirements [MW] for X= {X,,Uy, Da.a’, A}
to be an approximate system with open cover meshes U,. First, one must have a
directed set A = (A, <) which is unbounded and so that for each a € A, X, is a
space with a normal open cover U, of X,. Whenever a < a’, we require a unique
map Pg,q : Xar — Xq subject to:

(Al) d(pa,a/pa’,a”apa,a“) < Z/{a fora <a’ < a”a Pa,a = 1Xa;

(A2) for each a € A and each normal cover U of X,, there exists a’ > a such that
d(Pa,a1Pas azs Pa,as) < U, whenever ag > a1 > a';

(A3) for each a € A and each normal cover U of X,, there exists a’ > a such that
Uy refines p;’}l,,u whenever a” > a'.

For such a system, the (canonical) limit consists of all those points = = (x,) €
[T X, with the property that for all a € A, limg>q Pa,a (Tar) = Zq.
Let us recall certain facts which are going to be used in our proof of 1.1.

2.1. Proposition. Every polyhedron of a full simplicial complex with the metric
topology is an absolute retract (II1.11.2 of [Hu]).

2.2. Proposition. Every limit of an approzimate system of compact Hausdorff
spaces is an approzimate resolution (4.2 of [MW]).

It is worth explaining this last result. Suppose that X= {X,,Us, Da,e’, A} is an
approximate system of compacta X,. Such a system always has a limit which is
a compact Hausdorff space X and such that X C [[{X,|a € A}. This is referred
to as the “canonical limit” in [MW]. We shall use only the canonical limit, and
hence the approximate map p referred to in 4.2 of [MW] is just the collection of
coordinate projections p, of [[{X, | a € A} restricted to X.

An approximate resolution enjoys two special properties, namely (R1) and (R2)
of [MW], but we are concerned only with (R1) here. It goes this way. For every
polyhedron K, open cover V of K, and map F' : X — K, there exists a € A such
that for every a’ > a there exists a map h : X, — K such that hp, is V-close to
F.
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Proof of 1.1. Let A be a closed subset of X, and let f : A — K be a map. Since X
is compact, K is an absolute neighborhood extensor for X. Hence if we can find a
map g : A — K which is homotopic to f and such that g extends to a map G of X
to K, then our proof will be complete. By this and remarks above, we may as well
assume that K has the metric topology induced by its triangulation.

Let U be an open cover of K such that any two maps of a space into K which are
st U-close are homotopic. Now let L designate the full complex on the vertices of K
(we shall not distinguish between a polyhedron and its triangulation), again with
the metric topology induced by its triangulation. Of course this metric restricts to
the original metric of K. According to 2.1, L is an absolute retract. Let F': X — L
be a map which is an extension of the map f.

By 11.1 of [Hu], K is a neighborhood retract of L. Choose a retraction r : W —
K where W is a neighborhood of K in L. Now find an open cover V of L whose
restriction Uy on K is a refinement of U, and such that if U € V and U N K # 0,
then U C W and r carries U into an element of .

Apply 2.2 to get an index a € A and a map h : X, — L such that hp, is V-close
to F. Consider the map g : A — K defined by the formula x — r(h(p,(z))). This
is well-defined because f(z) = F(x) and h(pe(z)) both lie in an element U, of V
which thus must have nonempty intersection with K and which therefore lies in W.
One sees that the maps g and f are stU-close, so they are homotopic.

On the other hand, the map h; : p,(A) — K given by t — r(h(t)) is defined on
the closed subset p,(A) of X,. Since X,7K, h; extends to a map H; : X, — K.
Now the map G = Hyp, : X — K is an extension of g, so our proof is complete. [

If X={X4,Pa.a’, A} is an inverse system of compacta, then the projections p, :
X = limX— X, form a resolution of X (see Theorem 1 of 1,6.1 of [MS]). Since
resolutions satisfy the property (R1), we obtain the following as a corollary to our
proof.

2.3. Corollary. Let K be a polyhedron, let X= {Xq4, Da.a’, A} be an inverse system
of compacta such that for each a € A, Xo7K , and let X = 1imX. Then X7K. In
particular if dim X, < n (resp., dimg X, < n for a fized abelian group G) for each
a € A, then dim X <n (resp., dimgX <mn).
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