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ABSTRACT. We consider multilinear operators T'(f1,. .., f;) given by determi-
nants of matrices of the form (Xp f;j)1<j k<1, where the X}’s are C°° vector
fields on R™. We give conditions on the X ’s so that the corresponding opera-
tor T" maps products of Lebesgue spaces LP1 X --- X LPl into some anisotropic
space H!, when %—i—n--ﬁ-p—ll =1.

0. INTRODUCTION AND STATEMENT OF RESULTS

A well known theorem of Coifman, Lions, Meyer, and Semmes [CLMS] states
that the Jacobian J(F) of a map F' = (fi,..., fn) from R™ into itself maps the
product of Lebesgue spaces LP* x --- x LP» into the Hardy space H', when pil +
St pin = 1. J(F) is given by the determinant of the matrix (%fj)1§j7k§n, where
{%}g k<n is the usual basis of the tangent space of R" at every point. Replacing
the standard basis {a%k} by general vector fields {X}, we form the multilinear
operator T'({f;}) = det(Xxf;). We consider the following question: Under what
conditions on the Xj’s do we have that T' maps products of Lebesgue spaces into
some Hardy space H! as before?

The purpose of this paper is to give a satisfactory answer to the question posed
above. If the X}, are taken from the usual basis of the Heisenberg group in R?"+1
Rochberg and the author [GR] prove that the corresponding T' maps into the group
space H'.

In this work we show that if the vector fields X satisfy Hormander’s condition,
then the corresponding 7" maps suitable products of Lebesgue spaces into the local
anisotropic Hardy space H! with respect to the metric associated with the vector
fields defined by Nagel, Stein, and Wainger [NSW]. Precise statements of results
are given in Theorems A and B.

Suppose that S = {Y¥7,Ya2,...,Y;} is a set of smooth vector fields defined on
a bounded open connected subset €2 of R for some n > 2. Assume that S is a
Hormander system. This means that there exists an integer s such that the vector
fields Y7, . .., Y] together with their commutators of order at most s span the tangent
space of ) at every point z.

[NSW] define a (quasi)metric p on Q by setting p(x,y) = inf{t : 3 piecewise
smooth curve v : [0,¢] — R, v(0) = z, v(t) = y and v/(s) = 22:1 Bi(8)Y;(v(s))
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with 22:1 |ﬂj(s)|2 < 1 for all s € [0,t]}, for all z,y in Q. Intuitively, p(z,y) is
the least time taken to move from z to y along a path pointing in the directions
of the Yj’s. For x € Q and 6 > 0, let B(z,6) = {y € Q : p(z,y) < 6} be the ball
centered at = with radius 6§ with respect to the metric p. [NSW] prove that these
balls satisfy a doubling property for Lebesgue measure. More precisely, they prove
that for any compact subset K of Q, there exist positive constants Cx and 1 (K)
such that for all 0 < § < 6:(K) and all z in K

(0.1) |B(x,26)| < Ck|B(z,0)],

where | - | denotes Lebesgue measure. As a corollary of (0.1), the local Hardy-
Littlewood maximal function

(Mf)(x) = (Ms, (s f) () =  sup [B(z,6)]™" / |f (y)| dy
0<6<61(K) B(z,6)
maps LP(Q2) to LP(K) for any K compact subset of Q and 1 < p < oo.

We now define the space H.. (). Fix a smooth bump ¢ in the unit ball of R
and let ¢5(y) = 6 "ps(671y). For any z¢ in Q and § > 0 small enough, the push-
forward of ¢s by any of the coordinate maps constructed in [NSW] gives a smooth
bump 5° supported in the ball B(xg,6). One can check that for any compact
subset K of Q and forall j=1,...,land z € K

(02)  |5°(@)] < Ck|B(zo,6)|™" and  |Y;(y5°)(2)] < Cx6~"|B(wo,6)| "

when 0 < § < 62(K), where 62(K) is a small constant depending on K.
For a function f on © and 6 > 0, let

(0.3) (Msf)(xzo) = sup

0<o<é

JECTOLE

We call M the “smooth” maximal function of f. We say that f lies in H () if
for all compact subsets K of €2, there exists a 6g(K) > 0 such that M, k) f is in
LY(K). We define the Hardy-1 space norm of f on K by setting

(0.4) I fll ey = IMsory fllr(x)-

For a C' map F = (f1,..., fi) : Q — R!, define
ifi Yife ... "fi
Yofi Yafe ... Yaf

(0.5) Jac(F) = Jacgy, .. v} (F) = det ) ) )
Yifi Yife ... Yifi

Our results are:

Theorem A. Forl <j <, letl < p; < oo be given with pil—i—- : -—l—% = 1. Suppose
that Jacgy, ... v,y (F') has integral zero for all C°° compactly supported functions F

on Q. Then for any compact subset K of Q, there exists a constant Cx > 0 such
that for all C functions F = (f1,..., fi) : Q — R!, we have:

l l
(0.6) |Jacra,xy (F)lm a0y < Coc TT [ D2 asllaes o)
=1 k=1
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The integral zero condition is trivially satisfied by the usual basis a%j of the
tangent bundle of ). For other non trivial examples see section 3.

We now turn to the situation where Jacyy, .. y;; does not satisfy the integral
zero condition as in Theorem A. A C'* vector field X = E?:l a;(r) 5> in the

[z
tangent space of Q at x¢ is called divergence-free if

(0.7) | xhade == [ 1xg)ao

for all f, g smooth compactly supported functions on 2. This happens exactly
when div(a;(z)) = X7, g%(x) =0 for all z in Q.

Assuming divergence-free, we can do away with the integral zero condition of
Theorem A. We have the following;:

Theorem B. For 1 < j <[, let 1 < p; < oo be given with p%—i—---—i—i =1.
Suppose all the Y; are divergence free. Then for any compact subset K of Q, there
exists a constant Cg > 0, such that for any C* map F = (f1,..., f1) : @ — RY, we
have

(0.8)

l l l
IJacy,...viy ()l o) < Cx [ [Z Yafillroy + > Vs Yealfill Los |-
=1 k=1 ki, ka=1

Above, [X,Y] denotes the commutator of the vector fields X and Y.

As a corollary of our results, we obtain improved integrability for positive Ja-
cobians formed by vector fields satisfying Hormander’s condition. The corollary
below generalizes the classical result of Miiller [M] for Euclidean Jacobians.

Corollary. Let p; and F be as in Theorem B. Suppose that, Jac(F) > 0, and that
the right-hand side of (0.8) is finite. Then Jac(F) lies in (L'log L)1,(Q), i.e.

(3.3) /K Jac(F)log(2 + Jac(F)) dz < +oc

for all compact subsets of K of €.

As the reader has observed our results are only local. This is not due to insuffi-
ciency of the methods, but to the lack of global dilation structure associated with
the metric constructed by [NSW]. As a result of this, two key ingredients of the
proof, the Poincaré inequality for vector fields satisfying Hormander’s condition,
and the LP boundedness of the (metric ball) maximal function, are only local in
this setting.

1. PROOF OF THEOREM A

Denote by fa the average of a function f over the set A. We will need the
following version of the Poincaré inequality for vector fields satisfying Hérmander’s
condition.

Theorem. Let ) be the homogeneous dimension of the graded nilpotent group gen-
erated by the left invariant vector fields corresponding to the lifted vector fields {ffj}
of the {Y;} as in [RS]. Let g and r satisfy é <l<landl- % < % < 1. Then
for any compact subset K of 2 there exist positive constants Cx and 63(K) such
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that for every x € K and 6 > 0 with B(z,6) C Q and 0 < § < 63(K) and for all
C™ functions f on the closure of B(z,6), we have

(1.0)
l

(/B(x,&) | f(z) — fB(m76)|qd$) < C6|B(x, )| r Z(/B(I 5 f)(x)|rd:z:>

T

For a proof of the above and a precise definition of @ see the article of Lu [L1]
(Theorem C). Observe that @ > I. This Theorem was first proved by Jerison [J]
when g = r.

Fix a compact subset K of € and a point xg in K. Define 15° as in the previous
section.

Let 60(K) = min{& (K), 62(K), 63(K), 2dist(K, Q%) }, where 63(K) are as in the
Theorem above, and 61 (K), 62(K) are as in (0.1) and (0.2). We will estimate the
L' norm of the smooth maximal function M, (xy(Jacqy, .. viy)(F) on K, where
F = (f1,f2...,f1) is a C™ compactly supported map : Q — R!. Once we prove
(0.6) for such F, a simple density argument will give (0.6) for all C! F : Q — R!.
Throughout, C'x will be a constant depending on K.

Since Zé‘:l pij = 1, it follows that p; < [ for some j. Relabeling indices, we
may assume that p; <. Since [ < ) as observed, we have that p; < . For any
0 <6< 6(K), welet ¢; = ﬁfBé f1 dx, where Bs = B(zq,6), and we replace
J1 by fi —c1 in (0.5). Then Jac(F) = Jac(y,,...v;}(F) remains unchanged. By the
linearity of the Jacobian (as a function of f1), we have the identity

(11) JaC(F)('T’) 7/)(?0(17) = ']1(:1:7:1:076) + J2($7$076)7
where
(i —a)Mys®) Yifa ... Yifi
(fl—Cl)(Yﬂ/Jgo) Yofa ... Yaf
J1(+ o, 6) = — det : e and
(fl—Cl)(YldJ °) Yife ... Yifi
Yi((fi —c)¥s®) Yifa ... Yifi
Y- — T0) Y- ... Y
T 0.6) = 4 det 2((f1 101)% ) 2:f2 2:fl
Yi((fi—e)®) Yife ... Yif
We build on the ideas of [CLMS]. We begin by estimating
(1.2) sup /Jl(x,xo,(S) dz|.
0<6<b0(K) | JQ

Expand the determinant deﬁning J1 along its first column. We obtain

‘/Jlxxo, ) dx

(1.3)

'/ 7 (fr = e) (Vs ) M (fa, -, fo) da

—C]_ Y’lﬁé ) j(f?a"'afl) dx

where the M;’s are the minors. Let us only estimate the first term of the sum in
(1.3), since the remaining terms are similar. The minor M is a sum of terms of the
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form + szz Y, f; where {rz,... ,r} is a permutation of the set {2,...,l}. For
every such permutation, by (0.2), we have the pointwise bound for (1.3):

(1.1
/|f1—01||Y1 0|H|Yrjfg|dx<06 Y [ 1Al T e

j=2
Forany1<j <lselect 1 < s; < p; such that 1 <Zl L < 1+— and define ¢ by

=1- ZJ 25 Onecancheckthat0<—l—§< <1andthat 1 <—<1 The

latter follows from the choice of 1 < Q. Therefore the hypotheses of the Poincaré
inequality (1.0) are satisfied. We now apply Holder’s inequality with exponents
¢+ 5+ ...+ 5 =1tocontrol (1.4) by

l

(1.5) Cr6™" |Bs| Ml fr = erllnass) [T 1Yo Fillzos o)
j=2

for all g € K. Applying the Poincaré inequality (1.0) we bound (1.5) by

l__
Cres" [Bs|~ 6 |Bs|+ ™ [Z Vil Bw] L1 s

]Jl

4 l
<CK|B(5| J 1s; H |:Z||ka]|
k=1

Jj=1

1
10 =] [ 10 ol
j=1 “k=1
where the M = M;, () is the (local) Hardy-Littlewood maximal function with the
respect to the family of the metric balls. (1.6) now controls (1.4). Summing (1.4)
over all possible permutations {ra,... 7} = {2,...,l} we get the estimate below
for the first term of the sum in (1.3):

1
(17) eIl [Z MY S 0] |
j=1 “k=1
Similar estimates hold for the other terms of the sum in (1.3). Therefore (1.7)
majorizes (1.3), and since it is independent of ¢, it also majorizes (1.2). We now
estimate the L' norm of (1.2) in xo over K by the L' norm of (1.7) over K. We
apply Holder’s inequality with exponents ot —i— = =1to (1 7) and since s; < p;

and the maximal function M = Mg, k) maps L*i ] (Q) to L (K), we obtain that
the L' norm of (1.2) on K is bounded above by

(1.8) CKH ZHkaaHLPa @)
Jj=1 k=

This concludes the estimate for the term J;. To finish the proof of Theorem A,
note that the zero integrability assumption for the Jacobian gives that Ja(:, g, 6)
has integral zero. By equality (1.1) we obtain that (1.8) majorizes the L! norm of

SUP)< 5< 60 (K) Jo Jac(F)(z)y5° dx| on K.
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2. ESTIMATES INVOLVING COMMUTATORS AND THE PROOF OF THEOREM B

In this section we take up the estimates for term Jo. We don’t assume that
Jac(F') has integral zero but we assume that the Y;’s are divergence-free. We need
to control

(2.1) sup ‘/ Ja(x, %0, 6)dx
Q

0<6<80(K)

Expanding the determinant defining Jy along its first column and using (0.7) we
obtain

(2.2)

‘/ Ja(z, 29, 6) dx
Q

l

- ‘ B /Q<f1 — ) 5 Y (CPYIM (fo o ) da,

=1

where M is a suitable minor. It can be checked that Z;Il(—l)j“Yj[Mj(fQ, o )]

=Y(f2,..., f1) is a sum of terms of the form
(2.3 e f) =2 T Vb )W Yol
2<j<l
J#mM1,ma
where r(-) is a permutation of the set {2,...,l}. In other words, exactly one

commutator of order 2 appears in the product and the alternation of the signs in
the expansion of the determinant produces all possible commutators of order 2.
For instance, when | = 3, E5(f2, f3) = {(Y1f3)([Y2, Y] f2) — (Y1 f2)([Y2, V3] f3)} +
{(YVafs)([Ys, Yalf2) — (Yaf2o)([Y3, Vil fs)} + {(Yafs)([Y1, Yol f2) — (Vs f2)([Y1, Y2l f2)}-

Let us now estimate the integral over Q of a typical term ( f1—c1)¥g IL.(fa, ..., f1)
by

/Q = et [0 Yo Yol fol [T Y| o

1<5<i
JAEmM1,ma
@a)  <CulBsl ™ [ An-al Vo Yodtol T Wil de.
Bs 1<5<1
J#FmM1,ma

For any 1 < j <Iselect 1 < s; < p; and ¢ as before. We apply Holder’s inequality
with exponents % + i +...+ Sl—l =1 to control (2.4) by

(2.5)

Cx|Bs| ™' i —cillassy  [I 1Yifrllnoro ool Yo Yool Fo | v ()
1<;<
Jj#mi,ma
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Let us denote by {Z;} all commutators of order 2 of the Y}’s. Poincaré’s inequality
(1.0) allows us to deduce that (2.5) is bounded by

l
— 1_ 1
Cred|Bs| ™ ”{EZNH%h|nqu]
k=1

-[ I nmﬁﬁmﬁwmmjuxmﬂ%Aﬂgnﬁwum)

1<
Jj#m1,ma

1(1—1)

e b .
<Cx6|Bs| "> % II [Z (Ve fillzos s)) + (|Zkfj|sz(Bg)):|

k=1 k=1

j=1
(2.6)

1(1—1)

l l P] .
<Créo(K) [T [Z [(M(IYif;1%)) % (w0)] + [(M(IZkijSj))g(xo)ﬂ’

k=1 k=1

j=1
where we used 6 < §p(K) since we are only interested in a local estimate. Summing
over all possible functions r(-), we obtain the same estimate (with a larger constant)
for (2.2). Since (2.6) controls (2.2), and is independent of § < 8o(K), it controls
(2.1). We have therefore proved that

0<;2§1K) jatb($,$0,6)d$
! ! .
<oxll {Z [(M(|Yef517)) % (x0)] + [(M(|Zkf51%)) % (w0)] |-

As before, Holder’s inequality with exponents p% + p% +...+ p% =1 gives a bound
analogous to (1.8). This completes the estimate for J;. This estimate together with
the estimate for J; given in the previous section give (0.8).

3. REMARKS, EXAMPLES, AND CONSEQUENCES

A few remarks are in order. First note that in view of the doubling property
(0.1), it would be sufficient for our purposes to use the weaker form of the Poincaré
inequality (1.0) where the ball B(z,8) on the right-hand side of the inequality is
replaced by its double 2B(x, §). The final estimates (1.7) and (2.6) will be the same
(only the constant C'x will be slightly larger).

We have proved our results for C! functions F on Q. By density the results are
true for all F' such that the right-hand sides of the inequalities (0.6) and (0.8) are
finite.

We now explain how are the hypotheses of Theorems A and B related.

Proposition. If all the vector fields Y; are divergence-free and all the commutators
of the Y;’s vanish identically on Q, then Jacpy, ..y, 3 (F) has integral zero for all F
compactly supported smooth functions on 2.

Indeed, expand the Jacobian (0.5) along the column (Y7 f1, Y2 f1,..., Y1 f1), inte-
grate over €2, and use (0.7). The result is the integral over § of a sum of terms of
the form + f1IL.(fa, ..., fi), where IL.(fa,..., fi) is as in (2.3). By assumption each
of these terms is zero. Thus the Jacobian has integral zero.
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The converse of this proposition need not be true. There exist divergence-
free smooth vector fields with nonvanishing commutators such that the associ-
ated Jacobian has integral zero. For instance, let x1,x2,x3 be coordinates in
Q) = R3 — {the coordinate axes}. Define

(3.1)
0 0 0 0 0
Y frng _— _— Y frng _— —_— Y frd _— _—

! 3 82132 2 8$3 ’ 2 e 82133 3 8131 ’ 3 2 8$1 e 82132
Note that the Y;’s are divergence-free, they satisfy [Y1,Ys] = Vs, [Y2,Y3] = Y7,
[Y3,Y1] = Y, and the associated Jacobian Jacyy, v, vs} (F) is identically equal to
zero for all F.

Below are examples of sets of vector fields that can be treated by our Theorems:

1. Let Y7, Ya, Y3 be the vector fields in (3.1), and Q = R3 — {the coordinate axes}.
If £ + 2 = 1forsome 1 < p,q < oo and [|Y1f| o) + | Yaf | o) + Y3 fllLr (@) < o0
and [|Y19|lzeo) + Y29l zao) + [1Y39|lLa(@) < 00, it follows from Theorem B that
all 2 x 2 determinants Jacyy, y,}(f, ) lie in the Hardy space H|..(€2). Theorem
A doesn’t apply in this case since the 2 x 2 determinants Jac(y; y,}(f, g) may not
have integral zero.

2. On R? — {the coordinate axes}, let

0 1 0 0 1 9
3.2 Yy =201 —+ ——, Yo = qo—0u + — .
( ) ! i 8$1 + o 8$2 2 2 8$1 + X1 82132
These vector fields are not divergence-free but the associated Jacobian Jacgy, v,y (F)
has integral zero for all smooth compactly supported F'. This example only falls
under the scope of Theorem A.

3. On R3, let Y7 and Y5 be the Heisenberg group vector fields

0 0 0 0
(3.3) Yl_a—$1+2x28—11337 }/2_8—132_21.18—%'
The 2 x 2 Jacobian Jacyy, y,}(#) doesn’t satisfy the integral zero condition and
only falls under the scope of Theorem B. In this case [Y7,Y3] = —48%3.

In all the examples above, the vector fields satisfy Hormander’s condition.

We now sketch the proof of the Corollary stated in the introduction, which
extends the classical result of [M].

To prove the corollary, note that if g > 0, the (local) Hardy-Littlewood maximal
function Mg = Ms,(x)g and Ms,k)g are comparable on any compact K C 2. (For
this to be true one needs to select ¢5° > 0.) Then M (Jac(F)) is in HL (Q) and
Stein’s Theorem [S1] extended to spaces of homogeneous type gives the required
result. The details are omitted.

We end by observing that, like the usual Jacobian on R™, the Jacobians consid-
ered above map into the local H? spaces for some p below 1. More precisely, let
(0.6)" and (0.8)" be (0.6) and (0.8) respectively where H!(K) is replaced by HP(K).
Let 1 < p; < oo be such that pll—i—---—i—%l = %, where 1 > p > % Then under
the hypothesis of Theorem A (0.6)" holds and under the hypothesis of Theorem B
(0.8)" holds.
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The proof is the same. Note that since p% + o+ L < 2 we can still select

P Q
1 < s;j < p; such that i+-~~+é<%.

Finally observe that when the vector fields Y} are free and p = %, then (0.6)’

and (0.8)" hold if HP(K) is replaced by the weak-HP(K), that is, the space of all
functions on © whose smooth maximal function Mk lies in weak-LP(K). Here

one uses the Poincaré inequality for free vector fields that satisfy Hormander’s

condition in the endpoint case % = % — é due to Lu [L2]. Then one adapts the

argument in [G] pages 77-78. This seems to be a new observation even for the usual
Jacobian J(F') = det(ngi) on R™. It is sharp in the sense that J doesn’t map into
HP(R™) for p < =

n+1-
I would like to thank Professors Christ, Helfer, Iwaniec, and Li for discussing

some the material above with me.
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