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STANDARD SYSTEMS FOR SEMIFINITE O∗-ALGEBRAS

ATSUSHI INOUE

(Communicated by Palle E. T. Jorgensen)

Abstract. We shall continue the study of standard systems which make it
possible to develop the Tomita-Takesaki theory in O∗-algebras. The main pur-
pose of this paper is to give the necessary and sufficient conditions for which a
standard system (M, λ, λ′) of an O∗-algebraM, a generalized vector λ and the
commutant λ′ is unitarily equivalent to a standard system

�N ,K ′µ, (K ′µ)′
�

constructed by a standard tracial generalized vector µ for an O∗-algebraN and
a non-singular positive self-adjoint operator K′ affiliated with the commutant
N ′

w of N .

1. Introduction

In order to develop the Tomita-Takesaki theory in O∗-algebras, we have defined
and studied the notion of standard system (M, λ, λ′) of an O∗-algebra M, a gen-
eralized vector λ and the commutant λ′ in [1, 6, 7] . Here we shall continue this
study and study the structure of standard systems for semifinite O∗-algebras. We
first treat tracial generalized vectors µ for an O∗-algebra N and give the necessary
and sufficient conditions for which µ is standard. We next construct a general-
ized vector K ′µ by a pair (K ′, µ) of a standard tracial generalized vector µ for N
and a non-singular positive self-adjoint operator K ′ affiliated with the commutant
N ′

w of N , and investigate when (N , K ′µ, (K ′µ)′) is a standard system. Further,
we consider this converse. And we give the necessary and sufficient conditions
for which a standard system (M, λ, λ′) is unitarily equivalent to such a standard
system

(N , K ′µ, (K ′µ)′
)

2. Standard tracial generalized vectors

We begin with the definitions and the basic properties of standard generalized
vectors for O∗-algebras [7] . Let D be a dense subspace in a Hilbert space H.
We denote by L†(D) the set of all linear operators X from D to D such that
D ⊂ D(X∗) and X∗D ⊂ D. Then L†(D) is a ∗-algebra equipped with the usual
operatorsX+Y, αX and the involution X† ≡ X∗dD. A ∗-subalgebraM of L†(D) is
said to be an O∗-algebra on D inH. An O∗-algebraM on D inH is said to be closed
(resp. self-adjoint ) if

D =
⋂

X∈M
D (X) (

resp. D =
⋂

X∈M
D(X∗)

)
,
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and M is said to be integrable if X†∗ = X for each X ∈ M. It is clear that if M
is integrable, then it is self-adjoint, and if M is self-adjoint, then it is closed. We
define the weak commutant M′

w of an O∗-algebra M by

M′
w = {C ∈ B(H) ; (CXξ|η) = (Cξ|X†η) for each X ∈M and ξ, η ∈ D},

where B(H) is the set of all bounded linear operators on H. It is known that if M
is self-adjoint, then M′

wD ⊂ D ; and if M′
wD ⊂ D, then M′

w is a von Neumann
algebra. An O∗-algebra M is said to be semifinite if (M′

w)′ is a semifinite von
Neumann algebra. For the general theory of O∗-algebras we refer to [10, 14]. We
introduce the notion of generalized vectors for O∗-algebras. Let M be a closed
O∗-algebra on D in H such that M′

wD ⊂ D. A generalized vector λ for M is
a linear map of the left ideal D(λ) of M into D satisfying λ(XY ) = Xλ(Y ) for
each X ∈ M and Y ∈ D(λ) ; and a generalized vector λ is said to be tracial if
(λ(X)|λ(Y )) = (λ(Y †)|λ(X†)) for each X,Y ∈ D(λ)†∩D(λ). Let λ be a generalized
vector for M. Suppose

(S)1 λ((D(λ)† ∩ D(λ))2) is total in H. Then we define two commutants λ′ and
λC of λ as follows:

D(λ′) = {C ∈M′
w; ∃ξC ∈

⋂
X∈D(X)

D(X) s.t. Cλ(X) = XξC ,
∀X ∈ D(λ)},

λ′(C) = ξC , C ∈ D(λ′),{
D(λC) = {C ∈M′

w ; ∃ξC ∈ D s.t. Cλ(X) = XξC ,
∀X ∈ D(λ)},

λC(C) = ξC , C ∈ D(λC),

and then λ′ and λC are generalized vectors for the von Neumann algebra M′
w such

that λC ⊂ λ′, that is, D(λC) ⊂ D(λ′) and λC(C) = λ′(C), ∀C ∈ D(λC).

Definition 2.1. Let λ be a generalized vector forM. Suppose λ satisfies the above
condition (S)1 and the following condition (S)′2 (resp. (S)C2 ). Then (M, λ, λ′) (resp.
(M, λ, λC) ) is said to be a cyclic and separating system:

(S)′2 λ′((D(λ′)∗ ∩ D(λ′))2) is total in H.
(S)C2 λC((D(λC)∗ ∩D(λC))2) is total in H.

When (M, λ, λC) is a cyclic and separating system, λ is said to be a cyclic and
separating generalized vector.

Suppose (M, λ, λ′) is a cyclic and separating system and put{
D(λ′′) = {A ∈ (M′

w)′ ; ∃ξA ∈ H s.t. Aλ′(C) = CξA,
∀C ∈ D(λ′)},

λ′′(A) = ξA, A ∈ D(λ′′).

Then λ′′ is a cyclic and separating generalized vector for the von Neumann alge-
bra (M′

w)′, so that the maps λ(X) → λ(X†), X ∈ D(λ)† ∩ D(λ) and λ′′(A) →
λ′′(A∗), A ∈ A(λ′′)∗ ∩ D(λ′′) are closable in H and their closures are denoted by

Sλ and Sλ′′ , respectively. Let Sλ = Jλ∆
1
2

λ and Sλ′′ = Jλ′′∆
1
2

λ′′ be the polar de-
compositions of Sλ and Sλ′′ , respectively. Then it is shown that Sλ ⊂ Sλ′′ , and
Jλ′′(M′

w)′Jλ′′ = M′
w and ∆it

λ′′(M′
w)′∆−it

λ′′ = (M′
w)′ for all t ∈ R by the Tomita

fundamental theorem. But, we don’t know how the unitary group {∆it
λ′′}t∈R acts

on the O∗-algebra M, and so we define a system which has the best condition:

Definition 2.2. A cyclic and separating system (M, λ, λ′) is said to be standard
if the following conditions (S)′3 and (S)′4 hold:
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(S)′3 ∆it
λ′′D ⊂ D and ∆it

λ′′M∆−it
λ′′ = M, ∀t ∈ R.

(S)′4 ∆it
λ′′(D(λ)† ∩D(λ))∆−it

λ′′ = D(λ)† ∩ D(λ), ∀t ∈ R.

By ([7], Theorem 5.5) we have the following

Theorem 2.3. Suppose (M, λ, λ′) is a standard system. Then the following state-
ments hold:

(1) Sλ = Sλ′′ , and so Jλ = Jλ′′ and ∆λ = ∆λ′′ .
(2) {σλt }t∈R is a one-parameter group of ∗-automorphisms of M, where σλt (X)

≡ ∆it
λX∆−it

λ , X ∈ M, t ∈ R.

(3) λ satisfies the KMS-condition with respect to {σλt }t∈R; that is, for any
X,Y ∈ D(λ)† ∩ D(λ) there exists an element fX,Y of A(0, 1) such that fX,Y (t) =
(λ(σλt (X))|λ(Y )) and fX,Y (t+ i) = (λ(Y †)|λ(σλt (X†))) for all t ∈ R, where A(0, 1)
is the set of all complex-valued functions, bounded and continuous on 0 ≤ Imz ≤ 1
and analytic in the interior.

Suppose (M, λ, λC) is a cyclic and separating system and put{
D(λCC) = {A ∈ (M′

w)′ ; ∃ξA ∈ H s.t AλC(C) = CξA,
∀C ∈ D(λC)},

λCC(A) = ξA, A ∈ D(λCC).

Then λCC is a cyclic and separating generalized vector for the von Neumann algebra
(M′

w)′, and so the closure of the closable involution λCC(A) → λCC(A∗), A ∈
D(λCC)∗ ∩ D(λCC), is denoted by SλCC and let SλCC = JλCC∆

1
2

λCC
be the polar

decomposition of SλCC . Since λC ⊂ λ′, it follows that (M, λ, λ′) is a cyclic and
separating system and Sλ ⊂ Sλ′′ ⊂ SλCC .

Definition 2.4. A cyclic and separating system (M, λ, λC) is said to be standard
if the following conditions (S)C3 and (S)C4 hold:

(S)C3 ∆it
λCC

D ⊂ D and ∆it
λCC

M∆−it
λCC

= M, ∀t ∈ R.

(S)C4 ∆it
λCC

(D(λ)† ∩ D(λ))∆−it
λCC

= D(λ)† ∩ D(λ), ∀t ∈ R.

By ([7], Theorem 5.6) we have the following

Theorem 2.5. Suppose λ is a standard generalized vector for M. Then (M, λ, λ′)
is a standard system satisfying Sλ = Sλ′′ = SλCC .

Any element ξ of D is regarded as generalized vector for M by D(λξ) = M and
λξ(X) = Xξ,X ∈M. It is easily shown that if ξ is cyclic, that is, Mξ is dense in H
(iff λξ is cyclic), then D(λCξ ) = D(λ′ξ) = M′

w and λCξ (C) = λ′ξ(C) = Cξ, ∀C ∈M′
w.

When both Mξ and M′
wξ are dense in H, we simply denote Sλξ , Jλξ and ∆λξ

(resp. Sλ′′ξ
, Jλ′′ξ

and ∆λ
′′
ξ
) by Sξ, Jξ and ∆ξ (resp. S′′ξ , J ′′ξ and ∆′′

ξ ), respectively.

If λξ is standard, then ξ is said to be a standard vector for M. If λξ is tracial, then
ξ is said to be a tracial vector for M.

For the standardness of tracial generalized vectors we have the following

Proposition 2.6. Let M be a closed O∗-algebra on D in H such that M′
wD ⊂ D.

Suppose µ is a tracial generalized vector for M such that µ((D(µ)† ∩ D(µ))2) is
total in H. Then the following statements are equivalent:

(i) µ is standard; that is, (M, µ, µC) is a standard system.
(ii) µC((D(µC)∗ ∩ D(µC))2) is total in H.
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(iii) (M, µ, µ′) is a standard system.
(iv) µ′((D(µ′)∗ ∩ D(µ′))2) is total in H.
(v) Jµ(M′

w)′Jµ = M′
w, where Jµ is the unitary involution on H defined by

Jµµ(Y ) = µ(Y †) for each Y ∈ D(µ)† ∩ D(µ).

If this is true, then Jµ = JµCC = Jµ′′ and ∆µ = ∆µCC = ∆µ′′ = I, and further

Y †∗ = Y for each Y ∈ D(µ).

Proof. We show the equivalence of (i)∼ (v) by (ii)⇒ (i)⇒ (iii)⇒ (iv)⇒ (v)⇒ (ii).
We show the implication (v) ⇒ (ii). The other implications are trivial. Let X ∈ M,

and let X = UX |X|, the polar decomposition of X, and |X | =

∫ ∞

0

t dEX(t), the

spectral resolution of |X |. We putEX(n) =

∫ n

0

dEX(t) and Xn = XEX(n), n ∈ N.

Then we have UX , EX(n), Xn ∈ (M′
w)′ for each n ∈ N. Take arbitrary Y ∈ D(µ)

and n ∈ N. Then, it is not difficult to show

{
JµYnJµ ∈ D(µC)∗ ∩ D(µC), µC(JµYnJµ) = JµUYEY (n)U∗Y Jµµ(Y †),
µC(JµY

∗
n Jn) = JµEY (n)Jµµ(Y ),

(2.1)

lim
n→∞µ

C(JµYnJµ) = µ(Y †).(2.2)

Hence it follows that µC((D(µC)∗∩D(µC))2) is total in H since µ((D(µ)∗∩D(µ))2)
is total in H. Thus the statements (i) ∼ (v) are equivalent and ∆µ′′ = ∆µCC = I
and Jµ′′ = JµCC = Jµ.

We finally show that Y †∗ = Y for each Y ∈ D(µ). By (2.1) and (2.2) we can
show by simple calculations

D(µC)∗ ∩ D(µC) = {JµA∗Jµ ; A ∈ A},
µC(JµA

∗Jµ) = µCC(A), µC(JµAJµ) = µCC(A∗), A ∈ A,
(2.3)

where A ≡ {A ∈ D(µCC)∗ ∩ D(µCC) ; µCC(A), µCC(A∗) ∈ D}. Take an arbitrary
Y ∈ D(µ). By (2.3) and (2.2) we have

π0(µ(Y ))µCC(A) ≡ JµA
∗Jµµ(Y ) = Y µCC(A),

π0(Jµµ(Y ))µCC(A) ≡ JµA
∗µ(Y ) = lim

n→∞JµA
∗µC(JµY

∗
n Jµ)

= lim
n→∞Y

∗
nµ

CC(A) = Y †µCC(A)

for each A ∈ A, and further since A is a Hilbert algebra in H by (2.3), it follows

that π0(µ(Y )) ⊂ Y and π0(Jµµ(Y )) ⊂ Y †. Further, it follows from the theory of

Hilbert algebra [9] that π0(ξ)
∗ = π0(Jµξ),

∀ξ ∈ H, that π0(µ(Y )) ⊂ Y ⊂ Y †∗ ⊂
π0(Jµµ(Y ))∗ = π0(µ(Y )). Hence we have Y †∗ = Y = π0(µ(Y )) for each Y ∈ D(µ).
This completes the proof.

By Proposition 2.6 we have the following

Corollary 2.7. Let M be a closed O∗-algebra on D in H such that M′
wD ⊂ D and

ξ0 ∈ D. Suppose ξ0 is a cyclic tracial vector for M. Then the following statements
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are equivalent:

(i) ξ0 is standard.
(ii) M′

wξ0 is dense in H.
(iii) Jξ0(M′

w)′Jξ0 = M′
w.

If this is true, then Jξ0 = J ′′ξ0 , ∆ξ0 = ∆′′
ξ0

= I and M is an integrable O∗-algebra
on D. Further, M ≡ {X ; X ∈ M} is a ∗-subalgebra of the ∗-algebra Lω(ωξ0) ≡⋂
1≤p<∞

Lp(ωξ0) equipped with the strong sum, strong scalar multiplication, strong

product and adjoint, where Lp(ωξ0) is the Segal Lp-space with respect to the vector
trace ωξ0 on (M′

w)′ (refer to [4]).

3. Standard systems for semifinite O∗-algebras

In this section we treat a standard system (M, K ′µ, (K ′µ)′) constructed by a
standard tracial generalized vector µ and a non-singular positive self-adjoint oper-
ator K ′, and consider when a standard system (M, λ, λ′) is unitarily equivalent to
such a standard system (N , K ′µ, (K ′µ)′). Let M be a closed O∗-algebra on D in
H such that M′

wD ⊂ D, µ a standard tracial generalized vector for M and K ′ a
non-singular positive self-adjoint operator in H affiliated with M′

w whose domain

D(K ′) contains µ(D(µ)). Let K ′ =
∫ ∞

0

tdE′(t) and K ≡ JµK
′Jµ =

∫ ∞

0

tdE(t) be

the spectral resolutions of K ′ and K, respectively and let E′(n) =

∫ n

0

dE′(t) and

E(n) =

∫ n

0

dE(t) for n ∈ N. Here we put

{
D(K ′µ) = D(µ),

(K ′µ)(X) = K ′µ(X), X ∈ D(µ).

Then it is easily shown that K ′µ is a generalized vector forM. For the standardness
of the system (M, K ′µ, (K ′µ)′) we have the following

Proposition 3.1. Let M be a closed O∗-algebra on D in H such that M′
wD ⊂

D and µ a standard tracial generalized vector for M. Suppose K ′ is a non-
singular positive self-adjoint operator in H affiliated with M′

w such that µ(D(µ)) ⊂
D(K ′), K ′µ((D(µ)† ∩D(µ))2) is total in H and K ′µ(D(µ)† ∩D(µ)) is dense in the

Hilbert space D(K ·K ′−1
). Then K ′µ is a generalized vector for M satisfying the

following conditions:

(i) (K ′µ)′((D((K ′µ)′)∗ ∩ D((K ′µ)′))2) is total in H.

(ii) SK′µ = S(K′µ)′′ = JµK ·K ′−1
.

Further, (M, K ′µ, (K ′µ)′) is a standard system if and only if KitD ⊂ D and
KitY K−itdD ∈ D(µ) for all Y ∈ D(µ) and t ∈ R.

Proof. Since µ is standard, there exists a net {Aα} in D(µCC)∗ ∩ D(µCC) which
converges strongly∗ to I. Let Y ∈ D(µ)†∩D(µ) and let Yn = Y EY (n), n ∈ N. Then
it follows from ([7], Lemma 5.2) that {Yn} ⊂ D(µCC)∗∩D(µCC), Yn → Y strongly∗,
lim
n→∞µ(Yn) = µ(Y ) and lim

n→∞µ
CC(Y ∗n ) = µ(Y †). Take arbitrary C ∈ D(µC), Y ∈
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D(µ)† ∩D(µ) and m,n ∈ N. Then we have

E′(n)CE′(m)(K ′µ)(Y ) = lim
k→∞

E′(n)CE′(m)K ′µCC(Yk)

= lim
k→∞

E′(n)CJµKE(m)µCC(Y ∗k )

= lim
k→∞

lim
α
E′(n)CJµAαKE(m)µCC(Y ∗k )

= lim
k→∞

lim
α
E′(n)CJµµ

CC(AαKE(m)Y ∗k )

= lim
k→∞

lim
α
E′(n)CµCC(YkKE(m)A∗α)

= lim
k→∞

lim
α
YkE

′(n)KE(m)A∗αµ
C(C)

= lim
k→∞

YkE
′(n)KE(m)µC(C),

and so

(Y †η|E′(n)KE(m)µC(C)) = lim
k→∞

(Y ∗k η|E′(n)KE(m)µC(C))

= lim
k→∞

(η|YkE′(n)KE(m)µC(C))

= (η|E′(n)CE′(m)(K ′µ)(Y )),

which implies E′(n)KE(m)µC(C) ∈ D(Y †∗) = D(Y ),

Y E′(n)KE(m)µC(C) = E′(n)CE′(m)(K ′µ)(Y ).

Hence we have

E′(n)CE′(m) ∈ D((K ′µ)′)∗ ∩D((K ′µ)′),

(K ′µ)′(E′(n)CE′(m)) = E′(n)KE(m)µC(C),

∀C ∈ D(µC)∗ ∩D(µC), ∀m,n ∈ N.
(3.1)

Similarly, we have

E′(n)CE′(m)K ′−1 ∈ D((K ′µ)′)∗ ∩ D((K ′µ)′),

(K ′µ)′(E′(n)CE′(m)K ′−1) = E′(n)E(m)µC(C),

(K ′µ)′(E′(m)K ′−1C∗E′(n)) = E′(m)K ′−1E(n)KµC(C)

∀C ∈ D(µC)∗ ∩D(µC), m, n ∈ N.

(3.2)

By (3.1) and (3.2) we have

E′(n)C1E
′(l)C2E

′(m)K ′−1 ∈ (D((K ′µ)′)∗ ∩ D((K ′µ)′))2,

lim
m,n→∞(K ′µ)′(E′(n)C1E

′(l)C2E
′(m)K ′−1)

= lim
m,n→∞(E′(n)C1E

′(l)(K ′µ)′(E′(l)C2E
′(m)K ′−1)

= lim
m,n→∞E

′(n)C1E
′(l)E(m)µC(C2)

= µC(C1C2)

for each C1, C2 ∈ D(µC)∗ ∩ D(µC), which implies since µC((D(µC)∗∩ D(µC))2) is
total in H that (K ′µ)′(((D(K ′µ)′)∗ ∩ D((K ′µ)′))2) is total in H. We show JµK ·
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K ′−1 = SK′µ = S(K′µ)′′ . Since

K ′µ(D(µ)† ∩ D(µ)) is densely contained

in the Hilbert space D(K ·K ′−1),

JµK ·K ′−1K ′µ(Y ) = JµKµ(Y ) = K ′µ(Y †) = SK′µ(K ′µ)(Y )

(3.3)

for each Y ∈ D(µ)† ∩ D(µ), we have JµK · K ′−1 ⊂ SK′µ. We generally have
SK′µ ⊂ S(K′µ)′′ , and hence JµK · K ′−1 ⊂ SK′µ ⊂ S(K′µ)′′ . Conversely we show

S(K′µ)′′ ⊂ JµK ·K ′−1. It is shown similarly to (3.1) that

E′(n)CE′(m) ∈ D((K ′µ)′)∗ ∩D((K ′µ)′),
(K ′µ)′(E′(n)CE′(m)) = E′(n)KE′(m)µCCC(C),

∀C ∈ D(µCCC)∗ ∩ D(µCCC), ∀m,n ∈ N,
JµA

∗Jµ ∈ D(µCCC) and µCCC(JµA
∗Jµ) = µCC(A),

∀A ∈ D(µCC)∗ ∩D(µCC),

so that by (3.1)

E′(n)JµA
∗JµE′(m) ∈ D((K ′µ)′)∗ ∩ D((K ′µ)′),

(K ′µ)′(E′(n)JµA
∗JµE′(m)) = KE(m)E′(n)µCC(A),

∀A ∈ D(µCC)∗ ∩ D(µCC).

Hence we have

(KK ′−1K ′E′(n)E(m)µCC(A)|(K ′µ)′′(B))

= ((K ′µ)′(E′(n)JµA
∗JµE′(m))|(K ′µ)′′(B))

= (S(K′µ)′′(K
′µ)′′(B)|S∗(K′µ)′′(K

′µ)′(E′(n)JµA
∗JµE′(m)))

= (S(K′µ)′′(K
′µ)′′(B)|(K ′µ)′(E′(m)JµAJµE

′(n)))

= (S(K′µ)′′(K
′µ)′′(B)|KE(n)E′(m)µCC(A∗))

= (S(K′µ)′′(K
′µ)′′(B)|JµK ′E′(n)E(m)µCC(A))

= (K ′E′(n)E(m)µCC(A)|JµS(K′µ)′′(K
′µ)′′(B))

for each A ∈ D(µCC)∗ ∩ D(µCC) and B ∈ D((K ′µ)′′)∗ ∩D((K ′µ)′′), and further it
follows from (3.3) that {K ′E′(n)E(m)µCC(A) ; A ∈ D(µCC)∗∩D(µCC) and m,n ∈
N} is total in the Hilbert space D(K ·K ′−1), which implies S(K′µ)′′ ⊂ JµK ·K ′−1.

Thus we have SK′µ = S(K′µ)′′ = JµK ·K ′−1, and hence

JK′µ = J(K′µ)′′ = Jµ and ∆K′µ = ∆(K′µ)′′ = K ·K ′−1.(3.4)

It follows from (3.4) that (M, K ′µ, (K ′µ)′) is a standard system if and only if
KitD ⊂ D and KitY K−itdD ∈ D(µ) for all Y ∈ D(µ) and t ∈ R. This completes
the proof.

We consider when the condition in Proposition 3.1KitD ⊂ D andKitY K−itdD ∈
D(µ) for all Y ∈ D(µ) and t ∈ R holds.

Corollary 3.2. Let (M, µ,K ′) be given in Proposition 3.1. Suppose µ is full, that
is, D(µ) = {X ∈ M; ∃ξX ∈ D s.t.XλC(C) = CξX ,

∀C ∈ D(λC)∗ ∩ D(λC)}, and
KitdD ∈M for all t ∈ R. Then (M, K ′µ, (K ′µ)′) is a standard system.
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Proof. Take arbitrary Y ∈ D(µ) and t ∈ R. Then we have

(KitY K−itµC(C)|ξ) = (JµK
′−itµC(C∗)|Y †K−itξ)

= lim
α

(JµCαK
′−itµC(C∗)|Y †K−itξ)

= lim
α

(Y µC(CK ′−itC∗α)|K−itξ)

= lim
α

(CK ′−itC∗αµ(Y )|K−itξ)

= (CKitK ′−itµ(Y )|ξ)
for all C ∈ D(µC)∗∩D(µC) and ξ ∈ D, where {Cα} is a net in D(µC)∗∩D(µC) which
converges strongly∗ to I. Hence it follows from the fullness of µ that KitY K−it ∈
D(µ). By Proposition 3.1 (M, K ′µ, (K ′µ)′) is a standard system.

We next consider the converse of Proposition 3.1:
When is a standard system (M, λ, λ′) unitarily equivalent to such a standard

system (N , K ′µ, (K ′µ)′) in Proposition 3.1?

Proposition 3.3. Let M be a closed semifinite O∗-algebra on D in H such that
M′

wD ⊂ D. Suppose λ is a generalized vector for M such that

(i) λ((D(λ)† ∩ D(λ))2) is total in H;
(ii) λ′((D(λ′)∗ ∩D(λ′))2) is total in H;
(iii) Sλ = Sλ′′ ;
(iv) Y ∈ L2(τ ′′) for each Y ∈ D(λ), where τ ′′ is a faithful normal semifinite trace

on (M′
w)′.

Then there exist a standard tracial generalized vector µ for a closed O∗-algebra N
in L2(τ ′′) and a non-singular positive self-adjoint operator K ′ in L2(τ ′′) affiliated
with N ′

w such that (µ,K ′) satisfies all of the conditions in Proposition 3.1 and λ
is unitarily equivalent to the generalized vector K ′µ; that is, there exists a unitary
operator U of L2(τ ′′) onto H such that U∗MU = N , U∗D(λ)U = D(µ) and λ(Y ) =
U(K ′µ)(U∗Y U) for each Y ∈ D(λ).

Proof. By the assumption for λ, λ′′(D(λ′′)∗ ∩ D(λ′′)) is an achieved left Hilbert
algebra in H whose left von Neumann algebra equals the semifinite von Neumann
algebra (M′

w)′, so that the following results have been shown by Takesaki [15] :
(3.5) We put Π0λ

′′(B) = B, B ∈ D(λ′′) ∩Nτ ′′ . Then Π0 is a closable operator
of the dense subspace λ′′(D(λ′′) ∩ Nτ ′′) onto the dense subspace D(λ′′) ∩ Nτ ′′ in
L2(τ ′′) whose closure Π is non-singular.

(3.6) Let Π = V T ′ be the polar decomposition of Π . Then V is a unitary
operator of H onto L2(τ ′′) and T ′ is a non-singular positive self-adjoint operator in

H affiliated with M′
w such that ∆

1
2

λ′′ = T−1 · T ′, where T = Jλ′′T
′Jλ′′ .

(3.7) Let ρ0 be the left regular representation of (M′
w)′ on L2(τ ′′) defined by

ρ0(A)B = AB, A ∈ (M′
w)′, B ∈ Nτ ′′ . Then the unitary operator V implements a

spatial isomorphism between (M′
w)′ and ρ0((M′

w)′) such that V BV ∗ = ρ0(B) for
each B ∈ D(λ′′) ∩Nτ ′′ .

(3.8) λ′′(D(λ′′)∗ ∩ D(λ′′) ∩Nτ ′′) is dense in the Hilbert space D(T ′).
Let Λ be the inverse of Π and Λ = UK ′ be the polar decomposition of Λ. Then

we have U = V ∗ and K ′ = U∗T ′−1U . It follows from (3.6) that U is a unitary
operator of L2(τ ′′) onto H and K ′ is a non-singular positive self-adjoint operator



STANDARD SYSTEMS FOR SEMIFINITE O∗-ALGEBRAS 3311

in L2(τ ′′) affiliated with the von Neumann algebra ρ0((M′
w)′)′. We put

N = U∗MU,

D(µ) = U∗D(λ)U and µ(U∗Y U) = Y ∈ L2(τ ′′), Y ∈ D(λ).

Then N is a closed O∗-algebra on U∗D in L2(τ ′′) such that N ′
w = U∗M′

wU and
(N ′

w)′ = U∗(M′
w)′U = ρ0((M′

w)′), and by (3.7) µ is a tracial generalized vector for
N . We show

λ(Y ) ∈ D(Π) and Πλ(Y ) = µ(U∗Y U), Y ∈ D(λ).

In fact, let X ∈ M and let X = UX
∣∣X∣∣ be the polar decomposition of X and

∣∣X∣∣ =∫ ∞

0

tdEX(t) the spectral resolution of
∣∣X∣∣. Take an arbitrary Y ∈ D(λ). Then

it is shown that Y EY (n) ∈ D(λ′′) ∩Nτ ′′ and λ′′(Y EY (n)) = EY †(n)λ(Y ), n ∈ N.
Hence we have

lim
n→∞‖EY †(n)λ(Y )− λ(Y )‖ = 0,

lim
n→∞‖ΠEY †(n)λ(Y )− µ(U∗Y U)‖ = lim

n→∞τ
′′((I − EY (n))|Y |2) = 0,

which implies λ(Y ) ∈ D(Π) and Πλ(Y ) = µ(U∗Y U). Hence we have µ(D(µ)) ⊂
D(K ′). Since K ′µ(U∗Y U) = U∗λ(Y ) for each Y ∈ D(λ) and λ((D(λ)† ∩D(λ))2) is
total in H, it follows that (K ′µ)((D(K ′µ)† ∩D(K ′µ))2) is total in L2(τ ′′). Further,
since we have

(K ′µ)(U∗Y U) = U∗λ(Y ),

(K ·K ′−1)(K ′µ)(U∗Y U) = U∗T−1 · T ′λ(Y ) = U∗Jλλ(Y †)

for each Y ∈ D(λ)† ∩ D(λ), and further Sλ = Sλ′′ = JλT
−1 · T ′ by (3.6) and

λ(D(λ)† ∩D(λ)) is dense in the Hilbert space D(Sλ′′) = D(T−1 ·T ′), it follows that
K ′µ(D(µ)†∩D(µ)) is dense in the Hilbert space D(K ·K ′−1). Thus the pair (µ,K ′)
satisfies all of the conditions in Proposition 3.1. It is clear that D(µ) = U∗D(λ)U
and λ(Y ) = U(K ′µ)(UY U∗) for each Y ∈ D(λ). This completes the proof.

By Propositions 3.1, 3.3 we have the following

Theorem 3.4. Let M be a closed semifinite O∗-algebra on D in H such that
M′

wD ⊂ D, and let λ be a generalized vector for M. The following statements
are equivalent:

(i) (M, λ, λ′) is a standard system such that Y ∈ L2(τ ′′) for each Y ∈ D(λ),
where τ ′′ is a faithful normal semifinite trace on (M′

w)′+.
(ii) There exist a closed O∗-algebra N on E in K, a standard tracial generalized

vector µ for N and a non-singular positive self-adjoint operator K ′ in K
affiliated with N ′

w such that
(ii)1 µ(D(µ)) ⊂ D(K ′) and K ′µ((D(µ)† ∩ D(µ))2) is total in K;
(ii)2 K ′µ(D(µ)† ∩ D(µ)) is dense in the Hilbert space D(K ·K ′−1), where K ≡

JµK
′Jµ;

(ii)3 KitE ⊂ E and KitY K−itdE ∈ D(µ) for all Y ∈ D(µ) and t ∈ R;
(ii)4 λ is unitarily equivalent to the generalized vector K ′µ; that is, there exists

a unitary operator U of K onto H such that U∗MU = N , U∗D(λ)U = D(µ)
and λ(Y ) = U(K ′µ)(U∗Y U) for each Y ∈ D(λ).
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Corollary 3.5. Let M be an integrable O∗-algebra on D in H with a standard
tracial vector ξ0, and let ξ ∈ D. Then ξ is a standard vector for M if and only
if there exists a non-singular positive self-adjoint operator K ′ in H affiliated with
M′

w such that (a) ξ0 ∈ D(K ′) and K ′ξ0 ∈ D; (b) Mξ0 is dense in the Hilbert
space D(K ·K ′−1), where K ≡ Jξ0K

′Jξ0 ; (c) KitdD ∈ M for each t ∈ R; (d) ξ is
unitarily equivalent to K ′ξ0.
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