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ABSTRACT. We study the nonlinear eigenvalue problem

(1) —div (|[VuP72Vu) = A|u/P"2u inQ, u=0 ondQ,

where p € (1,00), Q is a bounded smooth domain in RN . We prove that the
first and the second variational eigenvalues of (1) are continuous functions of p.

Moreover, we obtain the asymptotic behavior of the first eigenvalue as p — 1
and p — oo.

0. INTRODUCTION

In this paper we study the nonlinear eigenvalue problem
(0.1) ~Apu=ANuP?u inQ, u=0 ondQ,

where p € (1,00), Q is a bounded smooth domain in RY | and A, = div (|Vu[P~2Vu)
is the p-Laplacian. We are mainly interested in the continuity of the eigenvalue A
as a function of the parameter p and its asymptotic behavior as p — 1 and p — co.

The p-Laplacian has attracted growing interest, and figures in a variety of appli-
cations in applied fields. For example, it appears in non-Newtonian fluids (p > 2 for
dilatant fluids and 1 < p < 2 for pseudoplastic fluids), in reaction-diffusion prob-
lems, in flow through porous media, in nonlinear elasticity, in petroleum extraction
([D]), and in torsional creep problems ([K1]).

Our study is mainly motivated by the “jumping nonlinearity” problem

(0.2) —Apu = f(z,u)
with f(z,u) satisfying conditions of the following type:
o flast) flz,t)
< < <
(03) )\k(p) — htﬂ_l’;l;lf |t|p_2t — h?ij)lzlp |t|p_2t — )\k"l‘l(p)u

where p1,p2 = 07 or o0, and A\gx(p) is the k-th eigenvalue of (0.1). In the case
p = 2, sophisticated techniques have been developed and deep results have been
obtained by many mathematicians in the past decades. See [LM] for more details
and references. However, for p # 2, those well established and widely employed
tools are no longer applicable due to the nonlinear and nonsymmetric nature of the
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p-Laplacian. One naturally speculates that, via certain continuation arguments,
one may be able to derive some properties of the p-Laplacian from the special case
p = 2. In doing so certain homotopy type results will be crucial. As a matter
of fact, a similar procedure (in essence) was used in the O.D.E. (N = 1) case
to study the existence of solutions to a problem of the type (0.2) by Del Pino,
Elgueta and Manasevich ([DEM]), where the continuity of Ax(p) as a function of
p is obvious. Meanwhile, Lindqvist carried out a series of studies in this direction:
the dependence on p for the solutions of —Ayu = f(z) in [L1], and the continuity
of A\1(p) and wuq(p) (the first eigenfunction associated with A1(p)) in [L4]. Recently
Kawohl [K1] discussed the behavior of solutions to the problem —Aj,u=1asp — 1
and p — oo, which appears in torsional creep problems.

In this paper we obtain the continuity of Ag(p) for k = 1,2, thus extend the
results in [L4], and derive partial results regarding the asymptotic behavior of A (p)
as p — 1 and p — co. We note that even though our continuity result is expected
to be true by most experts and thus is not surprising at all, its proof is not that
trivial. Moreover, our proof reveals an interesting fact, that is, the continuity of
the eigenvalues on p follows from the linear independence of the eigenfunctions (see
Remark 2.2). The latter is not yet proved except for the O.D.E. case (i.e. N =1)
when p # 2.

We organize this paper as follows. In Section 1 we introduce notations needed in
the sequel. In Section 2 we prove the continuity of A (p) by constructing appropriate
sets of genus k for k = 1, 2. Finally we discuss in Section 3 the asymptotic behavior
of A\1(p).

1. NOTATION
Consider the eigenvalue problem
(1.1) ~Apu=ANuP?u inQ, u=0 ondQ,

where p € (1,00), Apu = div (|VuP72Vu) is the p-Laplacian, and © is a bounded
smooth domain in RY. u € W, *(Q) is a solution of (1.1) if for some A € R and
any ¢ € Cg°(9),

/|Vu|p_2VuV<p:)\/ [ulP~%up.
Q Q

In this paper, all integrals will be on €2 unless otherwise stated.
We introduce notation we need later in this paper. Let
1, . _
Up = {u e WyP(Q) : ||ull, = 1},
where || - ||, is the norm in the L? space, and
Tk(p {A Cc U, : Ais symmetric, compact, y(A) = k},

where y(A) is the genus of A, i.e. the smallest integer k& such that there exists an
odd continuous map from A to R"\ {0}. See e.g. [R] and [Sz] for details of the
genus. By the standard Ljusternik-Schnirelmann theory, see e.g. [AA] and [Sz],
and the known regularity theory, cf. [Eg] and [T], we have the following

Proposition 1.1. There exist u(k,p) € A(k,p) € Tr(p) and \x(p) such that

(1.2) Ak (p) :/|Vu(k7p)|p: sup )/|Vu|p— 1nf sup/|Vu|p
P

ucA(k P) ucA
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and

(1.3) —Apu(k,p) = i (p)|ulk, )P~ >u(k, p).
Moreover, for some a(k,p) > 0 and (k,p) > 0,

(1.4) Vulk,p)(x) = Vulk,p)(y)| < Bk, p)|z —y|* ",
forz,y € Q.

Without loss of generality, we assume |Q)| = 1. In fact, if || = a, we define
Q' ={y :a'Nyeq}
Then |©'| = 1. Now, for u € U, satisfying
—Apu = Aul|P~2u,
define v(y) = a'/Pu(a'/Ny) = a'/Pu(z), with y € @, z = a'/Ny € Q. Then
Joy l0@)P = 1, and Vyu(y) = a/NFT/PV u(z). Therefore we have —A,v =
(aP/NX)|v|P~20v, i.e. the new eigenvalue problem on the domain € is modified
by a factor a?/N | which is continuous in p.
2. CONTINUITY OF Ag(p), k=1,2
We start with some preparation. Define the following sets:
k k
Ap(p) = {Zai@(iap) > i =1,0; >0,
(2.1) i=1 i=1
a(i,p) € {u(i, p),—uli,p)hi=1,- k },
and for ¢ € (1, 00),
(2.2) ALw) = {u/lully € W Q)+ we Anlp) }.
First we have

Lemma 2.1. If 0 € Ax(p), then Al(p) is well defined and v(Al(p)) = k.

Proof. The regularity theory guarantees that for u € Ag(p), u € WO1 1(2). Observe
that if 0 ¢ Ag(p), then Af(p) is well defined and is symmetric and compact. We
define a map fi : Al(p) — R"\ {0} as follows. Let €¥,i = 1,--- , k, be the standard
unit basis of R®, define

Fo(Fu(i,p)/|luli,p)llq) = +ef,

and for u = Zle a;u(i,p)/|| Zle a;u(i, p)llq,
k
foli) = 3 0u Sl ) 1, )

fr so defined is an odd homeomorphism between Af(p) and the unit sphere of R
It follows from Proposition 2.3 (a) of [Sz] that y(A{(p)) = k. O

Corollary 2.1. If the eigenfunctions u(i,p) are linearly independent, then y(Aj(p))
=k fork=1,2,---.
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In particular, since u(l,p) is of one sign and w(2,p) changes sign, obviously
0¢ Ai(p) UAsx(p). Thus we have

Corollary 2.2. v(A}(p)) =k for k=1,2.
From now on we consider the case k = 1, 2.

Lemma 2.2. M\y(p) is a bounded function of p on any bounded interval (1,s] for
k=1,2.

Proof. By Corollary 2.2, v(A}(s)) = k. Observe that

Yul|P Yu|5)P/s
Ak(p) < sup /|Vv|p < sup /] 1:,' < W#
veAﬁ(s uEA(s) HUHP uEA(s) ”u”P
Here we have used the assumption that |Q = 1. Note that inf,ca, () [|ul’ =

c(p,s) > 0. Indeed, if inf,ca, () [’ = c(p,s) = 0, since [|-|P is a continuous

function of u, and Ax(s) is compact in W,>*(€2) and hence is compact in W, * (1),

there exists a ug € Ag(s) with [ |ug|? = 0. This implies that ug = 0, a contradiction.

Consequently we have

SUDye Ay (s) (f|vu|s)p/s
infueays) S lul?

The lemma is proved. O

0<Ak(p) < < w()]P* /clp, 5) < oo.

Lemma 2.3. Forp,q € (1,s], limy_.qinf,ca, () [ |u[? = 1.
Proof. Let u(p) € Ax(p) be such that

u(p) — lim  inf /|u|p.

P—queAk(p)

For ¢ > 0 small, we have p > ¢ —e. Noting that [|Vu|77¢ < ([ |Vu[P)la=2)/P,
Lemma 2.2 and the fact that u(p) is a convex combination of u(1,p) and u(2,p)
imply that u(p) is bounded in W, *?~*(Q). Consequently for a subsequence {p,, } and
some ug € Wy 5(Q), u(pn) — up weakly in Wy~ *(Q) and strongly in LI~<(Q).
It then follows that

(a—¢)/pn

[t = tim [ 1uto)pre < i ([lugepe) T <1

Letting ¢ — 0 we obtain [ |ug|? < 1.
On the other hand, Lemma 4.2 of [L2] implies that

St = [1utwap +po [ )P 2uma) w0 — upa)).

The second integral on the right-hand side approaches 0 as p, — ¢. Thus [ |ug|? >
1. The lemma is proved. O

Now we are ready to prove our main result.
Theorem 2.1. \;(p) is continuous in p for k =1,2.

Proof. By Lemma 2.2, for any sequence p, — ¢, there exists a subsequence, still
denoted by {p,}, such that A (p,) — A. Our objective is to prove A = Ax(q).

As in the proof of Theorem 4.1 of [L4], a standard diagonal argument produces
a subsequence of {p,}, still denoted by {p,}, such that for some ug € C*(f),
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u(k, pn) — uo and Vu(k,p,) — Vug locally uniformly in ©. The boundedness of
{A\k(pn)} further implies that u(k,p,) — uo in Wy'? °(Q) weakly for & > 0 small
enough (cf. [L2], [L4]). Observe that

(2.3) /IVU(kvpn)l”"‘QW(kvpn)Vsa= Ak(pn)/Iu(k,pn)l”"‘QU(k,pn)w

for ¢ € C§°(Q?). Letting p, — ¢ in (2.3), and noting that we have uniform conver-
gence of u(k,py) to ug on the support of ¢, we obtain

(2.4) /|Vu0|q_2Vu0V<p=5\/|u0|q_2u0<p,

whence we have —Agug = Aug|? 2up and ug € C*+*(Q). Moreover, the proof of
Lemma 2.3 implies that |luo|q = 1.
Observe that

Vuld
M:(q) < sup /|Vv|q— sup f|—u|

veEAL (pn ueA n ”u”q
(2.5) €A} (pn) €A (pn) q

SUPue A, (p,) J [Vl

infuea, o) lulld

By (1.4) and the convergence of u(k,pn) to ug, we know that for p, close enough
to ¢ and k = 1,2, u(k,p,) € C't*(Q) for some a > 0. Thus for u € Ay(pn),
u € C1T(Q). Consequently for € > 0 such that p,, + ¢ > ¢, we have

/( n"FE) /( n+5)
(2.6) / vl < ( / ) < (9 / )"

for u € Ap(pr), and

(2.7) (/|vu|pn)1/p" < Zal(/|Vu i) " < ).

Combining (2.5), (2.6) and (2.7), letting p,, — ¢, then ¢ — 0, and using Lemma 2.3,
we conclude that

AL (q) < /~\
On the other hand, we have
Me(pn) < sup /|Vv|p".
vEAP™ (q)
Hence the similar procedure yields
AL (q) > /~\

Thus Ag(p) is continuous. This concludes the proof. |

Remark 2.1. The continuity of A1 (p) is proved by Lindqvist in [L4]. For the O.D.E.
case, the explicit formula of A;(p) is given in [GV]; see also [DEM] and [HM].

Remark 2.2. Our proof breaks down for the case k > 3 because it is not clear for
this case whether 0 € Ag(p) or not. However, our proof shows that, if all the
(variational) eigenfunctions are linearly independent, then Ax(p) is continuous with
respect to p, since then 0 & Ag(p) for all k£ > 0. We note that the independence of
the eigenfunctions is a standing open question for the p-Laplacian for p # 2.
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3. ASYMPTOTIC BEHAVIOR OF \;(p)
We discuss the asymptotic behavior of A;(p) as p — 1 and p — oo.
Theorem 3.1. Assume B(zg,7) C Q2. Then

N+p)(p+1)

(3.1) n(p) <

Moreover, limp_,oc A1 (p) =0 if 7> 1.

Proof. Take ¢ =7 — |z — xo| if |z — xo| <7, and ¢ = 0 if |x — x| > 7. Then

Calculation shows that

and

o N/2 1
P _ p+N 1 — g)PgN-1
/le TN /O( s)Ps™ " ds,

where I'(+) is the I-function. It is known that
1
r(N)r 1 N —1)!
/ (l—S)pSN_ldSZ ( ) (p+ ) ( )
0

I'(N+p+1) (N+p)--(p+1)
hence we obtain

The theorem then follows. O

We will see later that the condition 7 > 1 is optimal.
To obtain an estimate for A1(p) as p — 1, we first establish the following Barta
type inequality.

Lemma 3.1. For any positve v € CZ(Q), let B = infyeq(—Apv/vP~1). Then
M(p) > B. Moreover M\ (p) > B if v # cu(l,p), where ¢ is a constant.

Proof. We write u; = u(1, p) for short. Observe that
—Apur =M (P)uf
and
—Apv > BoP~

By using the monotonicity of —A,- and (-)?~!, and integrating by parts, we obtain

0< [V =V~ Vol ~290)(Vaa — V)

< (D) - B) / (Wh ™" — 0"V (g — v).

This implies the desired inequality. The proof is completed. O
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Theorem 3.2. Assume that |Q| = 6. Then for 1 <p < 2,

(N +p— 2) 4 1-p/2__p—1
(3:2) M) 2 G 1) =)
where 7 = (2nN/2)TYNINT(N/2)8]Y/N. Moreover, lim,_; A1 (p) > (N — 1)772.

3

Proof. Let Q* be the symmetrization of , i.e. Q* is radially symmetric and |Q*| =
6. Then Q* = B(0,7). Let Aj(p) > 0 be the first eigenvalue of the p-Laplacian on
0%; then \i(p) < A1(p) (cf. Corollary 2.33 of [K2]). Next we estimate A} (p).

Take v = 72 — |z/|? in Q*. Then —Ayv = 2P71(N + p — 2)[z[P72. Let 3 =
inf(—=Apv/vP~1). One easily checkes that, for 1 < p < 2, 8 is attained at |z| =
((2 =p)/p)"/* and

5 (N +p— 2)_ (=P) P2,
2 -1)/pP—" 2-p
The theorem then follows from the above estimate and Lemma 3.1. O

‘We now turn our attention to the one dimensional case and obtain more accurate
asymptotic behavior. It is known (see, e.g., Theorem 1 of [GV], and [DEM]) that
the k-th eigenvalue of the problem

(3.3) —(ju'PP7?u’) = Ap)|ul" "y, w(0) =u(L) =0
is given by
1
M) = () = L= 1)[2 [ (- ) rat]
0
2 T P
—kPp—1)]2 . — =
K (p U[L psin(w/p)} '
Theorem 3.3. (i) lim,_co A\ (p) = 00 if L < 2. (ii) limp—oo M1(p) =0 if L > 2.
(iii) lim, 1+ A1 (p) = 2/L.

Proof. For L # 2, (i) and (ii) follow from the fact that lim,_.. 7(psin(7/p))~! = 1.
For L = 2, we observe that, since In(7/p) — In(sin(x/p)) > 0,

(3.4)

I SV S S LA ./ S SR
! [(p 1) psin(w/p)} p[l sin(w/p)—i_p1 (p=1) +

as p — 00. S0 A1(p) — oo.
To prove (iii), we discuss the limit lim,,_,q+ (sin(7/p))~P(p — 1). Let

y = (sin(m/p))";

then
Iny = plnsin(r/p)
B sin(r/p) B B B
= pln| ] ol — ] = of1) + pnl(p — D)
Therefore y = e°M((p — 1)7)P. Observe that
im _p=1 = lim —(p—l)
p—1t (sin(m/p))P p—1t e?M(p — 1)Prr
. 1 1 1
= lim =—

po1+ eeWqp (p—1)p=1 7

(iii) then follows from (3.4). The theorem is proved. O
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Remark 3.1. We see from (i) that the condition 7 > 1 in Theorem 3.1 cannot be
improved in general. Using (3.4), we can also obtain asymptotic behavior for other

Ak (p)-

[AA]

[DEM]

(D]

(Eg]
(GT]
(GV]
[HM]
(K1)
(K2]

(LM]

(L1]
(L2]

(L3]

(L4]
[R]
[Sz]

[T]
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