PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 125, Number 11, November 1997, Pages 3397-3401
S 0002-9939(97)03959-2

ON CONVEX CLASS OF PAIRS OF CONVEX BODIES

JERZY GRZYBOWSKI AND RYSZARD URBANSKI

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. In this paper we introduce a quotient class of pairs of convex
bodies in which every member have convex union.

The space of pairs of convex bodies has been investigated in a number of papers
[3], [8], [9], and [12]. This space has found an application in quasidifferential calculus
(¢f- [1], [5], [7], [10]). A quasidifferential is represented as a pair of convex bodies and
it is essential to find the minimal representation of this pair. The notion of minimal
pairs was introduced in [5] and investigated in [2], [6], [7] and [11]. Some criteria
of minimality are given in [6]. In this paper we investigate pairs of convex bodies
with convex union. We introduced a quotient class of pairs of convex compact sets
in which every member has convex union. Moreover some criteria for the convex
class are given.

In this paper X = (X, 7) stands for a real locally convex vector space, and X*
denotes the dual space of X. Denote by K(X) the family of all convex bodies in X
i.e., of all nonempty compact convex subsets of X. If A, B are nonempty subsets of
X, then A+ B is the usual algebraic Minkowski sum of A and B. It may be showed
that /C(X) satisfies the order cancellation law; i.e. for every A, B,C € K(X) the
inclusion A+ B C B + C implies A C C (¢f [12]).Hence it follows that /C(X)
endowed with the Minkowski sum is a commutative semigroup satisfying the law
of cancellation.

Now let K?(X) = K(X) x K(X); the equivalence relation between pairs of convex
bodies is given by: (A, B) ~ (C, D) if and only if A+ D = B4+ C. For A, B € K(X)
we will use the notation AV B := conv (AU B), where the operation “conv” denotes
the convex hull. If A, B,C' € K(X), and b € X, then AVB+C = (AV B)+C and
A+b= A+ {b}. We have [a,b] = {a} V {b}.

Let f € X*, A € K(X) and ¢ € R. We denote by pa(f) := maxyeaf(z)
the support function of the set A. Moreover, Hf := {z € X | f(z) = ¢} and
HyA = {x € A| f(z) = pa(f)}, where H$ is the hyperplane generated by the
functional f and the number ¢, and HfA is the face of A with respect to f. For
the sum of the faces of two convex bodies A, B C X with respect to f € X™* the
identity Hy(A+ B) = Hy + HyB holds true. For A C X we denote by 0A the
boundary A\ A° of the set A, where A :=cl A and A° := int A.
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Let A,B € K(X). The class [4,B] :== {(C,D) € K*(X) | (A,B) ~ (C,D)} is
called convez if for every member (C, D) € [A, B] the set C'U D is convex.

Proposition 1. IfdimX > 1, and A, B € K(X), then AU B is convex if and only
if 0(AV B) C AUB.

Proof. Necessity. For arbitrary sets A, B C X we have 90(AUB) C 0AUOB C AUB.
But AV B=AUDB. Hence 0(AV B) C AUB.

Sufficiency. Let dimX < oo. Given any © € AVB with x € A, there exist f € X*
and ¢ € R such that the hyperplane H§ separates the set {z} and A. We can assume
that 2 € Hf and Hf N A = (. Take any line [ C H% passing through the point z.
Then IN(AV B) = [p, q| for some p,q € I(AVB). But 9(AvVB) C AUB, H{NA = ().
Hence p,q € B and we get x € [p,q] C B.

Now, let dimX = co. Then 9(AV B) = AV B, and 9(AV B) C AU B implies
AV BCAUB. Hence AV B=AUB. |

If dimX =1, then for A := {0}, B := {1} we have 9(AV B) ={0,1} = AUB
but AU B is not convex.
In [4] the following is proved:

Lemma. If X is finite-dimensional and A C X is a convez set, then at any point
x of the boundary OA of A there is a supporting hyperplane for A.

In the infinite-dimensional case, the above lemma does not hold true. For exam-
ple let X =[2 and we consider the Hilbert cube

A={r=(6)] & R, and |&]< 2}

The set A is compact and convex. It is easy to observe that pa(f) > 0 for every
nontrivial f € X*. Since A is compact A = A. Moreover, f(0) =0 for any f € X*.
So, there is no supporting hyperplane at 0.

Proposition 2. If 1 < dimX < 00, A,B € K(X) , then AU B is convez if and
only if Hf(AV B) C HfAU H;B for every f € X*\ {0}.

Proof. Necessity. Given any f € X*\ {0}, we have

pava(f) = maz{pa(f),pa(f)}.
Now let pa(f) < pg(f). Then Hf(AV B) = H;B. Analogously, if pa(f) > ps(f),
we obtain Hf(AV B) = HyA. Suppose pa(f) =pp(f). fz € Hf(AVB) C AUB,
then v € Aorz € B. If v € A, then x € HyA. It follows from the above that
H;(AVvB) C HfAUH;B for every f € X*\ {0}.

Sufficiency. Let x € (A V B). Since dimX < 0o, so from the lemma it follows
that © € Hf(A V B) for some nontrivial f € X*. And we obtain from assumption
x € AUB. Hence 0(AV B) C AUB. Now, it follows from Proposition 1 that AU B
is convex. |

Theorem 1. Let 1 < dimX < o0, A,B € K(X). If Hf(AV B) = HyA or H;B
for every f € X*\ {0} then the class [A, B] is conve.

Proof. We observe that
H{(AVv B)C HfAUHB for every nontrivial f e X*.

Hence from Proposition 2 we have that A U B is convex.
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Now, given any pair (C, D) € K?(X) equivalent to (A4, B), we have
A+CVD=A+C)V(A+D)=(A+C)v(B+C)=C+ AV B.
Analogously
B+CVvD=D+AVB.

We also have
HyA+Hi(CV D)= H;C+ H¢(AV B),

HiB+ Hy(CVD)=H¢D+ Hf(AV B) for every fe X"\ {0}.
But
Hf(A \Y B) = HfA or HfB.

Hence from the law of cancellation we have

H¢(CVD)=HsC or H¢D for every fe X\ {0}.
This implies that

H{(CVD)C HCUH;D for every fe X™\{0}.
Hence we obtain from Proposition 2 that C' U D is convex. O
The condition H¢(AV B) C HfAU H¢B in Theorem 1 is not sufficient. For

example, let A, B € K(R?),

A= {(y) | 02 <1,0<y <1}, B o= {(1,0)} + A,

Y
Then AVB ={(z,y) | 0<2z <2, 0<y<1}, H(AVB)C HfAU H;B for
f € X*\ {0}. Define C := {(0,0)}, D = {(1,0)}. Then A+ D = B + C, but
CuUD={(0,0),(1,0)} is not convex.

Example 1. Convex classes
i) Take any (A, B) € K*(X) such that A C B and any (C, D) € K?(X) being an
equivalent pair to (A4, B). Then B+C = A+ D C B+ D and from the order law of
cancellation, we have C' C D. Hence CUD = D. It is obvious that 9(AVB) C AUB.
ii) Let X = R? and R > 0. Consider the closed ball B((0, 0) R) and let

=(——\/—R \/—R)b:(\/—R V2-R).
Define

A= {(,y) €B(0,0,R) | —3-V3-R<z< ; V2 R},

B :={(z,y) € B((0,0),R) | —= \/5 R< -V2-R}

l\DI»—A

(see Figure 1).

We have AUB = B((0,0),R) and ANB = —aV (—=b)VaVb. Since Hf(AV B) =
Hy A or HyB for every nonzero f € X*, it follows from the above theorem that the
class [A, B] is convex.

Theorem 2. Let X = R?, A,B € K(X). Then the class [A, B] is conver if and
only if Hf(AV B) = HyA or HyB for all f € X*\ {0}.
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FIGURE 1

Proof. Necessity. Assume that HfA # H;(AU B) # HB for some f € X*\ {0}.
It follows from the assumption that pa(f) = pr(f) and the faces HyA and HyB
are parallel segments and not one-point sets. In fact, HyA and HyB are contained
in one line. Denote HfA :=aV b, HyB := cV d, where a,b,c,d € R? and assume
that d —c = k- (b — ¢) for some k > 1. Let e € R? be a point H;T = e where
I=aVvband T =1IVe. Then H_;T =1I. Denote J := (¢ —a) V (d —b).

We have

Hf(A+T)=I+6, Hf(B+T)=I+J+6,
H_ ((A+T)=1+H_jA, H_y(B+T)=1+H_;B.

Therefore, the segment [ is a summand of both A+ T and B + T. Let A', B’ €
K(X),A+T=A4+Tand B+T=DB'+1.

We have

HA'+T1=Hf)A + Hi ] =Hf(A+T)=1+e,
HiB' +I=1+J+e.

It follows from these equations that Hy A’ = e and HyB' = J + e. Since HyB does
not contain HyA then 0 ¢ J, and e ¢ J + e. Therefore, Hy A’ N HyB' = (). Since
pa(f) =pp/(f) then Hf(A/ VB = HfA/ V HfB/ #* HfA/ U HfB/ = Hf(A/ uB’).
According to Proposition 2, the pair (A’, B’) is not convex while (A", B’) € [A, BJ.
This contradicts the assumption of our theorem.

Sufficiency. It follows immediately from Theorem 1. O

Example 2. Let X := R3 A = {(z,y,2) € B((0,0),R) | * < 0,2z < 0}, B :=
{(z,y,2) € B((0,0),R) | x > 0,2 < 0} (see Figure 2). Denote f(z,y,z) := z.

FIGURE 2
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The functional f € X*\ {0} and A’ :== H;A,B' := H;B C Y := R? x {0}.

Notice that A’ and B’ are half-discs and A’ U B’ is a disc. Therefore for all F’ €
Y*\ {0}, Hp(A'V B') = HpA' or HpB'. According to Theorem 1, the class
[A",B'] € K3(Y)/~ is convex. Therefore, for any pair (C,D) € [A, B]. the pair
(HyC,H¢D) is convex. Then Hf(C'V D) C HfC UH;D. Now, if g € X*, g # kf,
where k£ > 0 then Hy(A V B) is one-point set equal to HyA or HyB. Therefore,

Hy(C' Vv D) must be equal to H,C or HyD. Now, Hy(C' vV D) C H,C' U HyD and,

according to Proposition 2, HfA # Hf(AV B) # H;B. Therefore, we may not
replace the space X = R? in Theorem 2 any other more-than-two dimensional
space.
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