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ABSTRACT. We shall continue the study of standard systems which make it
possible to develop the Tomita-Takesaki theory in O*-algebras. The main pur-
pose of this paper is to give the necessary and sufficient conditions for which a
standard system (M, A\, \’) of an O*-algebra M, a generalized vector A and the
commutant A’ is unitarily equivalent to a standard system (N, K'p, (K'n)’)
constructed by a standard tracial generalized vector y for an O*-algebra A and
a non-singular positive self-adjoint operator K’ affiliated with the commutant

N, of N.

1. INTRODUCTION

In order to develop the Tomita-Takesaki theory in O*-algebras, we have defined
and studied the notion of standard system (M, A, \') of an O*-algebra M, a gen-
eralized vector A and the commutant X in [1, 6, 7] . Here we shall continue this
study and study the structure of standard systems for semifinite O*-algebras. We
first treat tracial generalized vectors p for an O*-algebra N and give the necessary
and sufficient conditions for which p is standard. We next construct a general-
ized vector K’y by a pair (K’, 1) of a standard tracial generalized vector p for A/
and a non-singular positive self-adjoint operator K’ affiliated with the commutant
N, of N, and investigate when (N, K'u, (K'p)’) is a standard system. Further,
we consider this converse. And we give the necessary and sufficient conditions
for which a standard system (M, A, )’) is unitarily equivalent to such a standard
system (N, K'p, (K'p)')

2. STANDARD TRACIAL GENERALIZED VECTORS

We begin with the definitions and the basic properties of standard generalized
vectors for O*-algebras [7] . Let D be a dense subspace in a Hilbert space H.
We denote by LT(D) the set of all linear operators X from D to D such that
D C D(X*) and X*D C D. Then LT(D) is a *-algebra equipped with the usual
operators X +Y, aX and the involution X = X*[D. A x-subalgebra M of LT(D) is
said to be an O*-algebra on D in H. An O*-algebra M on D in H is said to be closed
(resp. self-adjoint ) if

D= () D(X) [resp. D= () D(X7)],
XeM XeMm
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and M is said to be integrable if X™ = X for each X € M. It is clear that if M
is integrable, then it is self-adjoint, and if M is self-adjoint, then it is closed. We
define the weak commutant M/, of an O*-algebra M by

M, ={C € B(H); (CX¢|n) = (C§|XT77) for each X € M and &, n € D},

where B(H) is the set of all bounded linear operators on H. It is known that if M
is self-adjoint, then M/, D C D ; and if M}, D C D, then M., is a von Neumann
algebra. An O*-algebra M is said to be semifinite if (M) is a semifinite von
Neumann algebra. For the general theory of O*-algebras we refer to [10, 14]. We
introduce the notion of generalized vectors for O*-algebras. Let M be a closed
O*-algebra on D in H such that M, D C D. A generalized vector \ for M is
a linear map of the left ideal D(A) of M into D satisfying A(XY) = XA(Y) for
each X € M and Y € D()) ; and a generalized vector A is said to be tracial if
AX)IAY)) = MY HIANXT)) for each X, Y € D(A)TND(N). Let A be a generalized
vector for M. Suppose

(S)1 A((D(N)T ND(N))?) is total in H. Then we define two commutants A’ and
A€ of A as follows:

D) = {C e M',;3¢c € ﬂ D(X) st. CAX) = Xéc,"X € D(N)},
XeD(X)
N(C)=¢t, CeDWN),

A(C) =&c, CeDX),

and then X' and A€ are generalized vectors for the von Neumann algebra M, such
that A° C V', that is, D(AY) € D(X) and A\°(C) = X (C), YC € D(X°).

{D()\C) ={CeM,; 3¥ceDst. CAX)=X&, "X e DN},

Definition 2.1. Let A be a generalized vector for M. Suppose A satisfies the above
condition (S); and the following condition (S)5 (resp. (S)§ ). Then (M, A, X') (resp.
(M, A, \9) ) is said to be a cyclic and separating system:

(S)y N((DN)*ND(N))?) is total in H.

(S)S AC((D(XC)* N D(X))?) is total in H.

When (M, A\, \9) is a cyclic and separating system, \ is said to be a cyclic and
separating generalized vector.
Suppose (M, A, )') is a cyclic and separating system and put

DIN) = {A € (ML) ; 24 € Hs.t. AN(C) = C€a, 7C € DN},
N'(A) = €4, A€ D).

Then )" is a cyclic and separating generalized vector for the von Neumann alge-
bra (M., so that the maps A\(X) — A(XT), X € DN NnD(\) and N'(A) —
N(A*), A € AN)* N D(N’) are closable in H and their closures are denoted by
Sy and Sy, respectively. Let Sy = J,\A% and Sy = J,\//A%,, be the polar de-
compositions of Sy and Sy, respectively. Then it is shown that S\ C Sy», and
T (ML) T = MY, and A, (ML) AL = (M) for all t € R by the Tomita
fundamental theorem. But, we don’t know how the unitary group {A¥,},cg acts
on the O*-algebra M, and so we define a system which has the best condition:

Definition 2.2. A cyclic and separating system (M, X, \') is said to be standard
if the following conditions (S); and (S)} hold:



STANDARD SYSTEMS FOR SEMIFINITE O*-ALGEBRAS 3305

(S)y A%, D C D and AY, MAL = M, "t eR.
(S), AL (DN NDWN)AL =DV NDO), "t eR.

By ([7], Theorem 5.5) we have the following

Theorem 2.3. Suppose (M, A\, X) is a standard system. Then the following state-
ments hold:

(1) S)\ = S}w, and so J)\ = J)\u and A)\ = A)w.

(2) {07 }ier is a one-parameter group of *-automorphisms of M, where o (X)
= AUXA" X e M,teR.

(3) X satisfies the KMS-condition with respect to {0} }ier; that is, for any
X, Y € DN ND(N) there exists an element fxy of A(0,1) such that fxy(t) =
MA@ (X)NDIANY)) and fxy(t+1i) = MY DAoNXT))) for all t € R, where A(0,1)
is the set of all complez-valued functions, bounded and continuous on 0 < Imz <1
and analytic in the interior.

Suppose (M, X, \€) is a cyclic and separating system and put

DAC) = {A € (M) ; 3¢4 € H st ANC(C) = C&4, YC € D(NO)},
ACC(A) = €4, A € D(NCO).

Then A9 is a cyclic and separating generalized vector for the von Neumann algebra

(ML), and so the closure of the closable involution A““(A) — A\9C(A*), A €
1

D(AC)* N D(AC), is denoted by Sycc and let Syco = JyccAZoe be the polar

decomposition of Sycc. Since A¢ C N, it follows that (M, A\, X) is a cyclic and

separating system and Sy C Sy C Sycc.

Definition 2.4. A cyclic and separating system (M, X, \€) is said to be standard
if the following conditions (S)§ and (S){ hold:

(9)§ A¥oeD C D and Alloo MA o = M, "t € R.

(9)§ Aleo(DNTNDA)A e = DN ND(), "t eR.

By ([7], Theorem 5.6) we have the following

Theorem 2.5. Suppose A is a standard generalized vector for M. Then (M, A\, \')
is a standard system satisfying S\ = Sx» = Sycc.

Any element £ of D is regarded as generalized vector for M by D(\¢) = M and
Ae(X) = X& X € M. Tt is easily shown that if £ is cyclic, that is, M§ is dense in H
(iff A¢ is cyclic), then D(AY) = D(\;) = My, and A (C) = N\, (C) = CEVC e M.,
When both M¢ and M § are dense in H, we simply denote Sy,, Jx, and A,
(resp. SA;/’ JA;/ and A)\g) by Se, Je and A¢ (vesp. S¢, J¢' and AY), respectively.
If A¢ is standard, then £ is said to be a standard vector for M. If )¢ is tracial, then
£ is said to be a tracial vector for M.

For the standardness of tracial generalized vectors we have the following

Proposition 2.6. Let M be a closed O*-algebra on D in H such that ML, D C D.
Suppose u is a tracial generalized vector for M such that u((D(p)" N D(w))?) is
total in H. Then the following statements are equivalent:

(i) p is standard; that is, (M, p, u©) is a standard system.
(i) pC((D(uC)* ND(u))?) is total in H.
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(i) (M, p, ') is a standard system.

(iv) u’((D( )* ﬁD( ")) is total in H.

(v) Ju(ML)' Ty = M., where J, is the unitary involution on H defined by
JNM(Y) (YT) for each Y € D(u)T ND(w).

If this is true, then J, = J,cc = Jyr and Ay = A cc = Ay =1, and further
Y™ =Y for each Y € D(p).

Proof. We show the equivalence of (i) ~ (v) by (ii) = (i) = (iii) = (iv) = (v) = (ii).
We show the implication (v) = (ii). The other implications are trivial. Let X € M,

and let X = Ux|X|, the polar decomposition of X, and | X| = / tdEx(t), the
0

spectral resolution of | X|. We putEx (n) = / dEx(t) and X,, = XEx(n), n € N.

0
Then we have Ux, Ex(n), X, € (M)’ for each n € N. Take arbitrary Y € D(u)
and n € N. Then, it is not difficult to show

(2.1)
JuYud, € DHEY VD), u€(J, Y d,) = JuUy By (MU Juu(Y ),
1 (I Yy In) = JuBy (n)Juu(Y),

(2.2) nh_{goﬂc(JuYnJu) = p(Y").

Hence it follows that u©((D(u)* ND(u®))?) is total in H since u((D(p)* ND(1))?)
is total in M. Thus the statements (i) ~ (v) are equivalent and A, = A cc =1
and JH” = JNCC = JM'

We finally show that Y =Y for each Y € D(i). By (2.1) and (2.2) we can
show by simple calculations

D) ND(u) = {Ju A" Ty ; A},

1 (JuA*Ju) = pC(A), pC(JuAT,) = p“o(A%), Aed,
where 2 = {A € D(u°°)* N D(uC) ; n(A),u““(A*) € D}. Take an arbitrary
Y € D(u). By (2.3) and (2.2) we have

To(u(Y)CC(A) = LA Tuu(Y) = Y uCC(A),

(2.3)

To(Jup(Y)p“(4) = JAuY) = HILHQOJMA*NC(JALY;J#)
= lim Y u(A) = Y19 (A4)

for each A € 2, and further since 2 is a Hilbert algebra in H by (2.3), it follows
that 7o (u(Y)) € Y and mo(J,u(Y)) C YT. Further, it follows from the theory of
Hilbert algebra [9] that mo(€)* = mo(J,€), Y€ € H, that mo(u(Y)) C Y C YI* C
mo(Jup(Y))* = mo(u(Y)). Hence we have Y* =Y = mo(u(Y)) for each Y € D(p).
This completes the proof. O

By Proposition 2.6 we have the following

Corollary 2.7. Let M be a closed O*-algebra on D in 'H such that M, D C D and
&0 € D. Suppose & is a cyclic tracial vector for M. Then the following statements
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are equivalent:

(i) &o is standard.
(i) ML&o is dense in H.
(111) Jfo (M;v)/‘]ﬁo = M;v
If this is true, then Jg, = Jg , Agy = AF =1 and M is an integrable O*-algebra
on D. Purther, M = {X ; X € M} is a x-subalgebra of the x-algebra L*(we,) =

m LP(we,) equipped with the strong sum, strong scalar multiplication, strong
1<p<oo
product and adjoint, where LP(we,) is the Segal LP-space with respect to the vector
trace we, on (ML) (refer to [4]).

3. STANDARD SYSTEMS FOR SEMIFINITE O*-ALGEBRAS

In this section we treat a standard system (M, K'u, (K'u)") constructed by a
standard tracial generalized vector p and a non-singular positive self-adjoint oper-
ator K, and consider when a standard system (M, A, \’) is unitarily equivalent to
such a standard system (N, K'u, (K'p)’). Let M be a closed O*-algebra on D in
H such that M, D C D, i a standard tracial generalized vector for M and K’ a

non-singular positive self-adjoint operator in H affiliated with M/, whose domain
o0

D(K') contains pu(D(u)). Let K/ = / tdE'(t) and K = J,K'J, = / tdE(t) be
0 0

the spectral resolutions of K’ and K, respectively and let E'(n) = / dE'(t) and
0

E(n) = / dE(t) for n € N. Here we put
0

D(K'n) = D(p),
(K'u)(X) = K'u(X), X €D(n).

Then it is easily shown that K’u is a generalized vector for M. For the standardness
of the system (M, K'u, (K'u)") we have the following

Proposition 3.1. Let M be a closed O*-algebra on D in 'H such that M, D C
D and p a standard tracial generalized wvector for M. Suppose K' is a non-
singular positive self-adjoint operator in H affiliated with M, such that u(D(u)) C
D(K"), K'n((D(p)t N'D(w))?) is total in H and K'u(D(u)T N'D(p)) is dense in the
Hilbert space D(K - K’_l), Then K'u is a generalized vector for M satisfying the
following conditions:

(i) (K'w)'(D((K'w)")* N D((K'w)"))?) is total in M.
(i) Skrp = Srrpyr = JuK - K"
Further, (M, K'u, (K'n)") is a standard system if and only if KD C D and
KUY K="[D € D(pu) for all Y € D(p) and t € R.

Proof. Since pu is standard, there exists a net {44} in D(u“)* N D(u?) which
converges strongly* to I. Let Y € D(u)'ND(u) and let Y,, = Y Ey (n),n € N. Then
it follows from ([7], Lemma 5.2) that {Y,,} C D(u““)*ND(u°“),Y,, — Y strongly*,
nlLH;OM(Yn) = u(Y) and nlLH;OMCC(YJ) = u(YT). Take arbitrary C' € D(u®), Y €



3308 ATSUSHI INOUE

D(p)" N D(i) and m,n € N. Then we have
E'(n)CE' (m)(K'n)(Y) = klim E'(n)CE'(m)K'u°c(Yy)

Jim E'(n)CJ,KE(m)u“c(Yy)
= lim lim E'(n)CJ, Ao KE(m)pC(Yy)

k—oo «

= lim lim E'(n)CJ,u°“ (A KE(m)Yy)

k—oo «

= lim lim E'(n)Cp““ (Vi KE(m)AL)

k—oo «

= lim lim Y, E'(n)K E(m)A%u©(C)

k—oo «

= lim Y E' (n)KE(m)u©(C),

and so

(YIE'(n)KE(m)u®(C) = lim (Y| E'(n) K E(m)uc(C))
Jim (n|YyE'(n) K E(m)u®(C))
(n|E' (n)CE" (m)(K'n)(Y)),
which implies E'(n) K E(m)uc(C) € DY) = D(Y),

YE (n)KE(m)uc(C) = E'(n)CE (m) (K'p)(Y).

Hence we have
E'(n)CE'(m) € D(K'n)")" N D((K'n)"),
(3.1) (K'n) (E'(n)CE'(m)) = E'(n) KE(m)pu (C),
YO e D(C)* N D(uc),"m,n € N.
Similarly, we have

E/(n)CE (m)K'=" € D((K')')* 0 D(K'p)),
(K'w) (E'(n)CE'(m)K'™") = E'(n) E(m)u®(C),
(K1) (B (m)K'~'C* B (n) = E'(m)K'~ B(n) K p°(C)

YO e D(uC)* N D(uC), m,n € N.

(3.2)

By (3.1) and (3.2) we have
E'(n)CLE' (NGB (m)K'™" € (D((K'n)')" N D((K'1)"))?,

lim (K'p) (E'(n)CLE (1)CoE' (m)K'™1)

m,n— o0

= lim (E'(n)C1E'(I)(K'p) (E'(1)CoE (m)K'™h)
= lim E'(n)C1E'(I)E(m)uc(Cy)

m,n— o0

= (C1Cy)

for each C1,Cy € D(u€)* N D(u®), which implies since u((D(u°)*N D(p°))?) is
total in H that (K'u) ((D(K'w)")* N D((K'w)’))?) is total in H. We show J, K -
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K'™' = Sk, = S(xrpyr- Since
(3.3)
K'1(D(p)" N D(p)) is densely contained
in the Hilbert space D(K - K'™1),
T KK (V) = JKp(Y) = K'u(Y) = i (K/) (V)

for each Y € D(u)' N D(u), we have J,K - K'~! C Sk/,. We generally have
Skru C Sy, and hence J, K - K1 c Skrp C Sy Conversely we show
Sikrpyr C JuK - K'=1. Tt is shown similarly to (3.1) that

E'(n)CF(m) € D((K'n))* N D((K'n)).

(K'n)(E'(n)CE'(m)) = E'(n) KE'(m)u“°(C),

YO € D) N D(uC), Ym,n € N,
J,A*J, € D(uCCC) and pee(J,A* ) = pe(A),
YA € D(u) N D),
so that by (3.1)
E'(n)J, A" J,E'(m) € D(K'p)")" N D((K')"),
(K'p) (E' (n)J, A JuE' (m)) = KE(m)E'(n)u (A),
YA € D(uC)* N D(uCC).
Hence we have
(KK'7'K'E'(n)E(m)u®

K'u) (E'

) (K )" (B))

( n)Ju AT, B (m))|(K'n)" (B))

= (St (K'w)" (B )|S(K/ (K ) (B (n) Ju A" T E' (m)))
= (Strpy (K'w)" (B)(K' ) (E'(m)J, AT, ' (n)))
= (Strcryy (K1) (B)| K E(n)E' (m) ' (A"))
= ( (K'p)"(B)
= ( )

/\/—\

1

"

T T = E

Sy (K | Ju K E' (n) E(m)nc (A))
K'E'(n)E(m)u® (A)Ju Sy (K1) (B))

for each A € D(u““)* ND(u) and B 6 D((K'w)")*n D((K'u)”) and further it
follows from (3.3) that { K'E’(n)E(m)u°“(A) ; A € D(u°C)*ND(u°C) and m,n €
N} is total in the Hilbert space D(K - K"l) which implies S(g+,yr C J, K - K7t
Thus we have Sk, = S(gryr = JuK - K'~1, and hence

(34) JK’N = J(K’;L)” = JN and AK’M = A(K/;L)“ =K- Kl_l.

It follows from (3.4) that (M, K'u, (K'u)’) is a standard system if and only if
K*D C D and K*YK~"[D € D(p) for all Y € D(u) and ¢t € R. This completes
the proof. 0

We consider when the condition in Proposition 3.1 K%D C D and K*YK~"[D €
D(p) for all Y € D(p) and ¢ € R holds.

Corollary 3.2. Let (M, u, K') be given in Proposition 3.1. Suppose u is full, that
is, D(u) = {X € M;3¢x € D s.t.X\°(C) = Céx, "C € D(AC)* N D(\Y)}, and
K®*[D e M forallt € R. Then (M, K'u, (K'w)’) is a standard system.
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Proof. Take arbitrary Y € D(u) and ¢ € R. Then we have
(KYEu(0))e) = (K “uo(C)¥ K )
— tim(J,Ca K (O YT )
— lm(YRC(CK O Ke)
= Im(CK™"Cou(Y)| K™"¢)
= (CKTE ()

forall C € D(pu°)*ND(u) and € € D, where {C,} is anet in D(u®)*ND (1) which
converges strongly* to I. Hence it follows from the fullness of u that K®Y K~% ¢
D(u). By Proposition 3.1 (M, K'u, (K'p)') is a standard system. |

We next consider the converse of Proposition 3.1:
When is a standard system (M, A, \') unitarily equivalent to such a standard
system (N, K'p, (K'p)") in Proposition 3.17

Proposition 3.3. Let M be a closed semifinite O*-algebra on D in H such that
ML D C D. Suppose A is a generalized vector for M such that

(i) A(DN)T ND(N))?) is total in H;

(i) N({(DW)*ND(N))?) is total in H;

(iii) S)\ = SA// 5

(iv) Y € L2(1") for each Y € D(N), where 7" is a faithful normal semifinite trace
on (M)

Then there exist a standard tracial generalized vector p for a closed O*-algebra N'
in L*(7") and a non-singular positive self-adjoint operator K' in L*(7") affiliated
with N such that (u, K') satisfies all of the conditions in Proposition 3.1 and A
is unitarily equivalent to the generalized vector K'u; that is, there exists a unitary
operator U of L2(t"") onto H such that U* MU = N, U*D\)U = D(u) and \(Y) =
UK'u)(U*YU) for each Y € D()).

Proof. By the assumption for A, X/(D(N\')* N D(\")) is an achieved left Hilbert
algebra in H whose left von Neumann algebra equals the semifinite von Neumann
algebra (M), so that the following results have been shown by Takesaki [15] :

(3.5) We put IIp\"(B) = B, B € D(N)NN,». Then Il is a closable operator
of the dense subspace A’ (D(A\”) N N,~) onto the dense subspace D(A’) NN, in
L?(7"") whose closure IT is non-singular.

(3.6) Let IT = VT’ be the polar decomposition of IT. Then V is a unitary
operator of H onto L?(7") and T" is a non-singular positive self-adjoint operator in

M affiliated with M/, such that A2, = T~1-T', where T = Jy/T"Jy.

(3.7) Let po be the left regular representation of (M.,) on L?(7") defined by
po(A)B = AB, A € (M), B € M,». Then the unitary operator V implements a
spatial isomorphism between (M) and po((MY,)’) such that VBV* = po(B) for
each B € D(\') N9,

(3.8) N (D(N")* N D(A") N N,») is dense in the Hilbert space D(T").

Let A be the inverse of IT and A = UK’ be the polar decomposition of A. Then
we have U = V* and K’ = U*T'~'U. Tt follows from (3.6) that U is a unitary
operator of L2(7") onto H and K’ is a non-singular positive self-adjoint operator
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in L2(7") affiliated with the von Neumann algebra po((M",)’)’. We put

N =U*MU,
D(p) = U*DNU and p(U*YU) =Y € L3(7"), Y € D()).

Then N is a closed O*-algebra on U*D in L?(7") such that N/, = U* M’ U and
(NG =U*(ML)'U = po((ML,)"), and by (3.7) u is a tracial generalized vector for
N. We show

AY) e DUI) and ITAN(Y) = p(U*YU), Y € D(N).
In fact, let X € M and let X = Ux |7‘ be the polar decomposition of X and |7‘ =

/ tdEx (t) the spectral resolution of |X|. Take an arbitrary ¥ € D(A). Then
0

it is shown that Y Ey(n) € D(A’) N N,» and X' (Y Ey(n)) = Ey+(n)A(Y), n € N.
Hence we have

i [[Bys ()AY) = A(Y)[ =0,

n—oo

lim (|17 By (m)A(Y) ~ u(U* YD) = Tim 7(T ~ By (n)[V ) =0,

which implies A(Y) € D(II) and ITA(Y) = p(U*YU). Hence we have u(D(n)) C
D(K'). Since K'u(U*YU) = U*A\(Y) for each Y € D(A) and A((D(N)T ND(N))?) is
total in H, it follows that (K'u)((D(K'w)t ND(K'u))?) is total in L2(7"). Further,

since we have
(K'm)(UYU) = U"A(Y),
(K- K'"Y)WK'p)(UYU)=UT" - T'\Y) = UL\ (YT)

for each Y € D(A\)T N D()\), and further Sy = Sy» = JL,T~!- T by (3.6) and
AMD(\)TND(N)) is dense in the Hilbert space D(Sy») = D(T~1-T"), it follows that
K'u(D(u)'ND(u)) is dense in the Hilbert space D(K - K'~1). Thus the pair (i, K”)
satisfies all of the conditions in Proposition 3.1. It is clear that D(u) = U*D(A\)U
and AM(Y) = U(K'u)(UYU*) for each Y € D(A). This completes the proof. O

By Propositions 3.1, 3.3 we have the following

Theorem 3.4. Let M be a closed semifinite O*-algebra on D in H such that
MLD C D, and let X be a generalized vector for M. The following statements
are equivalent:

(i) (M, \,X) is a standard system such that Y € L*(7") for each Y € D()),
where 7" is a faithful normal semifinite trace on (M)’ .

(i) There exist a closed O*-algebra N on € in K, a standard tracial generalized
vector p for N and a non-singular positive self-adjoint operator K' in K
affiliated with N, such that

(ii); w(D(p)) € D(K') and K'u((D(u)t N D(w))?) is total in K;

(i) K'u(D(u)t ND(w)) is dense in the Hilbert space D(K - K'Y, where K =
JuK'Jy;

(ii)3 K"E C & and KYYK~"[E € D(u) for all Y € D(p) and t € R;

(il)g A 4s unitarily equivalent to the generalized vector K'pu; that is, there exists
a unitary operator U of K onto H such that U*MU = N, U*D(A\)U = D(p)
and \Y) = U(K'u)(U*YU) for each Y € D(A).
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Corollary 3.5. Let M be an integrable O*-algebra on D in ‘H with a standard
tracial vector &y, and let & € D. Then £ is a standard vector for M if and only
if there exists a non-singular positive self-adjoint operator K' in H affiliated with
M, such that (a) & € D(K') and K'§y € D; (b) M&y is dense in the Hilbert
space D(K - K'71), where K = J¢y K'Je,; (¢) K [D € M for each t € R; (d) £ is
unitarily equivalent to K'&g.
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